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Preface

Many mathematical models in physics, engineering, finance, biology, etc.,
involve studying the Cauchy problem

u'(t) = Au(t) + F(t), te€(0,T), T <oo, u(0) =z,

where A is a linear operator on a Banach space X and F is an X-
valued function that represents the deterministic or stochastic influence of a
medium. The first and main step in solving such problems consists of study-
ing the homogeneous Cauchy problem

u'(t) = Au(t), t€0,T), T <oo, u(0)=ux. (CP)

The problem (CP) has been comprehensively studied in the case when the
operator A generates a Cy-semigroup. A Cp-semigroup generated by a
bounded operator A is nothing but an exponential operator-function

A
P k!

In general, Cy-semigroups inherit some main properties of exponential func-
tions. As it turns out, the generation of a Cy-semigroup by the operator
A is closely related to the uniform well-posedness of the Cauchy problem
(CP). However, many operators that are important in applications do not
generate Cp-semigroups.

The focus of this book is the Cauchy problem (CP) with operators A,
which do not generate Cy-semigroups. We focus on three approaches to
treating such problems:

e semigroup methods
e abstract distribution methods

e regularization methods
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The strategic concept of the first two approaches is the relaxation of
the notion of ‘well-posedness’ so that a Cauchy problem that is not well-
posed in the classical sense becomes well-posed in some other sense. In
the first approach, using semigroups more general than Cp-semigroups —
integrated, C-regularized, and k-convoluted semigroups — one can construct
solution operators on some subsets of D(A). The corresponding solutions
are stable with respect to norms that are stronger than the norm of X.
Using distribution semigroups in the second approach, one can construct
a family of generalized solution operators on X. The essence of the third
approach is the following: assuming that for some x there exists a solution
u(-) of (CP), for given x5 (||z — zs]| < §) we construct a solution u. () of a
well-posed (regularized) problem depending on a regularization parameter
e and choose € = ¢(J) in a way that u. — was § — 0. So u.(-) can be taken
as an approximate solution and the operator R, ; defined by R s := uc(t)
is a regularizing operator.

The motivation for writing this book was twofold: first, to give a self-
contained account of the above-mentioned three approaches, which is acces-
sible to nonspecialists. Second, to demonstrate the profound connections
between these seemingly quite different methods. In particular, we demon-
strate that integrated semigroups are primitives of generalized solution op-
erators, and many regularizing operators coincide with C.-regularized semi-
groups.

The book’s three chapters are devoted respectively to semigroup meth-
ods, abstract distribution methods, and regularization methods. We dis-
cuss not only the Cauchy problem (CP), but also the following important
generalizations: the degenerate Cauchy problem, the Cauchy problem for
inclusion and the Cauchy problem for the second order equation.
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Introduction

We aim to present semigroup methods, abstract distribution methods, and
regularization methods for the abstract Cauchy problem

o' (t) = Au(t), te|0,T), T < oo, u(0) =z, (CP)

where A is a linear operator on a Banach space X, u(:) is an X-valued
function and z € X. We also demonstrate the connections among these
methods.

In Chapter 0 we use Heat and Wave equations to illustrate some of the
main ideas, notions, and connections from the discussion below.

In Section 1.1 we give a brief account of the theory of Cy-semigroups.
Here the reader will find a proof of the following fundamental result of this
theory.

Theorem 1.1.1 Suppose that A is a closed densely defined linear operator
on X. Then the following statements are equivalent:

(I) the Cauchy problem (CP) is uniformly well-posed on D(A): for any
x € D(A) there exists a unique solution, which is uniformly stable
with respect to the initial data;

(II) the operator A is the generator of a Cy-semigroup {U(t), t > 0};

(IIT) Miyadera-Feller-Phillips-Hille-Yosida (MFPHY) condition holds for
the resolvent of operator A: there exist K > 0, w € R so that

() (y H K k!
HR = (Re A —w)k+1’

for all A\ € C with Re A > w, and all k =0,1,... .

In this case the solution of (CP) has the form
u(-) =U(")=, x € D(4),

and supejo ry |u(t)|| < K|z for some constant K = K(T').
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Condition (III) is usually used as the criterion for the uniform well-
posedness of (CP).

Section 1.2 is devoted to n-times integrated semigroups connected with
the well-posedness of (CP) on subsets from D(A"*1). Here is the main
result for exponentially bounded semigroups.

Theorem 1.2.4 Let A be a densely defined linear operator on X with
nonempty resolvent set. Then the following statements are equivalent:

(I) A is the generator of an exponentially bounded n-times integrated semi-
group {V (), ¢ > 0};

(II) the Cauchy problem (CP) is (n,w)-well-posed: for any x € D(A™*1)
there exists a unique solution such that

JdK >0, welR: lu®)| < Ke“!||z|an,
where ||| an = ||z|| + [|Az| + ... + [|[A"z]|.
Statements (I), (II) of this theorem are equivalent to the MFPHY-type

condition
H[RA()\)T’“) K k!

S Bmwpt

)\n

forall A >w,and k=0,1,....

In the particular case when A generates a Cy-semigroup U, the n-times
integrated semigroup generated by A is the n-th order primitive of U. In
general (and in contrast to Cy-semigroups), integrated semigroups may be
not exponentially bounded, may be locally defined, degenerate, and their
generators may be not densely defined. In Section 1.2 we consider non-
degenerate exponentially bounded and local integrated semigroups, their
connections with the Cauchy problem, and discuss several examples. We
also show that an n-times integrated semigroup with a densely defined
generator A can be defined as a family of bounded linear operators V(t)
satisfying

tn
Vt)r — 17

¢
/ V(s)Azds
0
¢
= / AV (s)zds, 0<t<T, z € D(A),
0

and
tn t
Vit)e — =x=A [ V(s)zds, v € X.
TL! 0

Replacing function ¢"/n! by a continuously differentiable function ©(t), one
arrives at the notion of k-convoluted semigroup, where x = ©’.
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Definition 1.3.1 Let A be a closed operator and k(t) be a continuous
function on [0,T), T < co. If there exists a strongly continuous operator-
family {S.(t), 0 <t < T} such that S, (t)Ax = AS.(t)x for z € D(A),
te€[0,T), and for all x € X

t
Se(t)z = A/ Si(s)uds + O(t)z, 0<t<T,
0

where ©(t) = fot k(s)ds, then S, is called a k-convoluted semigroup gener-
ated by A, and A is called the generator of Sy.

In the particular case O(t) = t™/n!, the k-convoluted semigroup Sy, is
an n-times integrated semigroup. If A is the generator of a Cy-semigroup
U, then

bt —g)nt
Sk(t)x = /0 ((n—)l)!U(S)de
is an n-times integrated semigroup and a x-convoluted semigroup. This
is the reason that S, is called a k-convoluted semigroup, but not a ©-
convoluted semigroup.
The corresponding Cauchy problem

V() = Av(t) +O)z, 0<t<T, v(0)=0,

is called the ©-convoluted Cauchy problem. If there exists a solution of the
Cauchy problem

u'(t) = Au(t), 0<t<T, u(0)=uz,

then, as usual for a nonhomogeneous equation, we have v = © * u.

The results of Section 1.3 connect the existence of a x-convoluted semi-
group and well-posedness of a ©-convoluted Cauchy problem with the be-
haviour of the resolvent R4 (A). In contrast to the case of an exponentially
bounded and local n-times integrated semigroup, where the resolvent has
polynomial estimates in a half-plane or in a logarithmic region respectively,
in the ‘convoluted’ case the resolvent exists in some smaller region and is
allowed to increase exponentially:

IRANI| < KM,

Here a real-valued function M (), A € C, grows not faster than A and is
defined by the order of decreasing of K()\), the Laplace transform of k(¢). In
Chapter 3 we demonstrate that a (CP) with a generator of a x-convoluted
semigroup takes an intermediate place between ‘slightly’ ill-posed problems
(with a generator of an integrated semigroup) and ‘essentially’ ill-posed
problems (with —A generating a Cp-semigroup).
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In Section 1.4 we consider the Cauchy problem (CP) with A being the
generator of an exponentially bounded C-regularized semigroup {S(t), t >
0}, where C is some bounded invertible operator on X. It is shown that
for x € CD(A) there exists a solution of this problem:

u(-) =U()z =C1S()x.

Solution operators U(t) are not necessarily bounded on X, therefore in
general the solution u(-) is not stable in X with respect to variation of
z. The well-posedness of the Cauchy problem can be restored in a certain
subspace of X with a norm stronger than the norm of X. Namely, if A is the
generator of a C-regularized semigroup, then for any x € CD(A), wu(:) =
C~1S(-)z is a unique solution of (CP), and

sup [Ju(t)]| < K[|C™ x|
0<t<T

for some constant K. There are operators A (for example, those having ar-
bitrary large positive eigenvalues) that generate C-regularized semigroups,
defined only for ¢ from some bounded subset of R. Such semigroups corre-
spond to the local C-well-posedness of the Cauchy problem, and are also
considered in Section 1.4.

In Section 1.5 we study degenerate Cy-semigroups and integrated semi-
groups connected with the degenerate Cauchy problem

Bu/(t) = Au(t), t>0, u(0) ==, (DP)

where B,A : X — Y are linear operators in Banach spaces X, Y, and
ker B # {0}. We assume that the set

pp(A) =
{)\ eC ’ R()\) := (AB — A)"'B is a bounded operator on X}

is not empty. This set is called the B-resolvent set of operator A and the
operator R(A) is called the B-resolvent of operator A.

We prove the equivalence of the uniform well-posedness of (DP) on the
maximal correctness class, the existence of a degenerate Cy-semigroup with
A and B being the pair of generators, and MFPHY-type estimates together
with the decomposition of X:

X=X EBkerB, X = D_17 Dy = R(A)X, AE pB(A)

This decomposition plays a role similar to the density condition for the
generator of a Cy-semigroup. We also prove results about (n,w)- and n-
well-posedness of the degenerate Cauchy problem.
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Both degenerate Cauchy problems

Bu'(t) = Au(t), te€[0,T), T < oo, (DP)
u(0) =z, ker B # {0}

and
%Bv(t) = Av(t), te€]0,T), T < o0, (DP1)
Bv(0) =z,

can be considered as particular cases of the Cauchy problem for an inclusion
with a multivalued linear operator A

u'(t) € Au(t), t€]0,T), T < oo, u(0) = . (IP)

If we set A = B~1A for problem (DP), or A = AB~! and u(-) := Bu(-)
for (DP1), then u(-) is a solution of the Cauchy problem (IP). Conversely,
if u(-) is a solution of (IP) with A = B~1A or A = AB™!, then u(-) is the
solution of (DP) or any v(-) from the set Bv(-) = u(-) is the solution of
(DP1), respectively.

In Section 1.6 we use the technique of degenerate semigroups with
multivalued generators to study the uniform well-posedness and the (n,w)-
well-posedness of the Cauchy problem (IP). As a consequence, we obtain
MFPHY-type necessary and sufficient conditions for the well-posedness of
(DP) and for the existence of a solution of (DP1).

Section 1.7 is devoted to semigroup methods for abstract Cauchy
problems

u’(t) = Au'(t) + Bu(t), t>0, u(0) =z, u'(0) =y, (CP2)
where A,B: X — X, and
Qu”(t) = Au/(t) + Bu(t), t>0, u(0)==x, u'(0) =y, (DP2)

where @, A, B : X — Y are linear operators, ker @ # {0}, and X,Y are
Banach spaces. In this section we use semigroup methods for studying
the well-posedness of these problems. First, we construct M, A-functions,
the solution operators for problem (CP2), which generalize semigroups and
cosine/sine operator-functions. Second, we study (CP2), (DP2) by reducing
them to a first order Cauchy problem in a product space. Using the results
of Sections 1.2 and 1.6 on integrated semigroups we obtain necessary and
sufficient conditions for the well-posedness of (CP2), (DP2) in terms of
resolvent operators

R.(A*):=(A\T—-XA—-B)"' and R4(\?):=(A\Q* - A - B)™}
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respectively.

The relation between the operators A, B plays a very important role
in studying well-posedness of second order problems. We show that for
the equivalence of the well-posedness of (CP2) and the existence of an
integrated semigroup for the Cauchy problem

v'(t) = Pu(t), t>0, v(0)=ny,

(0 I [ u(t) [z
(I)<B A>7U(t)(u/(t)>7vo(y>v
operators A, B have to be biclosed. With the help of the theory of integrated

semigroups we prove that the MFPHY-type condition:
dK >0, w>0:

KE!
(Re X — w)k+1’

/\I A)H <

[0 e

forall A € C with ReA>w and all k =0,1,...,

is necessary and sufficient for well-posedness of (CP2) with biclosed op-
erators A, B. Using the M, N -functions theory, we obtain the following
MFPHY-type well-posedness condition

dK >0, w>0:
dF KEk!
(A\%) /\I—A (W) € —————
Hd)\kR Hd)\k )R( || = (Re A — w)k+1’

for all A € C with ReA >w and all k =0,1,...,

for problem (CP2) with commuting operators A, B. Using the theory of
degenerate integrated semigroups we prove MFPHY-type necessary and
sufficient conditions for well-posedness of the degenerate Cauchy problem
(DP2).

Chapter 2 is devoted to the abstract distributions methods. In Section
2.1 for any « € X, we consider the Cauchy problem (CP) with A : D(A) C
X — X, in the space of (Schwartz) distributions. Our main aim here is to
obtain necessary and sufficient conditions for well-posedness in the space of
distributions in terms of the resolvent of A. We show that they are the same
as in the case when A is the generator of a local integrated semigroup. Thus,
only the Cauchy problem with a generator of such a semigroup can be well-
posed in the space of distributions. In this case, a distribution semigroup
is the solution operator distribution, and an integrated semigroup is the
continuous function whose existence is guaranteed by the abstract structure
theorem for this distribution.
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In Section 2.2, we prove the necessary and sufficient conditions for well-
posedness of (DP) and (IP) in spaces of distributions, generalizing the con-
ditions obtained in Section 2.1. Naturally, the semigroups connected with
these problems are degenerate. The important fact is that an n-times in-
tegrated semigroup with a pair of generators A, B or with the multivalued
generator A is degenerate on ker B = ker R()\), but the corresponding so-
lution operator distribution and the distribution semigroup are degenerate
on ker R"*! := ker R"T1()\). Here R()) is the pseudoresolvent that is equal
to (A\B—A)"!B or (A —.A)~!, respectively. In this section we assume that
X admits the decomposition

X=X, 1®kerR"™,  X,11:=Dps1, Dpy1:=R"TIN)X.

First, we describe the structure of ker R"*!, which is used in the main
theorem, where we discuss the structure of solution operator distributions
and distribution semigroups on ker R"*!. We prove that (DP) is well-
posed in the space of distributions if and only if A (the part of operator A
in X,11) is the generator of a distribution semigroup, or equivalently, Ais
the generator of a local k-times integrated semigroup for some k. Finally,
we consider (DP) in the space of exponential distributions. The distinctive
feature of the exponential case is that the parameter k of the integrated
semigroup coincides with the parameter in the estimate for pseudoresolvent
R(N).

Studying the Cauchy problem in the spaces of distributions we prove
that polynomial estimates for the resolvent of A (or for the pseudoresolvent
of a multivalued operator A) in a certain logarithmic region of a complex
plane is the criterion for well-posedness of the Cauchy problem with such an
operator A (or A, respectively) in the sense of distributions. This domain
and resolvent estimates are connected with the order of a corresponding
distribution semigroup and solution operator distribution.

In Section 2.3 we consider the Cauchy problem with operator A having
the resolvent in a certain region A smaller than logarithmic. We investigate
well-posedness of such (CP) in the space of (Beurling) ultradistributions.
Utradistributions are defined as elements of dual spaces for spaces of in-
finitely differentiable functions with a locally convex topology. In these
spaces well-posedness of the Cauchy problem is studied in a more general
sense than the spaces of Schwartz distributions. We show that the exis-
tence of a solution operator ultradistribution is equivalent to exponential
estimates for the resolvent in some domain A. As is proved in Section 1.3,
the latter fact is equivalent to the existence of a unique solution of the
convoluted equation

v(t) = Av(t) + O(t)z, t>0, v(0) =0,

where function O(¢) is defined by the resolvent of A.
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Spaces of test functions for ultradistributions are spaces of infinitely
differentiable functions defined in terms of estimates on their derivatives,
depending on some sequence M,,. The same sequence allows one to esti-
mate coefficients of differential operators of infinite order, which are called
ultradifferential operators. The spaces of ultradistributions are invariant
under ultradifferential operators just as spaces of distributions are invari-
ant under differential operators. In this section, firstly we discuss some
properties of ultradistributions. Then we investigate the well-posedness of
(CP) in the spaces of ultradistributions. The limit case for (CP) well-posed
in the spaces of ultradistributions is the case of the Cauchy problem with
operator A having no regular points in a right semiplane. For example, the
reversed Cauchy problem for the heat equation is equivalent to the local
Cauchy problem (CP) with A = —d?/dz? in the corresponding space X.
It is proved that such a (CP) is well-posed in spaces of new distributions.
Spaces of test elements x € X for construction of spaces of new distribu-
tions are defined in terms of the behaviour of A™x for any n, and their
dual spaces of new distributions are subspaces of X*. Section 2.3, together
with Section 1.6 on k-convoluted semigroups, demonstrates the transition
from uniformly well-posed problems to ‘essentially’ ill-posed problems via
‘slightly’ ill-posed problems.

Thus, in Chapters 1 and 2 we investigate Cauchy problems that are
not uniformly well-posed. The technique of integrated, x-convoluted, and
C-regularized semigroups presented in Chapter 1 allows one to construct
a solution of (CP) and local (CP) for initial values x from various subsets
of D(A), stable in X with respect to z in corresponding graph-norms.
The technique of distributions, ultradistributions, and new distributions
presented in Chapter 2 allows the construction of a generalized solution for
any x € X, stable in a space of distributions.

In Chapter 3 we consider regularizing operators which allow one to
construct an approximate solution of (CP), which is stable in X for concor-
dant parameters of regularization and error. The general theory of ill-posed
problems usually treats ill-posed problems in the form of the equation of
the first kind

Yy=f, ¥:U—F, (OP)

where, in general, operator ! either does not exist or is not bounded.
The main regularization methods for (OP) are variational:

(a) Ivanov’s quasivalues method,

(b) the residual method,

(¢) Tikhonov’s method.

In Section 3.1 we study regularization methods for the ill-posed local
Cauchy problem

u'(t)=Au(t), 0<t<T, T < oo, u(0)=ux,
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with operator —A : D(A) C X — X generating a Cp-semigroup or satisfy-
ing some similar conditions.

These methods employ the differential nature of this problem and allow
us to construct a regularized solution of local (CP) as a solution of a well-
posed regularized problem, without reducing it to the form (OP). They are
the following:

1) the quasi-reversibility method, where the regularized solution is a
solution of the Cauchy problem

ul(t) = (A —eA)u(t), 0<t<T,
us(0) =2, >0

2) the auxiliary boundary conditions method, where the regularized
solution is a solution of the boundary value problem

ul(t) = Au.(t), 0<t<T+T1, 7>0,
U (0) + et (T +7) =2, €>0;

3) Carasso’s method of reducing an ill-posed problem to a well-posed
Dirichlet problem.

In Section 3.2, we obtain error estimates for these regularization meth-
ods and compare them. We discuss connections between ‘differential’ meth-
ods and variational methods. Furthermore, we establish the connection
between regularization methods for the ill-posed Cauchy problem and the
C-regularized semigroup method.
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Chapter 0O

Illustration and
Motivation

In this chapter we use very basic model examples to illustrate some of the
main ideas, notions, and connections from the discussion above.

0.1 Heat equation

For simplicity, let Q = (0,1). In general,  can be an open set from R™.
Consider the Cauchy-Dirichlet problem on X = L%(Q):

ou(z,t)  9?u(x,t)
ot 0a?

u(0,t) = u(1,t) =0,

u(z,0) = u®(x).

=0, tel0,T], €9, (0.1.1)

Note that L2(f2) is a separable Hilbert space. Consider operator A = j—;

in L?(Q) with the domain
D(A) = H*(Q) N Hy (),

where H2(Q)) and H{ () are the following classical Sobolev spaces

HLY Q) = {ue L2(9) ‘ g—z e L2(Q), u(0,t) = u(1,t) :o},
H2(Q) = {ueLQ(Q) %eﬁ(ﬂ)}.

The operator —A has a self-adjoint compact inverse and therefore its spec-
trum consists of discrete eigenvalues. Eigenfunctions and eigenvalues of —A

©2001 CRC Press LLC



can be obtained by solving

d2€k
W = —HkCk, ek(O) = ek(l) =0, keN,

which gives
e = k12 >0, e = V2sinkrz, k € N.

Since {ex}22, forms an orthonormal basis in L*(Q), any f € L*(Q2) can be
written in the form

f= kaek, where fi, = (f,ex)r2(q),

k=1

and we have
i 1/2

1l = (D2 15l?)

k=1
Assuming that u® € L2(Q2) and u(t) € L*(Q) for each t € [0, T, we write

u(t) = Zuk(t)ekv and v’ = Zugek.
k=1 k=1
Then the equation in (0.1.1) becomes
= duk
Z (E + Mkuk)ek =0.
k=1

By uniqueness of expansions in L?(Q2), we deduce

duk

-— = k

a + prur =0, €N,
uk(o) = Ug,

and the unique solution of this problem is
ug(t) = ue 1+t

Now we show that the unique solution of (0.1.1) is given by
u(t) =Y ur(t)er =y e " ufey. (0.1.2)
k=1 k=1

Since we assumed that u® € L?(Q), we have

o0 oo o0
Do lun®F = [P <Y fup]? < oo, (0.1.3)
k=1 k=1 k=1
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that is for any t € [0, 7], u(t) € L?(Q). Moreover we have some regularity
with respect to ¢, namely u € C{[O,T}, L2(Q)} , the Banach space of
continuous functions over [0,7] with values in L?(f2) equipped with the
norm

e oy ey = S0 / f(et)Pd)’

te(o, T]
To verify this we note that the estimate

m+p m+p

sup (Z|uk ) (Z| ) 2, Ym>1, p>0,

te[0,T]

implies that the sequence of partial sums of the series > -, ux(t) is a
Cauchy sequence in C{[0,T], L?(€2)}. Now we have to find out in what
sense the Cauchy problem (0.1.1) is satisfied. First, since

2
ur(t) — up]® < [up? (1 — e 7)),

we can write

N o'}
_ 2
Z\uk ) —upl? < (L= )Y P+ Y Rl
k=1 k=N+1

where N is large enough. This implies that

%in(l)(u(t) —u%) =0 in L*(Q),
and therefore u(0) = u® in L2(().
Secondly, we demonstrate that v € L?{[0,T], H}(Q)}, which clearly
implies that the boundary condition w(0,¢) = u(1,t) = 0 is satisfied almost
everywhere in t € [0, T]. It is well-known that v € H}(Q) if and only if

oo

Zuk|vk|2 < 00, where v = (v, eg).
k=1

Since
luk(8)]* < |up|Pe™ ", k€N,

T 1
/ g (8) Pt < [ul?,
0 M

then

which implies

T m+p m+p
/ Z pilus (D)t < 3 [, ¥m =1, p >0,
=m

k=m
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and therefore s
/ (Zﬂk|uk(t)|2)dt< 0,
0 k=1

that is u € L2{[0,T], H}(Q)} for any u® € L?(Q).
Note that if u® € H}(€2), then the series > o, ux|ul|? is convergent,
and since

m-+p m-+p

1/2 1/2
sup (Z ,uk\uk(t)|2) < (Z uk|u2|2) , Ym>1, p>0,

telo,T) N i, =

we have v € C{[0,T], H}(Q)}.
Finally, we discuss in what sense the equation in (0.1.1) is satisfied. We
set

a(u,v) z/ du dv dz, wu,v € Hy(Q),

q dz dx
Un(t) =D ur(er, Up(t) =) —Fex.
k=1 k=1

Then, since

duk

— =0 keN

dt + Hrug ) c NN,
we have

(UL(t),ex) +a(Un(t),ex) =0, 1 <k<m. (0.1.4)

Now fix £ < m and let ¢ € D(0,T) (the space of Schwartz test functions).
Multiplying (0.1.4) by ¢, and integrating by parts, we obtain

T T
—/ (Um(t),ek)¢’(t)dt+/ a(Un (1), ex)o(t)dt = 0.
0 0
As Uy, —m—o0o U uniformly over [0,T], we have that the function ¢t —
(Um(t), er) @' (t) converges to the function t — (u(t), ex)¢’'(t), and therefore
T

lim (Um(t),ek)qs’(t)dt:/o (u(t), ex) @’ (t)dt.

m—00 0

Since u € L2{[0,T], Hj()} and

T T
‘ / a<Um<t>—u(t>,ek)¢<t>dt'<K | 100 - wto)?ae,
0 0

we have
T

lim a(Um(t),ek)(;S(t)dt:/O a(u(t), er)p(t)dt.

m—00 0
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Thus, for any e, we have

T T
- / (ult), ex)' (t)dt + / a(u(t), ex)$(t)dt = 0,
0 0

and since the system {ej}?2; is dense in H}(2), we obtain

- / (u(t), v)d (t)dt + / a(u(t),v)é(t)dt = 0, (0.1.5)
0 0

for all v € H}(Q2) and ¢ € D(0,T).
So we conclude that for any u® € L?(€), the function u, defined by
formula (0.1.2), satisfies the equation in (0.1.1) in the following weak sense

4
dt

in the sense of the distributions from D’(0,T), where the distribution
(u(-),v) € D'(0,T) is defined by

(u(-),v) +a(u(-),v) =0, forall ve H(Q), (0.1.6)

<(u(.),v),¢> = /OT (u(t),v)p(t)dt, for any ¢ € D(0,T),

and similarly

<a(u(-),v),¢> = /OT a(u(t),v)¢(t)dt, for any ¢ € D(0,T).

Also, we can rewrite the variational equation (0.1.6) in terms of distribu-
tions both in temporal and spatial variables. Since D(f2) is dense in Hg (£2),
we can choose v € D(2) , and (0.1.6) is equivalent to

- / (@, o(@)d ({)d(z, t) — / (e, " (@)(B)d(@, £) = 0,  (0.1.7)
Qr Qr

where Qr = Q x (0,7) and d(z,t) = dx dt. Set ¥ = v® ¢ := v(x)d(t), then
¥ € D(Qr) and (0.1.7) becomes

oy 8%y B
_/QT uSd(a,t) - /QT u bd(w,t) =0, (0.1.8)

for all ¥ € D(Qr) with v € D(R),¢ € D(0,T). As the set of linear combi-
nations of functions v ® ¢ with v € D(Q2),¢ € D(0,T), is dense in D(2r),
we have that (0.1.8) holds for all ¢ € D(Qr):

ou  O%*u

(57~ 302:¥) =0, V¥ €D(Qr), (0.1.9)
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that is the equation in (0.1.1) is satisfied in the sense of distributions in Q7.
Thus, we have demonstrated that the variational formula (0.1.6) implies the
distributional formula (0.1.9). The converse is not true in general, but it is
true in this example since we know that u had values in Hg (£2).

Now if we assume some regularity for u°, say u® € H}(Q) (or D(A)),

then 5
a—if e L2{[0,T], L*(Q)} and Au e L*(Q).
Therefore, in this case the equation in (0.1.1)
Ou
—=A
ar "

is satisfied in L?{[0,T], L?(Q)} and we say that u is a strong solution of
the Cauchy problem (0.1.1).

Next, we rephrase this discussion using the semigroup terminology.
Firstly, we rewrite (0.1.1) in the following abstract form on X = L?():

u'(t) = Au(t), t€][0,T], u(0) =u’, (0.1.10)

where, as before
& . 2 1
A= ) with D(A) = H*(Q) N Hy (),

2

is an unbounded linear operator on L?(£2). Note that v € D(A) if and only
if Y07 pui|og]? < oo, where v, = (v,eg). For each ¢t > 0, define a linear
operator on L?(2) by

Ut) = Z e M turer, v € L*(Q).
k=1

We note that, due to (0.1.3), U(t) is a bounded operator for each ¢t > 0.
Furthermore, since we have

U030y = D e ol < 3 foul* = o]
k=1 k=1

then HU(t)vHL2(Q) < 1 for each t > 0. Now we show that the semigroup

property
UBU(s) = Ut +s)

is satisfied for all t,s > 0. Let v € X. Then, using the self-adjointness of
U(t), we obtain

Ut)U(s)p = U@)(U(s)v) = Ze‘“’“t (U(s)v,ex)e
k=1
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o0
- Ze‘“kt(v,(](s)ek)ek
— Ze Hkt ’U e umek Ze uk(t+s) ’U ek)

= U ( + s)v.
Thus, U is a Cy-semigroup of contractions. Now we consider

u(t) :=Ut)u’, t>0,u" € X.

The estimate (0.1.3) implies that u is continuous in ¢ > 0 and u(0) = u° in

X. Let u® € D(A). Then

oo o0
S el < 3 P < oc
= k=1
implies that

oo
—prt, 0
__§ :Mke mety ey,

exists for all ¢t > 0 and is continuous in ¢ > 0. Furthermore,

oo
Z |Mk u ek |2 = Z |Mke_‘““tu2|2 < 00

k=1
for all ¢ > 0, hence u(t) € D(A) and
o0
—Au(t Zuk t)u® J€k) e = Z,uke_”’“tugek = —u/(t).
k=1

Therefore, if u® € D(A), then the function u(-) = U(-)u® is a (strong)
solution of the Cauchy problem (0.1.10). Also it is not difficult to show

that
Uh)—1

b

A= lim
h—0+

which means that the operator A is the generator of the semigroup U.
Now again let u® € D(A) and consider a (Schwartz) distribution ¢ from
D’ defined by

U(D) = (u(VH(), ¢) = / T uo(t)dt, ¢ €D =D(—o00,T),

where u is defined by (0.1.2) and
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is the Heaviside function. Then U satisfies the equation in (0.1.1) in the
follwing sense

U — AU =5 2 u°,

where 0 is the Dirac distribution (delta function), or
U’ 0) — (AU, ¢) = (d@u°, ), ¢ €D,
The operator-valued distribution S defined by
S(ep’ = (S,9)u’ = U, ¢)
T T [e%s)
/ w(t)p(t)dt = / 63 e et
0 0 k=1

is a distribution semigroup.

0.2 The reversed Cauchy problem for the
Heat equation

In the same setting as above, we consider the ill-posed Cauchy problem

ou(z,t)  0%u(w,t)
ot + Ox?

u(0,t) = u(1,t) =0,

u(z,0) = u’ (),

=0, tel0,T], x€Q,

which can be written in the abstract form
u'(t) = Bu(t), te€0,T], u0)=u’ (0.2.11)

with B = —A. Formally, we can write the solution of (0.2.11) at t =T as
uw(T) = U(T)u® = Z e Tyldep,
k=1
where operators U(t), t > 0, are in general unbounded, and therefore they
do not form a Cy-semigroup. A solution to problem (0.2.11) can be found

using the quasi-reversibility method, which consists of solving the following
well-posed Cauchy problem

ul(t) = (B —eB*u(t), t€][0,T], €>0, (0.2.12)
UE(O) = uov
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and then showing that u.(T) — «(T') in some sense. The unique solution
of (0.2.12) is given by

)
U’E(T) Ze Hr Euk U k€K
k=1

and here U, is a C-regularized semigroup with the operator C' defined by

oo
2
Cv = E e T yrer, ve X.
k=1

Alternatively, one can use the auxiliary boundary conditions method, which
consists of solving the well-posed boundary value problem

ul(t) = Buc(t), t€[0,T+7], >0, >0,

ue(0) + euc (T + 1) = u°,

The solution to this problem is given by

piT
e 0
Ukek,

ue(T) = Uo(T)u® =)

A(T+7)
P 1+ cebr T

where again U, is a C-regularized semigroup with the operator C' defined
by

- 1
=2 15 come@in Vkerr v EX.
k=1

0.3 Wave equation
Consider the problem

0%u(x,t) 3 0%u(x,t)

o G =0 tel0T] xeQ=(01),

(0.3.13)

u(0,t) = u(l,£) =0,

u(z,0) = u®(x), %(w,O) =ul(x),

in L2(Q2). Let

o0 o0
u’ = g ufer, u'= g uger,
k=1 k=1
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where {ex}7° ; is an orthonormal basis in L*(Q) consisting of eigenvectors
er = V2sinknz, k € N, of the operator A = j—; with the domain

D(A) = H*(Q) N Hy(Q) € L*(Q).

We are looking for a L?(Q) solution of (0.3.13) by setting

u(t) = Z ug(t)ex.
k=1

The unique solution of each problem

P =0, keN (0.3.14)
dt2 MU = U, ) -9

ur(0) = up, ui(0) = u,

is

ug(t) = uf) cos (v/uxt) + uj W, ke N. (0.3.15)

Thus, we can formally write

u(t) = iuk(t)ek (0.3.16)
k=1

sin (i) 4
— Ue.
vV HE

Now we investigate the convergence of the series in (0.3.16).

= Z cos (y/fxt) uber, + Z
k=1 k=1

Case 1. v° € L?(Q), u!' € H71(Q).

Here H1(Q) = L(H}(Q),R) is the dual space of H{(£2), and we have the
following continuous injections

H&(Q) s LQ(Q) s H_I(Q).

Recall that ¥ € L2(Q) and u! € H~1(Q) if and only if
Z\u22<oo and ZL<OO,
k=1 k=1 Mk

respectively. Under these assumptions, the sequence

Um(-) = Z uk(-)ek
k=1
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is a Cauchy sequence in C{[0,T7], L*(2)} since
2 02 |ullc|2
sup |ug(t)]” < 2| Jup| + —— |, ke N.
te[0,T] Mk
Further, since
Wh(t) = — /i sin (/iiwt) + ul. cos (y/iRb),

we have

1 12
L up P <2(pge+ M0) ke
Mk telo,T) Kk

therefore, for all m € N and all p > 0

: T [up ()2
tes[lépT] HU&J’p(t) - U;l(t)HH*(ﬂ) B tes[lépT] kMk
! il k=m+1
m+p |u1|2
k=m+1 Hk

and

Un() =D ur()en
k=1

is a Cauchy sequence in C{[0,T], H*(Q)}. Thus we have shown that U,,
and U], converge to

ue C{[0,T], L*(?)} and %eC{[O,T],H*l(Q)},

respectively. Also taking into account

m m

U (0) = Zu%ek, U.(0) = Zui@k,
k=1 k=1

we have 5
=u® and Z-(0) = u'.
u(0) =u’ an 5 (0) =u

So, if u® € L?(Q), u!' € H=1(Q), then the function u defined by (0.3.16),
can satisfy the equation in (0.3.13) in some ‘very’ weak sense, which we will
discuss after the next case.

Case 2. v’ € H}(Q), u' € L*(Q).
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In this case we have

oo oo
Zﬂk|u2‘2 < 00, Z |u11€|2 < 00,
k=1 k=1
and
swp_plun(t)® < 2(plal +[wi?),  keEN,
t€[0,T)
swp [up ()P < 2(umlul+ k), keEN,
t€([0,T

which implies that
ue C{[0,T], Hy(?)} and % e c{[0,1], L*(Q)},

with u(0) = u®, 2%(0) = u'. Note that

A%u
— ec{o, 1], H ()},
9 {0, 17, ()}
as
1
— sup [uf(t)]* < pr sup |up(t)?
Kk tefo,T) t€[0,T]

(0.3.17)

IN

2<uku22+|ui|2>, keN.

In a fashion similar to the Heat equation (see (0.1.4)), from (0.3.14) we
write

(UL(t),er) +a(Un(t),ex) =0, 1<k <m.
Now let ¢ € D(0,T), then for any fixed k < m, we have

T

—/0 (U,’n(t),ek)qb’(t)dt—&—/ a(Un (1), ex)o(t)dt = 0.

0
The uniform convergence of Uy, to u in C{[0,T], H}(Q)} implies that
T

T
lim [ a(Un(t), er)d(t)dt = /O a(u(t), ex)o(t)dt,

m— 00 0

and uniform convergence of U}, to 2% in C{[0,T], L*(Q)} gives
T T
lim (U,’n(t), ek)gb’(t)dt = / <8“(t), ek) &' (1)dt.
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We conclude that u satisfies the equation in (0.3.13) in the following sense

Tau , T B
- [ Grome @i+ [ awo.ve=o.

for all v € H}(Q) and ¢ € D(0,T). In other words, the equation

d ,Ou
%(E(')’U) +a(u(-),v) =0 (0.3.18)

is satisfied in D’(0,T) for all v € H} ().

Now we return to the Case 1. From (0.3.14) we obtain

| nttre)s e~ [ (Unte), d)s(erit =0,
0 0

for all fixed k < m and for all ¢ € D(0,T), therefore

T T
/<wm%w%mﬁ—/<mmA%wmm:a

0 0

for any k € N and for all ¢ € D(0,T). Since {ej};2, forms a Hilbert basis
in D(A), we obtain

T T
/<mwww%wn—/<wmAwmoﬁ=m
0 0

for all v € D(A), ¢ € D(0,T), or in other words, the equation

d2
2 (). ) = (u(), Av) (0:3.19)

is satisfied in D’(0,T) for all v € D(A).
Case 3. v’ € D(A), u! € H(Q).

Here we have

o0 o0
SR <o, Y mlull? < .
k=1 k=1

Therefore (0.3.17) implies the uniform convergence of U/’ to %, and of
AUy, to Au, in the space C{[0,T], L?(Q)} . Thus, the function u defined
by (0.3.16), satisfies the equation
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in L2(Q).
Now we describe these three cases using the semigroup terminology.
Problem (0.3.13) can be written in the abstract form

u”(t) = Au(t), te€]0,T], (0.3.20)
u(0) = u?, ¥/(0) = u?,

where
2

A:% with D(A) = H*(Q)NH(Q) C L*(Q) = X

is an unbounded linear operator on L?(Q2). Taking into account the dis-
cussion of Case 1, we define the following bounded linear operators on
X:

'_OOCOS Vi€ U'_mwve
Ct)v -—’; (Vrt) vrer,  S(t) -—; N kChs

which are the cos- and sin-operator-functions corresponding to our prob-
lem. The unique solution of (0.3.13) is given by

u(t) = C(t)u’ + S(t)u',
where the equation in (0.3.13) is satisfied as described in Cases 1-3 ac-
cording to the choice of the initial data.

Now we write the problem (0.3.20) in the form of the first order equation
in a product space

w'(t) = dw(t), te[0,T], w(0)= ( “ > (0.3.21)

where

D(A) x L*(Q).

B
I
7N
O~
N———
S
S
Il

The solution operator of (0.3.21) can be formally written as

w(t) = U(t)( " ) - ( a s ) < o )
_ ( C(t)ul + S(t)yu!

C'(t)uo +Sl(t)u1 ) ) t Z Oa ’LLO7U1 € L2(Q)a
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and noting that for any v € L?(Q), S'(t)v = C(t)v, we write U in the form

i) S
U(t) = < cl el ) t>0.

From the definition of C it is clear that C is not necessarily differentiable
in t on L?(Q), implying that the operators U(t) are in general unbounded
on L?(Q) x L*(9), and therefore they do not form a Cp-semigroup on this
space.

Let us consider a smaller space H}(Q) x L?(Q), and let

U= ( 21 é ) with  D(¥) = D(A) x Hj(Q).
From the calculations in Case 2 we deduce that the operators U(t) are
bounded on H} () x L?(2), and they form a Cp-semigroup generated by
. Further, if u® € D(A), u! € H}(Q), then U gives the unique strong
solution of (0.3.21), and if u® € HZ(Q), u' € L?(Q), then U gives the
unique solution of (0.3.21) in the variational sense.

On the initial space L*(Q) x L?*(Q) we consider the integral of the
operator-function U(-):

_ S(t) ' S(s)ds
v = ( Clt) 1 fOS(t) ) t20.

The operators V (t) are bounded and strongly continuous on L?(2) x L?(2).
Moreover, they form an integrated semigroup generated by ®, which gives
the unique solution of the integrated problem (0.3.21):

0

u(t) —t( Zl ) = /Ot du(s)ds, te[0,T],  (0.3.22)

which is equivalent to

t
vy (t) — tu® = / va(8)ds,
0
t
vo(t) —tut = [ Avi(s)ds.
0

This solution is equivalent to the solution obtained in Case 1 in the
following sense: a function v(-) is a solution of (0.3.22) if and only if
u(-) = va(-) + u® is a solution of (0.3.19) in D'(0,T) for all v € D(A).
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0
Note that in this case v1(t) = fot u(s)ds. Also if we take Zl € D(®?),

0 0
then V(+) ( Zl ) is differentiable in ¢, and V'(-) ( Zl ) is the unique

solution of (0.3.21).
Finally, we note here that the operator ® is the generator of the distri-
bution semigroup V defined by

V(g = — /0°° @' (H)V (t)vdt, pE€D, ve L*(N) x L*(Q),

which can be regarded as the distributional derivative of the integrated
semigroup V.
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Chapter 1

Semigroup Methods

1.1 Cy-semigroups
We begin with a brief summary of very basic notions and results from the

theory of Cy-semigroups.

1.1.1 Definitions and main properties

Let X be a Banach space.

Definition 1.1.1 A one-parameter family of bounded linear operators
{U(t), t > 0} is called a Cy-semigroup (or semigroup of class Cy) if the
following conditions hold

(U1) U(t+h) =U@)U(h), ¢, h>0;

(U2) U(0)=1I;

(U3) U(t) is strongly continuous with respect to t > 0.
Definition 1.1.2 The operator defined by

U'(0)x := Jim r=YU(h) — Iz,

DW'(0)) = {x e X |3lm %x}

is called the (infinitesimal) generator of the semigroup U.

The properties of Cp-semigroups are established in the following
proposition.
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Proposition 1.1.1 Let {U(t), t > 0} be a Cy-semigroup and A be its
generator. Then

1) U)U(h) = U(h)U(t) for all t,h > 0;

2) U is exponentially bounded:
dK >0, weR: Vt >0,

U@ < Ke“; (1.1.1)
3) D(A) = X and operator A is closed;
4) U'(t)x = U(t)Az = AU (t)z for all z € D(A);
5) YAeC : ReA>w, I —A)"'=:Ra(\) and

Ra(\)x :/ e MU(t)adt, x € X. (1.1.2)
0

Proof 1) The commutativity of U(t) and U(h), t,h > 0, follows from
property (U1).

2) An arbitrary ¢ > 0 can be written in the form ¢ = n + 7, where
n €N, 0 <7 < 1. Then we have U(t) = U™(1)U (1), and

U@ < U)K = Ker 17O

where K = supy<, <1 [[U(7)| < oo

If n |JU(1)|| <0, then |U(¢)|| < K, that is (1.1.1) holds for w = 0. If
In||U(1)|| >0, then

U@ < KemtmIvOD = fetmlUVOI = frewt

where w = In||U(1)]|.
3) To prove that D(A) = X, we consider the set

b
U= {va,b:/ U(r)udr, z € X, b>a>0}.
We show that U C D(A):

h*l[U(me}va,b h1 / ' U(r)] wdr

[/Hh t)xdt — /ab U(T)iEdT]
) —

b+h T)xdr — /a U(T)a?dT]
= [Ub Ula )}xash—>0

S~

+h
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Now we will show that I/ = X. Suppose that there exists f € X* such that
fU)=0,f#£0. Then

b
Vb > a >0, fvap) = / f(U(r)z)dr = 0.

Hence
vee X, f(U()x)=0, 7>0,
and f(U(7)x) —,—o f(z) =0, that is f = 0. This contradiction proves the
equality U = X, therefore D(A) = X.
To prove the closedness of the generator A, we take a sequence {z,} C
D(A) such that z, — x and Az, — v. We show that Az exists and is
equal to v :

ht /Oh U(r)U' (0)zpdr = b /Oh 7de;)$” dr =~ [U(R) ~ 1|z,

Let n — oo, then we have
h
Rt / U(r)vdr = h™* [U(h) - I]x.
0
Let h — 0, then the left-hand side converges to v, that is z € D(U’(0)) and
v=U'(0)x = Az.
4) For x € D(A) it follows from Definition 1.1.2 that
UhAz = U() Jim b~ [U(h) - I} z
= limh! [U(h) - 1} Utz = AU (t)z,
U = Jimh! [U(t +h) - U(t)]w
— ; -1 _
— Jimh [U(t)U(h) U(t)} z

= U(t) Jim b [U(h) - I}x = U(t) Az = AU(t)z.

5) In view of estimate (1.1.1) the integral in the right-hand side of
(1.1.2):

/ e MU(t)xdt,
0

exists for all z € X and A € C with Re A > w. Integrating by parts and
taking into account the fact that A is closed, we have for x € D(A)

o0 oo oo
/ e MUt Axdt = A/ e MU (t)xdt :/ e MU (t)adt
0 0 0

-z + )\/ e MU (t)xdt.
0
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After extending the equality by continuity to X = m we obtain
(A — A) /OOO e MU (t)zdt =z, x € X. (1.1.3)
On the other hand,
/OOO e MU — A)xdt = 2, x € D(A). (1.1.4)

Equalities (1.1.3), (1.1.4) imply the existence of a bounded on X operator
Ra(\) = (M — A)~! and relation (1.1.2). O

Proposition 1.1.2 Let U be a strongly continuous operator-function such
that
JK >0, weR: |U@®)| < Ke*t, t>0.

Let ~
R(\) ::/ e MU(t)dt ,  Rel > w.
0

Then R(\) satisfies the resolvent identity
(1= NROVR(x) = RO\ — R(n), Re), Rep > w, (1.15)
if and only if U satisfies (U1).

Proof Let Re A\, Re yu > w. The result follows from the uniqueness theorem
for Laplace transforms given the following observations

A) :/OOO e Ht /Ooo e MU(s)U (t)dsdt,

eATIIR(N)dt — / (1 — N)"reP=mte =AU (1)dt
0

J
[e'e) o] 0 t
/ e()‘_“)t/ e_’\SU(S)dsdt—/ eo‘_“)t/ e MU (s)dsdt
0 0 0 0
_ / (A—u)t/ e~ MU (s)dsdt
0
J
Je

ekt / U(s)dsdt
¢

/ AU (s 4 t)dsdt. O
0
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1.1.2 The Cauchy problem
Consider the Cauchy problem
u'(t) = Au(t), t>0, u(0) =z, (CP)
where A is a linear operator with D(A) C X.
Definition 1.1.3 A function
u() € C1{[0,00), X} 1 C{[0,00), D(A)}

is called a solution of the Cauchy problem (CP) if u(t) satisfies the equation
for t > 0 and the initial condition for t = 0.

Definition 1.1.4 The Cauchy problem (CP) is said to be uniformly well-
posed on E C X, (where E = X) if

(a) a solution exists for any x € E;

(b) the solution is unique and for any T > 0 is uniformly stable for
t € [0,T] with respect to the initial data.

Remark 1.1.1 According to Hadamard’s definition of correctness, Defi-
nition 1.1.4 includes the condition of stability of a solution with respect
to the initial data. Now we show that the Cauchy problem (CP) has the
following special property.

Lemma 1.1.1 If for any x € D(A) there exists a unique solution of (CP)
and the resolvent set p(A) is not empty, then this solution is stable with
respect to the initial data.

Proof Let u(t) = U(t)x, t > 0, be a unique solution of the Cauchy problem
with initial value z € D(A), where

U(:) : [D(A)] — C{[0,T], [D(A)]}
are the solution operators for any T' > 0. Here [D(A)] is the Banach space
{D), llzla = ol + | Azl }.
We show that all U(t) are closed. Suppose 2, — x in [D(A)] and U (¢)x,, =

un(t) — v(t) in C{[0,T], [D(A)]}. Then ul(t) = Au,(t) — Av(t) in X

uniformly in ¢, therefore from

Up(t) = o, + /ot ul, (T)dT
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we obtain ,
v(t) ==z —|—/ Av(r)dr,
o

that is v is a solution of the Cauchy problem with initial value x, continu-
ously differentiable on [0, T']. Since a solution is unique, v(t) = U(t)z, t > 0.
Thus, operators U(t) are everywhere defined on [D(A)] and closed, there-
fore by the Banach theorem the operator-function U(+) is continuous and

sup. [u(t)|4 < Klala, (1.1.6)
tel0,T

which implies that the Cauchy problem is uniformly well-posed in the space
[D(A)]-

Since the resolvent set p(A) of operator A is not empty, consider
Ao € p(A), z € D(A) and y = R(X\g)z, then we have y € D(A?) and

Ut)r = =U(t)Ay + MU (t)y = =AU (t)y + AU (t)y,
therefore
IU@)z|| < [[AU@)yl + Aol [U @)yl < Kol|U(#)yl|a-
From (1.1.6) we obtain
[l < Kulylla =K (vl + 4]

= K1 (llyll + lz = xoyl])

< Ka(llel + i)
< Ka(floll+ IRO)| 1))
< Klel,  teo.T],

that is (CP) is uniformly well-posed in the space X. O

Theorem 1.1.1 Suppose that A is a closed densely defined linear operator
on X. Then the following statements are equivalent:

(I) the Cauchy problem (CP) is uniformly well-posed on D(A);
(II) the operator A is the generator of a Cy-semigroup {U(t), t > 0};

(III) Miyadera-Feller-Phillips-Hille- Yosida (MFPHY) condition holds for
the resolvent of operator A: there exist K > 0, w € R so that

(k) H KEk!
HR ~ (Re X —w)k+1’

for all A € C with Re A > w, and all k =0,1,... .

(1.1.7)
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In this case the solution of (CP) has the form
u(-) =U(")z, x € D(A).

Proof (I) = (II). The solution u(t), t > 0, of the Cauchy problem (CP)
exists and is unique for any x € D(A). Denote it by U(-)x. Since for any
T > 0 the solution is uniformly stable with respect to ¢ € [0,7], defined
in such a way linear operators U (t) are uniformly bounded with respect to
t € [0,T] on D(A). In view of the condition D(A) = X, this implies that
U(t) can be extended by continuity to the whole space with preservation
of the norm estimate. We show that the obtained family of linear bounded
operators {U(t), ¢ > 0} is a Cyp-semigroup.

Since U (t)x satisfies the equation U’(t)x = AU (t)z for all x € D(A)
and t > 0, we have U(t)z € D(A) whenever x € D(A). For x € D(A)
the functions U(t + h)x and U(t)U(h)x are solutions of (CP) with initial
condition U(h)z. The uniqueness of the solution gives us the equality

Vo€ D(A),  U(t+h)z=U@®UMR)z, th>0,

which can be extended to the whole X.

Thus (U1) is proved, and (U2) follows from the initial condition. Since
|U(¢)]| is uniformly bounded with respect to ¢ € [0, T], and U (¢)x is continu-
ous with respect to ¢t > 0 on D(A) (D(A) = X), then the operator-function
U(-) is strongly continuous with respect to ¢ > 0, so (U3) holds true.
Furthermore for x € D(A) we have

Jim 5~ [U(h) - I]x — U'(0)z = AU(0)z = Ax,

that is D(A) € D(U’(0)) = D, and U’(0) = A on D(A). To prove that
D c D(A), we show that the resolvent

RUI(O) ()\) = / eiAtU(t)dt, Re A > w,
0
is equal to the resolvent of operator A. For z € D(A) C D we have
(M = A)Rpyrgy(N)z = (M — A) / e MU (t)xdt
0

= f/ e*)‘tAU(t):vdtJr)\/ e MU (t)zdt
0 0

= .

Since A is closed, this equality can be extended to the whole X. The oper-
ator Ry (py(A) maps X on D, therefore D C D(A), and A is the generator
of the Cy-semigroup {U(t), ¢t > 0}.
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(IT) = (III). The estimates (1.1.7) follow from (1.1.2) and (1.1.1). In
fact,

1RA( H [ e dtH [ 1 o
K
< K [Re A— w]tdt
- /6 Rel —w’
o] - | [ o] [
K1l
= (Rer—w)?
and so on
dk; oo oo
’WRA(/\)H = H/ tke’\tU(t)dtH<K/ the[ReA=wlt gy
0 0
KEk!
(Re X — w)k+1’

(III) = (I). First we construct the solution of (CP) for sufficiently
smooth initial data. Noting that D(A3) = X, let * € D(A3) and
o > max{w,0}. Define

o+i00

t? 1
a(t,x) = x+tAx+§A2x+ﬂ AT3eMRAN)A3zdN, t > 0. (1.1.8)
Y

g—100

The integral in (1.1.8) vanishes for ¢ = 0, consequently @(0,z) = z. It
is obvious that ||G(t, )] =¢—o O(e°). The possibility of differentiation
under the integral sign implies the existence of a continuous derivative of
a(t,x), t > 0. On the other hand, in view of the closedness of operator A,
a(t,x) € D(A) and

o' (t,z) — Ad(t, )
t2 1 o+i0o
= —5/13 T+ — A 3N — ARy (N A3zd) = 0,

27” o—100

for t > 0. Hence, i(t,x), t > 0, z € D(A?), is a solution of (CP). In the
way similar to that in the proof of equality (1.1.2) in Proposition 1.1.1, we
have

/OO e Ma(t,z)dt = Ra(N\)z. (1.1.9)
0

Using the Widder-Post inversion formula for Laplace transform, we obtain

i (=D nynt dn
a(t, x) :nlirrgo( n!) (;) WRA()\)x

, (1.1.10)

A=n
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therefore, taking into account inequalities (1.1.7) we have

—(n+1)
t
la(t,2)|| < Kljz|| lim (1—‘”—) = Ke“'|z], (1.1.11)
n—oo n

for ¢ > 0. Denote
Uty = i(t,z), € D(A%), t>0.

In view of (1.1.11) we can extend U(-)z and equality (1.1.9) by continuity
to the whole of X so that the extension U(-) is strongly continuous with
respect to t > 0 and

U@ < Ke*t, t>0.

To complete the proof we show that any solution u(:) of (CP) can be rep-
resented in the form

u(-) = U(-)u(0). (1.1.12)
In fact, it follows from the definition of U that for x € D(A%) we have the
equality Ra(A)U(t)z = Ra(NU(t)x = U(t)Ra(N)z, t > 0, which can be
extended to whole X. Therefore

U(t)Azx = AU (t)x, x € D(A), t>0,

function U(-)z is differentiable for € D(A), and for any solution wu(-) of
(CP) we have

iU(lf —s)u(s) = —AU(t — s)u(s) + U(t — s)Au(s) =0, 0<s <t

Remark 1.1.2 Since we proved in Proposition 1.1.1 that the generator of
a Cy-semigroup is densely defined, we could include the assumption of the
density of D(A) in statements (I) and (III) only.

Remark 1.1.3 Using the equality

——Ra(Nz = ()RR Nz, x € X, (1.1.13)

we can rewrite the MFPHY condition (1.1.7) in the following form:

K >0, we R:
K

IRAWI < (o —or

(1.1.14)
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for all A € C with ReA >w,and all k =1,2....

Remark 1.1.4 The proof of the implication (III) = (I) (via (II)) is given
in Theorem 1.1.1 due to Fattorini [84] and is based on the inversion formula
for Laplace transform. Now we outline alternative proofs of the implication
(IIT) = (II), which exploit some different ideas used in various generaliza-
tions of Cy-semigroups. We refer to these later on.

First, we note that the right-hand side of (1.1.10) (the inversion formula
for Laplace transform) can be rewritten in the form

g () () = (1)

and (1.1.10) is an operator generalization of the formula
t -n
e' = lim (1 — —a)
n—oo n

for the numerical exponential function.
Using this formula one can construct a semigroup U generated by an
operator A as a strong limit of the following functions

Un(t) = (I—%A)fn, >0, n=1,2,....

See [130] for one of the possible proofs.
Now we give another important alternative proof. Consider
bounded operators
Ap = =M I+ N2 Ra(\),

where A\, € R and )\, — oco. We show that lim, ., A,z = Ax for any
x € D(A). Consider z € D(A), then

Apx = AgRa(\p) Az
Noting that lim, oo ApRa(An)z = z for any € X, we obtain
Apz — Az, z € D(A).

Since operators A,, are bounded, we can define a semigroup generated by
each operator A, in the form of the following series

& 2 1\k k
eltAn — 67)\nt+)\iRA(/\n)t — oAt Z (A" Ra(An)

k! ’
k=0
where
= NRtRR A2e
HetAnH < e—/\nt n — Ke_A"tekn*w
’;) (A, —w)F
= Ken™5 < Ke®', A, > 2w. (1.1.15)
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Consider the identity
t
etAn _ etAm _ / e(t—s)An (An _ Am)GSAmdS,
0
then, for x € D(A), we have

[etAng — etAmy)| / [e®=DA | |e*Am || [|(An — Ap)z||ds,

therefore, in view of (1.1.15), functions e!4»x converge uniformly in

€ [0,7T]. Taking into account density of D(A) and uniform boundness
of et4n on [0,T], we obtain that e*4z converge uniformly in ¢ € [0, 7] for
any © € X. We denote

Ut)z == lim ez,
n—oo
then U is obviously a Cp-semigroup with the estimate ||U(t)|| < Ke2t,
which follows from the inequality (1.1.15) by a passage to the limit as
n — 0o.

Let us prove that the operator A is the generator of this semigroup.
The identity

t
ety — g = / et A, xds, x € D(A),
0

implies that
t
Ult)r —x = / U(s)Axds, x € D(A),
0

and hence U'(0)x = Az, that is U’(0) D A, and
[AI - U’(O)] Ra()) = [AJ - A} Ra(\) = I.

In view of Proposition 1.1.1 the operator U’(0) has a resolvent for A € C
with Re A > w, therefore Ra(\) = Ry (o)(A) and U'(0) = A. O

We also note that this construction of a Cy-semigroup implies that the
condition

JK >0, weR:

)\ K k!
2] < =
forall A\ >w and all k=0,1,..

*

is equivalent to condition (1.1.7) and is also referred to as the MFPHY
condition.
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Remark 1.1.5 It follows from the equality (1.1.13) that the condition

FJw>0: [Ra(N)] ReA > w

| < 55—
Rel—w
or

1
FJw=20: [RaN)| < W A>w,
which is called the ‘Hille-Yosida condition’, is sufficient for condition (1.1.7)
to hold with K = 1, and therefore for uniform well-posedness of (CP).
In general, the following sufficient condition for the unique solvability
of (CP) holds.

Theorem 1.1.2 Suppose that for a linear operator A the following condi-
tion holds

dK >0, w>0 : ||[Ra(N)|] < KA+, Red>w, (1.1.16)

for some v > —1. Then for any x € D(ADI+3) the function

o —100

o+i00
Jt) = J(t) =v.p. 55 [ MRA(N)xd\, t>0, 0 >w
J(+0), t=0
yields the unique solution of (CP).
Proof Any x € D(ADI+3) we can write in the form

T = RA(M)[[W]H%L

where x; = (uI — A)DI+32. Then, using the resolvent identity (1.1.5), we
obtain

Ra(N) = Ra()| Ra(u)P1+2

Ra(Nzx = A 1
_ o Ray o Ra(PI*?
(p=NPI3T =
Ra(p)bi+ Ra(p)
—_— T — ... =

(= )2 (u—nb1 !

for Re A, Rep > w, A # p. By Jordan’s lemma we have

1 o+i00
Je = vp.oo— | eMRA(N)zd\
g LT e Ra)

o i € mxldA, t>0.
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It follows from (1.1.16) that the latter integral converges absolutely and
uniformly in ¢ > 0. After differentiating under the integral sign we obtain
the integral

1 o+ioo NV )\RA ()\)
5 e T

which also converges absolutely and uniformly in ¢ > 0, and therefore is
equal to J'(t) for t > 0. It is not difficult to check that J(¢) satisfies the
equation in (CP) for ¢ > 0. The existence of lim_ J'(t) := J'(0) and the
closedness of A imply that .J/(0) = AJ(0). By the Cauchy theorem we have

v.p

J(0) = Ra(p)D1+32; = o,

i.e., J(t) is a solution of the Cauchy problem (CP).

Now we show the uniqueness of the solution. Suppose that u(-) is a solu-
tion of (CP). Since u(+) is continuously differentiable in ¢ > 0, fg e u(r)dr
can be integrated by parts

/0 e Mu(r)dr = A7 [u(O) - u(t)e_”} + A7t /0 e Au(T)dr.

Suppose u(0) = 0, then taking into account closedness of A, we have
t
(A— )J)/ e Mu(r)dr = u(t)e ™,
0

therefore .
- / A u(r)dr = Ra(MNu(t),
0

which, together with the condition (1.1.16), implies that u(7) = 0 in [0, ¢],
i.e. the solution is unique. O

Remark 1.1.6 The following result guarantees the uniqueness of the solu-
tion of (CP) under weaker than (1.1.16) conditions on operator A. It can
be proved similar to the uniqueness in the theorem above.

Lyubich’s Uniqueness Theorem Suppose that a linear operator A has
a resolvent for all A > w and

o sup LEA O

= 07
A——+o00 A

then the Cauchy problem (CP) has at most one weak solution (that is a solu-
tion that is defined and continuous fort > 0 and continuously differentiable
fort>0).
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In Section 1.2, using the technique of integrated semigroups, we show
that conditions of the type (1.1.16) on the resolvent of A, are necessary and
sufficient for the existence of the solution and its stability with respect to
small variations of initial data measured in the graph-norm of A™, where n
depends on 7.

Remark 1.1.7 Another important class of operators closely related to a
well-posed (CP) is the generators of analytic semigroups. Let A be a densely

defined operator, 0 < ¢ < 7. Then A is the generator of a semigroup
analytic in

{cec| g <w ¢#0}

and strongly continuous in

{C eC ) |larg ¢| < w}

if and only if for every 0 < ¢’ < ¢ there exists a real number « = «a(p’)

such that
Ri( N € —— 1.1.1

for A\ from the region
,
{)\G(C ’ larg (A — a)| < ¢ —1—5, )\;éa}

with K = K.
We note that the estimate (1.1.17) need be assumed only in the half-
plane Re A > a.. (For proofs see [84] Section 4.2)

Remark 1.1.8 One of the remarkable advantages of using semigroup meth-
ods for treating differential equations in applications is the presence of the
following perturbation result.

Let A (closed densely defined linear operator) be the generator of a
Cy-semigroup U and let B be a closed densely defined operator such that
D(B) D D(A) and

I1BU(t)z|| < a(t)l|lz]l, =€ D(A), t >0,

where « is a finite, measurable function from L!(0,1). Then the operator
A + B with domain D(A + B) = D(A) is also the generator of a Cp-
semigroup.

In particular, if B is everywhere defined and bounded, then A + B
generates a Cy-semigroup U; with

(w1 Bl
1 = ) - Y
U, (8)|| < Ke £>0
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given that
U@ < Ke*t, t>0.

For proofs see [84] Chapter 5 and [130] Chapter 9, where one can also
find perturbation results for m-dissipative operators, essentially self-adjoint
operators and operators generating analytic semigroups.

1.1.3 Examples

Example 1.1.1

In Chapter 0 we used the Fourier method to construct various semi-
groups related to the Heat and Wave equations. Now we use a very simple
first-order equation to illustrate the semigroup methods.

Consider the Cauchy problem

Ou(z,t)  Ou(x,t)
ot oz
u(z,0) = f(z)

on the space X = L?(R). We can write it in the abstract form

=0, t>0, z€R, (1.1.18)

u'(t) = Au(t), t>0, u(0)=f,
where A = —d/dx with the domain
D(A) = {u € L2(R) ] ' € LZ(]R)},
To find the resolvent of A, we solve the equation
M —-Ag=X g+9¢ =f, ge DA, (1.1.19)

assuming that f € X is given. If A > 0 then the solution is

9(x) = (Ra(VS) () = / " M=) f(5)ds, 1 € R

—00

Using Fourier transforms, it is not difficult to verify that the Hille-Yosida
condition: .

Xa

holds for A > 0. Hence (1.1.18) is uniformly well-posed on D(A). Further-
more, A is the generator of a Cy-semigroup defined by

[Ra(N)] <

U f)(z) = flz—=1t), zeR, >0,
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and for any f € D(A), the function
u(z,t) = U)f)(x), t=0, zeR

is the unique solution of (1.1.18), which is stable with respect to f.
Now we consider the Cauchy problem (1.1.18) on the space
X = L?[0,00). In this case,
D(A) = {u € L2[0, 00) ) u' € L2[0,00), u(0) = o},

and

(Ra)1) @) = [ XD f(5)ds. 2> 0, w € 0,oc).
0
The Cy-semigroup generated by A is defined by

x>t

wonw={ =0 ezt
Finally, if X = L?(—o0,0] and
D(A) = {u € L2(—c0, 0] ) ' € L3(—o00,0], u(0) = 0},
then all A > 0 do not belong to the resolvent set of A. In this case, (1.1.18)
is solvable only for f = 0.

Note that these results agree with the well-known geometric interpre-
tation: the solution is constant on the characteristics t =t + C, C € R.

Example 1.1.2 (A class of operators generating Cy-semigroups)
Let
X = {L®) x L'®), [lull = llurllzo + us i}, where u = ( o )

Consider the operator A defined by

Au = ( (;g :g )u
with
D(A):{( Z; > EX’gul-f—fquLp(R)a 9U2€Lp(R)},

where g(x) = 1+ [a], f(z) = [z, 7 > 0.
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We show that if v € (0, 1], then A generates a Cy-semigroup on X. For
the formally defined operator-function

2A2
2!

g 1 —tf
Utlu=e g<0 1 )u

Ut) =eM =T+ tA+

+ ...

we can write

and

ol

1) e—t(1+lal)
max [(1 ¥ tlz[M)e ]

R e (1+%)t:0(9(t1_7).

Let v € (0,1], then U(t) is bounded as t — 0. Now we show that the
operator (A —A)~1 X\ > 0, is the resolvent of A and we verify the MFPHY
condition for R4(A). Since

k k—1
[or= T g (07 TR )

for k=1,2,..., then

I = A) )l < (A +9)Fullee + | =k +9)" % fus| 1o
+ [N+ 9) Fugll e

If A > 0 then we have the following estimates

00 —kp 1/p
IO+ 9)Fwillor = </ AL |ui|”dx>
0
1 ,
S F”uiHLl"a 1= 1727

and

3 [e'e) kf’LLQ p 1/p
KA+ 9) 75 fuzl| o = ( | ) ‘W dw)
1 [ee] kp p 1/p
< NF (/ 1+ [ |u2|Pdaz>

1 |f\p|u2| L
= W (/oo lg|? < VHUQHLP.

o
)\+g
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Therefore (A — A)~! = R4(\) and
1 K+1 K
IRA(N)ul| < WHMHLP + WHWHLP < )T:HUH

for any v € (0,1] and A > 0. Thus, if v € (0, 1], then A is the generator of
a Cy-semigroup U. In general, we have

- 1 A+g)  —f
M—-A)ty=—— .
or-artu= s (407 oy )
If 1 < 7 < 2, then the operator (A —A)~!, A > 0, is bounded and therefore
A =A)7Y = [[RaV) < K, A>0,

but the resolvent R4 (\) does not satisfy the MFPHY condition. If v > 2,
then the operator (A — A)~! is unbounded.

1.2 Integrated semigroups

In Section 1.1 it was proved that the Cauchy problem
u'(t) = Au(t), t>0, u(0) =z, (CP)

with A being the generator of a Cpy-semigroup, is uniformly well-posed.
Now we begin to consider families of bounded operators connected with
problems (CP) that are not uniformly well-posed. The first of these families
are n-times integrated semigroups. They are related to (CP) well-posed on
D(A™1). If A generates a Cp-semigroup U, then the n-times integrated
semigroup generated by A is the n-th order primitive of U. In contrast to
Co-semigroups, integrated semigroups may be not exponentially bounded,
may be locally defined, and their generators may be not densely defined.
In this section we consider nondegenerate exponentially bounded and local
integrated semigroups, and their connection with the Cauchy problem.

1.2.1 Exponentially bounded integrated semigroups

Definition 1.2.1 Let n € N. A one-parameter family of bounded linear
operators {V(t), t > 0} is called an exponentially bounded n-times inte-
grated semigroup if the following conditions hold

(V1) V(t)V(s) =
e /o (s =)Wt r) = (4 s =)V () [

for s,t > 0;
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(V2) V(t) is strongly continuous with respect to t > 0;

(V3) 3K >0, weR: [[V(t)|]| < Ke*t, t>0.
Semigroup V' is called nondegenerate if

(V4) if V(t)x =0 for allt > 0, then x = 0.

A Cy-semigroup is called 0-times integrated semigroup.

It follows from (V1), (V4) that V(0) = 0.
Suppose U is a Cp-semigroup. Consider the integrals

t
Vit) = / U(s) ds |
0
t t n—1
(t—>s)
V.it) = |7 stZ/iUsds,tZO.
(t) ; 1(s) o) (s)
For the generator A we have
ARA(N) = / e MV (t)dt
0
ATMRA(N) = / e MV, (t)dt , Red >w
0

or

Ra(\) = / Ne MV, (H)dt .
0

We show that the operator R4 (\), which is defined by this equality, satisfies
the resolvent identity if and only if V,, satisfies (V1).

Proposition 1.2.1 Let n € N and V be a strongly continuous operator-
function such that

JK>0, weR: V()| <Ke*t, t>0.

Let -
R(\) ::/ Ne MV (t)dt ,  Rel > w.
0

Then R(\) satisfies the resolvent identity
(1 = MR R(p) = R(A) — R(p)

for A, u € C with Re\, Re > w, if and only if V satisfies (V1).
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Proof Let Rep > Re A > w. From the resolvent identity we have

AT"RA)"R(p) = % (1.2.1)
_ AR\ —p"R(p)  Rp)(p"—AT")
B (1= A)pn (A= p)pr

The result follows from the uniqueness theorem for Laplace transforms and
from the following observations:

AR\ " R(p / e M / e MV (H)V (s)dsdt
and

AT"R(A) —p"R(p)
A—p

_ / N R () dt + / (10— N e NV (t)de
0 0

00 o] t
/ en=Mt / e ”SV(s)dsdtf/ e(“*A)t/ e "V (s)dsdt
0 0 0
/ en=Nt / e MV (s)dsdt
0
:/ e_M/ e MmOV (5)dsdt
0 ¢
= / e M / e MV (t + s)dsdt .
0 0

Integrating n times by parts we obtain the first term on the right-hand side
of (1.2.1):

AT"R(A) — p " R(p)

— p)p
o) ee} s 1
_ e—/\t/ e—;w/ (s —)""YVW(r+8drdsdt .
/0 0 0 (”_1)!( ) ( )

The second term:

Rp)(p " =A™")
(A= pp"

R n—1 - 0o —
<Z MLm= k> M(g) :Z/\ (k+1)/0 PRV (s)ds

k=0

_ n k—1
—ZA (1) / / Sn e by V(s
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_Z/ —,\ttkdt/ —f“/ n_i fl 1 V(r)drds
A =

L0

k=0

/ _’\t/ / (t+s—7)""'V(r)drdsdt . D
(n— 1 0

If the semigroup {V(¢), t > 0} is nondegenerate, then the operator
R()) is invertible. It follows from the resolvent identity that A\I — R(A\)~!
is independent of A\, that is there exists a unique operator A such that
R(A\)™! = (A — A) for Re A > w. This operator A := Al —R(\)™! is called
the generator of n-times integrated semigroup {V'(¢), ¢ > 0}.

It follows from Proposition 1.1.2 that for a Cy-semigroup this definition
of generator coincides with the generally accepted definition by means of
the semigroup’s derivative at zero.

Now we clarify the connection between integrated semigroups and the
Cauchy problem (CP).

V(r)drds

Proposition 1.2.2 Let A be the generator of n-times integrated semigroup
{V(t), t >0} (wheren € NU{0}). Then

1) forze D(A), t>0
V(t)r € D(A), AV (t)x =V (t)Ax,

and

Vi) = —z + /Ot V(s)Ax ds; (1.2.2)

2) forxze D(A), t>0
/ V(s)xds € D(A),
0

and . i
A/O V(s)xds =V (t)x — ks (1.2.3)
3) forxze D(A"), neN
nl g
vV (e = x+ Z k|A’f ; (1.2.4)

©2001 CRC Press LLC



4) for x € D(A™TY)

d
SVt = AV )z =V As. (1.2.5)

Proof Let u € p(A) , then for ReA > w, z € X we have

/O T MY RA(zdt = A"Ra(NRa(u)z = A" Ra()Ra(N)z

/OOC e MR 4(u)V (t)zdt.

Hence Ra(u)V(t) = V(t)Ra(p), that implies AV (¢) = V(t)A, x € D(A).
Let z € D(A), then for Re A > w we have

)\n+1 os}
/ e M xdt
0

n!

=T = )\RA()\) — RA()\)A.'L‘

:/ )\"He_’\tV(t)xdt—/ Ne MV () Axdt
0 0

e} e} t
= / A= MY () adt — / A=At / V(s)Azdsdt,
0 0 0

from where (1.2.2) follows by the uniqueness theorem for Laplace trans-
forms. Since A is closed, (1.2.3) follows from (1.2.2); differentiation of
(1.2.2) gives (1.2.4); (1.2.5) follows from (1.2.4). O

Theorem 1.2.1 (Arendt-Widder) Leta >0 and r: (a,00) — X be an

infinitely differentiable function. For K > 0, w € (—o0,a] the following
statements are equivalent:

ey
K k!

(k) <
PO < e

A>a, k=0,1,...;

b

(II) there exists a function V : [0,00) — X satisfying V(0) =0 and

lim sup A~ |V (t+h) = V()| < Ke“', t >0, (1.2.6)
5—0 h<s

such that

oo
r(\) :/ Ae MV (t)dt, X > a.
0

Moreover, r(\) has an analytic extension to

{AG(C’Re)\>w}.
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The Arendt-Widder theorem and Proposition 1.2.1 imply

Theorem 1.2.2 Letn € {0}UN, w € R, K > 0. A linear operator A is the
generator of an (n + 1)-times integrated semigroup V satisfying condition
(1.2.6) if and only if there exists a > max{w,0} such that (a,00) C p(A)

and
Ra(M)™® K k!
An (A —w)ktt
for all A >a, and k=0,1,... . In this case

(1.2.7)

o0

Ra(\) :/ A= MY (1) dt, A>a. O
0

Hence, for n = 0 we have the equivalence of existence of an integrated

semigroup and MFPHY-type condition. At first sight, this equivalence is

weaker than in Theorem 1.1.1, but the fact is that integrated semigroups,

in contrast to Cp-semigroups, may have not densely defined generators. If
D(A) = X, then the following extension of Theorem 1.1.1 holds.

Theorem 1.2.3 Let A be a densely defined linear operator with (a,0c0) C
p(A), where a > 0, K > 0, w € (—o00,a]. Then condition (1.2.7) is
equivalent to the statement: A is the gemerator of an n-times integrated
semigroup {V (t), t > 0}, such that

VO < Ke'.

Proof Suppose that condition (1.2.7) is fulfilled, then A is the generator of
an (n + 1)-times integrated semigroup {V,4+1(¢), t > 0}. In view of (1.2.6)
for V11, the set Fy of all x € X such that V,,11(-)z € C*{(0,00), X} is
closed. By Proposition 1.2.2, D(A) C Fi, hence D(A) = X C F; and
F; = X. Then the relation V(t)x = V| (t)z, x € X, defines an n-times
integrated semigroup {V'(t), t > 0} generated by A. O

1.2.2 (n,w)-well-posedness of the Cauchy problem
We consider the Cauchy problem

u'(t) = Au(t), t>0, u(0) ==z, (CP)

where A is a linear closed densely defined operator on a Banach space X.
We denote by [ D(A™)] the Banach space

{D(A™), lallan = o] + e +..+ |47] )

Definition 1.2.2 Let n € N. The Cauchy problem (CP) is said to be
(n,w)-well-posed on E if for any x € E C D(A™T1)
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(a) there exists a unique solution

u(-) € C{[0,00], D(A)} N C*{[0, 0], X };

(b) IK >0, weR: |ult)| < Ke“t|z|an.

If E = D(A™Y), then we say that the problem (CP) is (n,w)-well-posed.

Theorem 1.2.4 Let A be a densely defined linear operator on X with
nonempty resolvent set. Then the following statements are equivalent:

(I) A is the generator of an n-times integrated semigroup {V (t), t > 0};
(IT) the Cauchy problem (CP) is (n,w)-well-posed.

Proof (I) = (II). Let z € D(A™*!), consider the function V(-)z. By
Proposition 1.2.2, it is (n+ 1)-times continuously differentiable, V(™ (t)z €
D(A), and

V™ ()z =V (t) A"z Z x, —V(")( = AV ().

Let u(t) :== V™ (t)x, then u(0) = = and u(t) € D(A) for t > 0. Further-
more, ||u(t)]] < Ke“t||z||an, and /' (t) = Au(t).

We now show that u(-) is unique. Let v(-) be a solution of (CP), then for
A € p(A), R%(N)v(-) is the solution of (CP) with the initial value R™(\)z €
D(A"*+1). As in the proof of uniqueness in Theorem 1.1.1, we have

Lyn(e - s)RL (o)

= —AV"(t — s)RE(Nv(s) + V" (t — s) AR} (N)v(s) =0,
for 0 < s <t. Hence
VHO)RE(Ao(t) = RE(ANV™(0)u(t) = RE(A) V" (t)0(0),
and v() = V" (-)x.
(II) = (I). Let @ € D(A™"1), then there exists a unique solution
u(-) of (CP) such that |lu(t)| < Ke“!||z|an. For p € p(A) the function

w(-) := Ra(pu)u(-) is the solution of the Cauchy problem with the initial
value R(u)z and with the estimate |w(t)|] < Kie*!||z||gn-1. Let

m®=4z®w
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then t
ui(t) = w(t) — ,u/o w(s)ds — Ra(p)z.

Therefore, |Ju1(t)|| < Kee“t||z| gn-1. By induction we obtain an n-times
integrated solution

() = /0 ﬁ(t—s)nflu(s)ds, £>0,

which is exponentially bounded. For ¢ > 0 we define an operator-function
V(t) : D(A"™) — X by the relation V(t)z = wu,(t), where u,(t) is
the unique n-times integrated solution of (CP) with the initial value
x € D(A"). Since D(A) = D(A"1) = X, we can extend V to the
whole X. The operator-function V' (t), ¢ > 0, is exponentially bounded
and for x € D(A™1), V(¢)z is continuous in ¢, therefore V(-) is strongly
continuous. In addition, it is not difficult to show that the operator
R(p) = [;° pme "V (t)dt coincides with the resolvent R4 (u) of operator A.
Hence {V(t), t > 0} is an n-times integrated semigroup with the generator
A O

Remark 1.2.1 If we do not assume that D(A) = X, then after con-
structing wy (t), ..., up (t) in the proof of the implication (IT) => (I), we can
extend wuy(t) to D(A™), ... , un(t) to D(A), and as a result, construct an
(n + 1)-times integrated semigroup V (¢) := uy41(¢) on X.

1.2.3 Local integrated semigroups

Definition 1.2.3 Let n € N, T € (0, c0). A one-parameter family of
bounded linear operators {V(t), 0 <t < T} is called a local n-times inte-
grated semigroup in X if (V1) in Definition 1.2.1 is fulfilled fort,s € [0,T)
such that s+t € [0,T), and (V2) holds fort € [0,T).

It {V(¢), t > 0} is an exponentially bounded n-times integrated semigroup
then its generator A is defined from the equality

M —A)""z= / Ne MV (t)x dt, reX, A>w. (1.2.8)
0

For a local n-times integrated semigroup {V(¢), t € [0,7)} this integral
may not exist. For this reason the infinitesimal generator Ay of a local
semigroup V(t) is defined in the following way

= lim¢~1 [y _
Aoz : tlgr(l)t [V )z —=z
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D(Ao):{xe U ¢ )

0<6<T

lim ¢! {V(") (t)xr — x} exists } )

t—0
where

o (5) = {m € X such that

V(t)x : [0,6) — X is n-times continuously differentiable}.

It is proved in [138] that Ay is closable and we call Aq the complete infinites-
imal generator or the generator of a local n-times integrated semigroup
{V(t), t € [0,T)}. For a densely defined operator, this definition of the
complete infinitesimal generator of an exponentially bounded semigroup is
equivalent to the definition of a generator via formula (1.2.8).

We list below the main properties of local integrated semigroups which
are similar to those in Proposition 1.2.2.

Proposition 1.2.3 Letn € N and let A be the generator of a local n-times
integrated semigroup {V(t), t € [0,T)}, then

1) forx € D(A), t€[0,T)
V(t)xr € D(A) and AV (t)x =V (t)Ax;

2) forx e D(A), t€]0,T)

V(t)x = ﬁx + /t V(s)Azds; (1.2.9)
0

n!

3) if D(A) = X, then forx € X, t €[0,T)

/t V(s)xds € D(A), A/t V(s)xds =V (t)x — t—T:x;
0 0 n

4) D(A) = X if and only if C™(T) = X.
Definition 1.2.4 The local Cauchy problem
u'(t) = Au(t), te€][0,7T), u(0) =z, (CP)

is said to be n-well-posed if for any v € D(A™F) there exists a unique
solution satisfying

sup  |lu(t, z)|| < K-||z]an (1.2.10)
telo,7]C[0,T)

for some constant K.
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The following result is similar to Lemma 1.1.1.

Lemma 1.2.1 If for any x € D(A"*!) there exists a unique solution of
local (CP) and p(A) # 0, then this solution satisfies (1.2.10).

Proof Let us consider the solution operator
S (DA™ )] = {0, 7], [D(A)]}
which is defined everywhere on [D(A"*1)] by
Sz =u, z€[DA")],

and is closed. Let z; — = and u,;(t) — y, then we have

wi(t) = Auj(t) — Ay(t) and u;(t) —a; — y(t) —z = /0 Ay(t)dt,

hence y'(t) = Ay(t), y(0) = z. By the Banach theorem, the operator S is
continuous, that is

sup [u(t)|la < K- |lz]| ansr.
tel0,7]

Furthermore, as in the proof of Lemma 1.1.1, we have

sup [lu(t)|| < K|z an.
te[0,7]

Thus, this solution is stable with respect to the initial data in the corre-
sponding n-norm. O

Proposition 1.2.4 If A is the generator of a local n-times integrated semi-
group {V(t), t € [0,T)}, then local (CP) is n-well-posed.

Proof Let k € N with 1 <k <n. Then, from (1.2.9) we have

V() =3 (?:T:_;)!Ak_ix +V(t)Arx

i=1

for ¥ € D(A¥) and 0 < t < T. Now for x € D(A"!) we define u(t) :=
V™(t)x, t € [0,T). Using (1.2.9) one can easily show that u(-) is a solution
of local (CP). In Theorem 1.2.4 it is proved that every solution of this
problem has the form V" (-)z. O

Theorem 1.2.5 Let A be the generator of a local n-times integrated semi-
group {V(t), t € [0,T)} and D(A) = X. Then there exists region

1 C
A= {)\E(C ‘ Re ) > :log(1+|)\|)+7_log,y} C p(4),
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€(0,7), C>0, 0<y<1,
such that

K"
JK >0:VA€e A, |[|[RaN)|| £ ————.
IR S oot T

Proof If A is the generator of a local n-times integrated semigroup {V'(¢),
0 <t < T}, then the function

R\, 7) = / Ne MV (t)dt
0

is defined for any 7 € (0, 7). Taking into account (1.2.9), for z € D(A) we
have

R\, 7)Ax

T T t
:)\"e_/\T/ V(s)Azds + / )\"He_)‘t/ V(s)Axdsdt
0 0 0
= \e M (V(r)z — T + ALV (e — t—x dt,
n! 0 n!

R\ T)(A — A)x
= / N L= MY () xdt — Ame™ <V(T)a: - T—.Z‘)
0

T n
—/ Al =Al (V(t)x - t—'m> dt
0 n.

n T tn
= - \N'e MV (r)x + /\"e_)‘TT—HL‘ + / /\"He_)‘t—'a:dt.

n! 0 n!

Since

T tn n T tn—l
/ AHle= M pqr = —)\"e_’\TT—x + / Ae M xdt
0 n! n! 0 (n—1)!
= ...:—Z ( ;—') e N+,
k=0 ’
then

RAT)AM — Az =N — AR\ 1)z =1 —-G\)z, z¢€ D(A),

where

G\)z = \Ne MV (r)x + Z
k=0
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and
IGV < CA+ A e ™, C=C(r,n).

We also have that G(A) commutes with R(A,7) on X and with A on D(A).
Using this estimate for ||G(N)||, we can find a region A C C such that
IGNV)| <1 for any A € A. After taking logarithms of the inequality

C(1+ |/\\)”(3_TR‘EA <7y<1,

we obtain that the estimates
_ 1
GV <7, -G < Ty

hold in the region
1, C
A:{AGC ] ReA > = log(1+ |A]) + = log—}.
T T Y

Therefore, there exists the operator (A — A)~!, which is bounded on
D(A) =X, and

_ K |\™
IK >0: VA€ A, A — A< —— A
IO = A7 < o

Since D(A) = X, we have (A\I — A)™1 = Ra()\). O

Remark 1.2.2 The converse result that polynomial estimates on the resol-
vent of operator A in some region A imply that A is the generator of some
local integrated semigroup is proved later in Theorem 2.1.5.

The following necessary and sufficient condition in terms of estimates
on powers of the resolvent is the generalization of (1.1.14).

Theorem 1.2.6 If for an operator A
Jw: Vre€(0,T),
s {IVREQ] [0 ¥ <5 350 k=01, ]
< Cr |zl an (1.2.11)

for some constant C, then A is the generator of a local n-times integrated
semigroup {V (t), t € [0,T)}. Conversely, if A is the generator of a local n-
times integrated semigroup {V (t), t € [0,T)} and D(A) = X or p(A) # 0,
then (1.2.11) holds.
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Proof If A is the generator of a local n-times integrated semigroup {V'(¢),
t € [0,T)}, then by Proposition 1.2.4 for any x € D(A™"!) there exists a
unique solution of the local Cauchy problem (CP):

u(s) = V(")(~)x = U()x
such that
IU®)z| < Ky llz|an, 0<t<7<T. (1.2.12)
For U(t)x we have

A/ e MUz dt = e U(T)e — 2 + )\/ e MU (t)z dt.
0 0

Hence by Theorem 1.2.5,
Ra(Nzx = / e MUz dt + e M RA(NU(T)x, X € p(A).
0

By the Cauchy’s integral formula

(DI L)

AF [RA<)‘)]I€ r = (k—1)! A (A)‘T

— (k’\kl)' /Te_kttk_lU(t)xdt
- 0
—k
+%/e*ﬁ (1 §> RA(E)U(T)x dé
Y
= Il +127

for some contour «, which is described in [226]. The following estimates are
obtained in [226] for these integrals

I11]] < Chz]

an, x€D(A"), A >0,

FJw | < Coflx]

k
Amny x € D(An), X € [077']7 A > w.

This and (1.2.12) imply (1.2.11).
Conversely, it is proved in [213] that if (1.2.11) is fulfilled for operator
A, then

k—oo

—k
U(t)r := lim (I— %A) x, te€l0,T),

is defined for x € D(A"). For # € D(A"™Y), u(-) = U(-)x is the unique
solution of the local Cauchy problem with the stability property (1.2.12).
In this case (see [255]) A is the generator of a local n-times integrated
semigroup {V(¢), 0<t<T}. O
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Remark 1.2.3 We showed that if A is the generator of an n-times inte-
grated semigroup {V(t), 0 <t < T}, T < oo (defined as the closure of
operator V("+1)(0)), then we have (1.2.9):

tn
V(t)x — 17
¢ ¢
= / V(s)Axds = / AV (s)xds, 0<t<T, z e D(A),
0 0

and if A is densely defined, then
tn ‘
Vt)r — = A/ V(s)zds, = € X. (1.2.13)
: 0

Now we prove that if A and a family of bounded linear operators
{V(t), 0 <t < T} satisfy (1.2.9), (1.2.13), then V satisfies the ‘semi-
group relation’ (V1) from the definition of an n-times integrated semigroup.
Hence, an n-times integrated semigroup with a densely defined generator
A may be equivalently defined as follows:

Definition 1.2.5 A family of bounded linear operators {V (t), 0 <t < T}
18 called a local n-times integrated semigroup generated by operator A, if
forxz e D(A), AV (t)x =V (t)Az, and

¢
A/ V(s)xds =V (t)x — t—x, z e X.
0 n!

The operator A is called the generator of V.
If A is the generator of V' then

n

D(A)=D := {:z: eX ‘ Jy:V(t)r = %x—F/OtV(s)yds, te [07T)}a

where y = Az. In fact, let © € D(A), then € D and y = Az. Conversely,
if x € D, then for X € p(A)

V) Ra(N)z — Z—H!RA()\)x - / "V (s) R (\)yds = / V() ARA(MN.

Hence z € D(A) and y = Az. Note that it was proved in Theorem 1.2.5,
that for such a family p(A) # 0.

Lemma 1.2.2 Let 7 > 0 and A be the generator of a local n-times inte-
grated semigroup {V(t), 0 <t < T} in the sense of Definition 1.2.5. Then
for any continuous function H : [0,7) — C and for any x € X

A/t(H* V)(s)xds = (H+«V)t)r —(H*xF)(t)z, 0 <t <.
0
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Moreover, if H € C{[0,7), C}, then for anyx € X and 0 <t <7
AH *V)()a = (H «V))x — (H % F)(t)z + H(0) [V(t)x — F(t)z|,

where

tn

(H«V)(t)x ::/0 H(s)V(t— s)xds, F(t) := ot

Proof Since operator A is closed, we have
t
/ (H*V)(s)xzdse€ D(A), ze€X,6 0<t<T.
0

From Definition 1.2.5 we obtain

A/Ot(H*V)( wds = A /</ H(r 5Txdr>ds
- / "H ( / Vs—r)xds) dr = /0 Hr) (A /0 HV(s)de) dr

/ Hr)[V(t—r)x—F({t—r)x]dr=(H«V)(t)xr — (H * F)(t)z,
zeX

Since
t t
(HxV)(t)x = / H(s)V(t— s)xds = / H(t—s)V(s)zds, z€X,
0 0
then the second statement of the lemma follows from the first one after
integration by parts. O

Lemma 1.2.3 Let 7 > 0 and A be the generator of a local n-times inte-
grated semigroup {V (t) , 0 <t < 7} in the sense of Definition 1.2.5. Then
foranyxr e X and 0 <t,s <T

V(t)V(s)z
s (45 —r)nt Lt4s—r)nt
= /S WV(r)xdr - /0 WV(r)xdr.
Proof Let h > 0, define
En(t):==E(t+h), where E(t)= (;n_;)'

For 0 < s < 7 and fixed z, define

t+s ¢
w(t) = / Et+s—r)V(r)zdr — /0 E(t+s—r)V(r)zdr,
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where z € X, 0 <t < 7. We have
t+s
w(t) = / E(t+s—r)V(r)zdr
0
t

7/ E({t+s—r)V(r)zdr — /S E(t+s—r)V(r)zdr
0 0
= (ExV)(t+s)zx— (Es«V)t)x — (ErxV)(s)z, z€X.

Using Lemma 1.2.2, we obtain
t
A/ w(r)dr
0
¢ ¢
= A/ (E*V)(s+r)zdr — A/ (Es * V)(r)zdr
0 0
t
—A/ (E, * V)(s)xdr
0
t+s s
= A/ (B« V)(r)zdr — A/ (ExV)(r)xdr
0 0

—A /Ot(ES *V)(r)zdr — A [(Ft *V)(s) — (F * V)(s)}

= (ExV)(t+s)z—(ExF)t+s)x— (ExV)(s)z+ (Ex*F)(s)x
—(Es*xV)(t)x + (Es* F)(t)x — (Ey x V)(s)x + (Ey x F)(s)z
—Ft)V(s)z+ Ft)F(s)z+ (ExV)(s)x — (E* F)(s)x

= (ExV)(t+s)z— (EsxV)(t)x — (BrxV)(s)x — F(t)V(s)x
+|F)F(s) — (ExF)(t+s)+ (Es x F)(t) + (E; * F)(s)]m

where
t n
F(t)= /o E(s)ds = o
Here we used the following relation
F(t)F(s)x
= (ExF){t+s)z— (EsxF)t)z— (E;xV)(s)z
t+s

= E(t+s—r)F(r)zdr — /Ot E(t+s—r)F(r)zdr

S
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for x € X, which can be easily proved using integration by parts. Therefore
v(-) = w(+) is a solution of the problem

V() = Av(t) + F(t)V(s)x, 0<t<T, (1.2.14)
v(0) =0 ,v e c{[0,7), D(4) NCH{[0,7), X} }.
Since V(t)V(s)x, t,s € [0,7), is also a solution of this problem, then by

uniqueness we obtain that w(t) = V(¢)V(s)z, t,s € [0,7). O

1.2.4 Examples

Example 1.2.1 (An integrated semigroup with the generator that is non-
densely defined)

Consider the operator A = —d/dz on X = C0, 00) with

D(A) = {u € C[0,00) | v/ € C[0,00), u(0) = o}.

Since D(A) # X then A cannot be a generator of a Cp-semigroup (compare
this with Example 1.1.1). In this case A is the generator of the 1-times
integrated semigroup V defined by

—f;_t f(s)ds, =>t

[ f(s)ds, 0<z<t

(V(#))(x) =

Note that A is the generator of a Cy-semigroup in the space Cy[0, 00) of
continuous on [0, 00) functions vanishing at zero.

Example 1.2.2 (A class of operators generating integrated semigroups)

As in Example 1.1.2 let

X = {L”(R) x LP(R), ||lu|l = |luillze + ||u2||Lp}, where u = < Z; > .

Consider the operator A defined by

Au = ( ah :£ )u
with

D(A) = {( Z; ) €X ‘ huy + fus € LP(R), hus € L”(R)},
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where h(z) = 1+ |z|, f(z) = |z|?, v > 0. For the formally defined
operator-function

t
V(t) = / e%ds, >0,
0
we can write

Vit = 1(1—6"“ tfe™™ + (7" —1)f/h

7 0 1 e—ht )u, uc X.

If v € (1,2], then the family of bounded linear operators {V'(¢), ¢t > 0}

satisfies conditions (V1) — (V4) for a 1-time integrated semigroup. The
operator A is the generator of this semigroup since

M—RNP = M- (/Ooo Ae—”V(t)dt) -

EFUR S
2\ — O+h 1(>\+h) = A.

At+h

Furthermore, if v < 2, then the operator-functions Vi (t), ¢t > 0, defined by
t
Vk(t)u = / Vk—l(S)UdS7 S X7 k > 27 ‘/1 = ‘/7
0
form k-times integrated semigroups on X. In particular,

Vg(t)u:/O V(s)uds

—ht ht
1 ( $ l=e tfett 4 Uz "1 Sie? L )u
h 0 t— l—e— )
h
u € X,

defines a 2-times integrated semigroup V5 on X. We also note that if v > 2,
then (see Example 1.1.2) all A > 0 do not belong to the resolvent set of
A, and therefore for any n, the operator A cannot generate an n-times
integrated semigroup on X.

Example 1.2.3
The differential operator
A= Z aa D%,
|| <k
where

o 8 a1 8 [0 7%% n
D _<8—ml) (%) , |a|—Zaj, max |a| > n/2,

j=1
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and its symbol

pa)= 3 aalic)®

lal<k

is an elliptic polynomial with Re p(x) < oo, is the generator of ([n/2] + 2)-
times integrated semigroup in the spaces Co(R™), LP(R™), 1 <p < cc.

Example 1.2.4 (An integrated semigroup associated with the second order
Cauchy problem)

This example generalizes the Cauchy problem for Wave equation which
was discussed in Chapter 0. Consider the second order Cauchy problem

u’(t) = Bu(t), t>0, u(0) ==z, v(0)=y (1.2.15)

in a Banach space X, with linear operator B generating cosine and sine
operator-functions C(-) and S(+). In Section 1.7 we study the properties of
M, N-functions, which in particular give the properties of C, S-functions.
The unique solution of (1.2.15) has the form

u(t) = C(H)z + S(t)y.

The problem (1.2.15) can be reduced to the Cauchy problem for the first
order system

W =eu,  wo)=( "),

o-(3 1) wo- ()

Using cosine and sine operator-functions, we can rewrite w in the following

form 0 0
_( Cz+St)y \ _ T
w(t) = ( C'(t)x +C(t)y > =U ( y ) :
where operator U(t) is not defined everywhere on X x X for all ¢ > 0,

because function C(-) is not necessarily differentiable on X.
The operator ® is the generator of the integrated semigroup

a0 £ S(r)dr
V<“(c<t>—f 0 >

where

Conditions (V1) — (V4) are satisfied due to the properties of C, S-functions.

Example 1.2.5 (An integrated semigroup that is not exponentially
bounded)
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Let X =15 and
Az = {amTm}y—1, (m = M + i{€2m2 - m2}1/27 a>1,

then the operators

U(t)z = {e" " am}r_

form an unbounded semigroup. The operators

V() = /Ot U(s)zds = {(e:: - 1) mm} — (b}

are bounded for any ¢ > 0 since

IV (#)]| = sup [byn| = sup{e™ ™"} = et/
m m

)

and form an integrated semigroup that is not exponentially bounded.

Example 1.2.6 (Local n-times integrated semigroup)

Let X =1, T >0,

o m ‘ 62m m2 1/2
Az = {amTm},,_q amT+z{m2T2} ,
D(A) = {gc e ly ‘ Az € zz}.

For operator A we have

a(A)z{Aec(Azam, meN}

and since Rea,, = 7%, then for any w € R there exists A € o(A) such

oo

that Re X > w. The operators T'(t)z := {e" 'z, }

m=1

form an unbounded

semigroup. Integrating e®»! we obtain the factor me~", which on the n-th
step makes the product bounded for ¢ < nT, and, as a result, we obtain a

local n-times integrated semigroup V,,(¢) :

(oo}

Vit = {/Ot%eamszmds}m_l

—n  amt _ g a —p tnip T
_ H’” S o) —(n_p)!] m}.
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Since |e®mt| = ¢ and |an,| = <, it follows that

tn—p
n_m(4—n) P pm
m-e T — m-e
Z -

< CLdeS

< | / (n— 1 |
n n—

< mnem(%—n) + Z mPe—Pm

= (n—p)V’

t—s
V(8 = ‘ amsd‘

is bounded if and only if 0 <t < nT.

therefore

1.3 k-convoluted semigroups

In the previous section we showed that an n-times integrated semigroup
with the densely defined generator A can be defined as a family of bounded
linear operators {V(t), t € [0,T")} satisfying
tn
Vt)x — % / V(s)Axds = / AV (s)xds,
0<t<T, xe€ DA,
and

n t
V(t)x — t—|x = A/ V(s)xds, xe€ X.
n! 0

A similar approach is used in this section for x-convoluted semigroups.

1.3.1 Generators of k-convoluted semigroups

Definition 1.3.1 Let A be a closed operator and k(-) be a continuous func-

tion on [0,T), T < co. If there exists a strongly continuous operator-family
{Sx(t), t €10, T)} such that S, (t)Ax = AS.(t)x for x € D(A), t € [0,T),
and for all x € X

/t Sk (s)zds € D(A)
0

and

¢
Sk(t)r = A/ Su(s)zds+O(t)r, 0<t<T, (1.3.1)
0
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where O(t) = fot k(s)ds, then Sy is called a k-convoluted semigroup gener-
ated by A, and A is called the generator of Sy.

In the particular case O(t) = t"/n!, the k-convoluted semigroup S, is
an n-times integrated semigroup. If A is the generator of a Cy-semigroup
U, then

bt —s)nt
Se(t)x = ———U(s)xds
e = [ vt
is an n-times integrated semigroup and a k-convoluted semigroup. This
is the reason that S, is called a k-convoluted semigroup, but not a ©-
convoluted semigroup.
The corresponding Cauchy problem

V()= Av(t)+O(t)x, 0<t<T, v(0)=0 (1.3.2)

is called the ©-convoluted Cauchy problem. If there exists a solution of the
Cauchy problem

u'(t) = Au(t), 0<t<T, u(0) =z, (1.3.3)

then, as usual for a nonhomogeneous equation, we have v = © * u.

The following results connect the existence of a x-convoluted semigroup
and the well-posedness of a ©-convoluted Cauchy problem with the be-
haviour of the resolvent R4 (A). In contrast to the case of an exponentially
bounded and local n-times integrated semigroup, where the resolvent has
polynomial estimates in a half-plane or in a logarithmic region, respectively,
in the ‘convoluted’ case the resolvent exists in some smaller region and is
allowed to increase exponentially:

[RAOV)]| < EeMO,

Here, a real-valued function M()\), A € C, grows not faster than A and is
defined by the order of decreasing of K()), the Laplace transform of (t).

Theorem 1.3.1 Let (-) be an exponentially bounded function such that

RN = O (e*MW) .

[A[—o0

Suppose that A is the generator of a k-convoluted semigroup {Sy(t),
0 <t < T}, then there exists a region

A:{AGC‘ReA>%+ﬁ}

such that |Ra(\)|| < KeM® for any A\ € A and some K > 0.
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Proof Let |x(t)] < Ke“!. Consider the operator

t
R(\ ) := 1/ e %S, (s)ds,
0

where k=1 = 1/R(\). As in the case of integrated semigroups (Theorem
1.2.6) we now show that R(\,t) is ‘nearly’ the resolvent of A:

—1
Ra(\) = RAH[T=B(V)] . AeA,
where B()\) are linear operators such that ||B¢(A)|| < d < 1 for ¢t € [0,T)
and A € A. Since fg e S, (s)dsx € D(A) for any x € X, we can apply
operator (Al — A) to R(\,t)x
(M — AR\ t)z =
¢ ¢
et [/ e S, () ds — A/ e S, (s) ds} z, zelX.
0 0

Using the equation for the x-convoluted semigroup for the first term in the
right-hand side and integrating by parts the second term, we obtain

(AL — A)R(, t)

- 7{‘1<>\/ —As /s d¢+@()}
—A)\/ / Se(r)dr ds — Ae ™ /s dT)
P [)\ /0 e 0(s)Ids — e MA /0 Sﬁ(s)ds}

= & [/Ot e k() ds — e”Sn(t)}

. {e_MS’H(t) + / T e (s)I ds]
—. I-B,N. t

We estimate norms of operators B, (A) for Re A > wq > w:

1B < 7Y (e-Re“|5K<t>| - N e-R“%(s)ds)

< K|E71| (eRe)\t +/<X> ewsze)\s dS)
t
1

< K|E71|6(w7Re/\)t 1+ < KeM(A)f(Re)\fw)t.
> w—w) =
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Let KeMXM-ReA-w0)t < 5 <1 then
6
M) — (Re)\—w)t—ln} <0.
For t =T we obtain

ReA> —— K L. 2 13

and for these A
[B:(A)] < 6.

Since for x € D(A) we have
(M — A) R\, t)x = R(A t) (M — A)z = (I — By(\))z,
then the operator (A — A)~! = R4()\) exists in the region

K:{AGC‘ReA>%+ﬂ},

and for these A

1

t
IRV < 52| [ e8u(s)ds| 5 < K™ 0
0 _
Remark 1.3.1 If, instead of the condition
RO = (em2)
we take
BN = 0O(e My
RO, = (e )

for some «, then for any

M(aA
)\EAT,a,BS—{/\EC‘Re)\> (;)4—6}

we have
IRAV]| < KeMED 0

Remark 1.3.2 Note that the equality (1.3.1) is considered on X, not on
D(A). This is the reason that, in contrast to Theorem 1.2.5 for integrated
semigroups, here we do not assume that D(A4) = X.
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Theorem 1.3.2 Suppose
YA€ A ap [[RaN)| < KeMeN) (1.3.4)

for some K,~v,a,0 >0, and

)| = O (e*MW) (1.3.5)

[A[—o0

with some ¢ > 0 such that (s/ao — 1) > 0. Then A is the generator of a
r-convoluted semigroup on [0,T1) = [0,7(% —1)).

Proof Let R4()\) satisfy (1.3.4) and () satisfy (1.3.5) with some ¢ >
0 such that (¢/a — 1) > 0. Consider the inverse Laplace transform of

E(A)Ra(A)
SL(t) ::/ ME(A)RA(N) dX
r

where I' = 0A o 3 is the boundary of A, o g. Then
||Sé(t)|| S/ KeRe/\H—M(a/\)—M(C)\) ‘d>\|
r

Since
eRC At+M(aX)=M(sA) e(t+'y—’y§)Rc A

on I, the operators S.(t) are defined for
S S
t+vy—v—<0 or t<7<——1)::T1.
a a

Now we show that operators S.(¢) satisfy the equation (1.3.1) for the x-
convoluted semigroup:

t
Stt)x = A/ SH(s)xds +O(t)x, =€ X.
0

‘We have

= (A \) /Ot/F M RA(N)R(N)z dMds

= )\/Ot/re’\SRA()\ xd)\ds—/ / Nz d\ds
/FRA()\)'/%()\)A/ e dsd) — /O k(s)x ds

= Sl(t)x —/F Ra(NE(N)xd\ — O(t)x.
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Since on I we have

IRARO]| < KeM@N-Me) _ = Rex,
and (1—%) < 0, then the integral [ Ra(A)R(A)z d) is equal to zero. Hence
for any z € X, we have

t
A | SH(s)xds = S(t)x — O(t)x. O
0
Combining these results we obtain the necessary and sufficient condi-
tions for A to be the generator of a k-convoluted semigroup. They are also
sufficient for well-posedness of the ©-convoluted Cauchy problem (1.3.2).

1.3.2 ©O-convoluted Cauchy problem

Theorem 1.3.3 Let M(\), A € C, be a real-valued function growing at
infinity not faster than AP, p < 1. Then the following conditions are equiv-
alent:

(K) A is the generator of a k-convoluted semigroup on [0,T) for some
T > 0, with k such that

kN = O (e_M(O‘)) for some ¢ > 0;

|A]—o0

(R)
Fv,0,8>0: YA€ A, 05, IRA(N)|| < KM@V,

(K1) for any T > 0, A is the generator of a k-convoluted semigroup on
[0,T) with k such that

K\ = O(e_M(“\)) for some ¢ > 0;

|A|—00

(R1)
Yy >0 30,8300 VA€ Ay, [RaOV] < KeM@.

In this case the ©O-convoluted Cauchy problem has the unique solution
v(t) = fot Sk(s)zds, t €[0,T).

Proof From Theorem 1.3.1 and Remark 1.3.1 we have (K) = (R) with
v=T, a=¢and (K1) = (R1) with v =T, a =¢. From Theorem 1.3.2
we have (R) = (K1) with ¢ defined from the equality T'= (% — 1), and
(Rl) = (K) with T =7, ¢=a. O

It follows from the definition of a k-convoluted semigroup that v(t) =
fot Sk(s)zds, x € X, t € [0,T), is a solution of (1.3.2). By the Lyubich’s

©2001 CRC Press LLC



theorem (Remark 1.1.6), the uniqueness of this solution follows from the
condition on M (\) and the estimate (1.3.4):

p
fo IIRA ]

=0.
A—o00 |)\| T A—oo |)\|

Using the uniqueness of a solution of the ©-convoluted Cauchy problem we
can obtain for a x-convoluted semigroup its ‘semigroup’ relation:

Se(t)Sk(s) = Sk(s)Sk(t) (1.3.6)
t+s ¢
= / K(t+s—1)S,(r)dr — / K(t+ s —1)S.(r)dr.
Note that (V1) from Definition 1.2.1 is the particular case of (1.3.6) with
k(t) =t""1/(n—1)!, and (1.3.6) was proved in Lemma 1.2.3 .

Theorem 1.3.4 Let {S.(t), 0 <t < T} be a k-convoluted semigroup, then
for any 0 <t < T the equality (1.3.6) holds.

Proof See the proof of Lemma 1.2.3 with E(t) = x(t). D

In the Section 2.3, devoted to Cauchy problems in the spaces of (ab-
stract) ultradistributions, we show that the well-posedness of the Cauchy
problem in a space of ultradistributions is equivalent to the condition (R),
where M ()) is the function associated with a sequence M,, that defines the
space of ultradistributions. Hence, any of the conditions (K), (K1), (R1)
with such function M (X) are equivalent to well-posedness of the Cauchy
problem in the space of ultradistributions.

1.4 (-regularized semigroups

We continue the study of families of bounded operators connected with
Cauchy problems that are not uniformly well-posed. C-regularized semi-
groups are related to problems that are C-well-posed (see Definition 1.4.4)
on CD(A) for some bounded invertible operator C.

1.4.1 Generators of C-regularized semigroups

Suppose C' is an injective, bounded operator on a Banach space X.

Definition 1.4.1 A one-parameter family of bounded linear operators
{S(t), t > 0} is called an exponentially bounded C-regularized semigroup if

(C1) S(t+h)C=SH)S(h), th>0, S0)=C;

(C2) S(t) is strongly continuous with respect to t > 0;
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C3) IK >0, weR: ||S@)] < Ke“t, t>0.
(

It follows from (C1) at ¢t = 0 that S(h) commutes with C for all h > 0:
(C4) S(h)C =CS(h), h > 0.

If C = I, then the C-regularized semigroup is a Cy-semigroup.
Define the operator

LNz = /000 e MS(t)xdt, r e X. (1.4.1)

If C = I, then L(\) = R4()), where A is the generator of the corresponding
Cy-semigroup.

Property (C3) implies that L(\) is a bounded operator for all A € C
with ReA > w.  We show that this operator, called the C-resolvent, is
invertible and satisfies the ‘regularized’ resolvent identity.

Proposition 1.4.1 Let {S(¢t), ¢ > 0} be an exponentially bounded
C-regularized semigroup. Then for all \,u € C with Re \,Rep > w

(A=) LA L(p) = L(p)C = LA)C, (1.4.2)
and there exists a closed operator Z defined by
Zz = (M — L(\)'0)x, (1.4.3)
D(Z) = {x eX ‘ Czx e ranL()\)}.
Proof Let x € X and consider A\, i € C with Re A\, Re 4 > w. Then
L)L)
= / / e~ At S (s 4 1) Cadtds
o Jo
= / / e~ AT §(1)Cadtdr
o Jo
= (u—N"" {/ e_)\TS(T>C.Z'dT—/ e *7S(T)Cxdr
0 0
= (u=N7'LWCw ~ L) Cal,
i.e. (1.4.2) holds. We now show that L()) is injective for ReA > w. It
follows from (1.4.2) that if L(A\) = 0, then CL(u)z = 0 and L(p)z = 0,

that is ker L(A\) = ker L(u). From the definition of L(A) and the uniqueness
theorem for Laplace transform we obtain that if L(A)z = 0, then S(0)z =
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Cz = 0 and z = 0. Hence the operator L(\) is invertible for Re A > w. Let
Cz € ran L()A). From (1.4.2) we have

L(p) [AL(N) = C |z = L(\) [uL(pn) — C |z, Re A, Rep > w,

and
L)L) = Cla = L)~ [uL(p) — Ca.

Therefore, the operator Z defined by
Zx =L)AL\ = Clz =M - L) "'Clz
is independent of A and is closed. Then we have
(M —2Z)"" =C L), (1.4.4)
D(A1=2)7") = {w e X | L)z € ranC}
and
LNz=C\N —-2)"'z, 2zeD(M-2)"").0

Definition 1.4.2 The operator Z defined by (1.4.3) is called the generator
of a C-regularized semigroup {S(t), t > 0}.
Along with the generator Z we introduce the infinitesimal generators A

and G by

Az :=C ' limt ' [S(t)x — Cx],

t—0

D(A) = {x eX ’ 3}111(1)1571 [S(t)x — Cx] € ranC’}
and

Gz = limt ™" [C™!(S(t)z — Cx)] , (1.4.5)

t—0

D(G) = {x eranC ‘ H%i_%t_l [C71(S(t)z — Ca)] }

Proposition 1.4.2 Let {S(t), t > 0} be a C-regularized semigroup. Then
for operators G, A, Z the following relation holds

GCA=17Z. (1.4.6)

IfranC = X, then D(G) = X.
Proof Let z € D(G), then

1 .
Clim &S0z =Co

S(t)x—-C
Sz = Cz eranC
t—0 t t—0 t
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and )
Az = C~'lim Slt)e = Ca = lim ¢ Sw - = Gx.
t—0 t t—0 t
Hence D(G) C D(A) and G C A. In order to show A C Z, let 2 € D(A).

Then

dS(t)Cx
dt h—0

and
LNCA — A)x

AL(\)Cx — / e MS(t)C Az dt
0

CLON — A)z

= )\L()\)Cx—/ e_)‘t%dt = C%r.
0

Hence L(\)(Al — A)z = Cz, i.e. Cx €ranL and
Zx =M - L' (\)Clz = Au.

Now let © € D(Z), then there exists y such that Cz = L(\)y. We consider

S(h)x — Cx
D
_ SMCTIL(Ny — LNy
h

Ll A1 Y Y
= E[C S(h)/o e )‘S(t)ydt—/o e S(t)ydt]
= %{/0 e*’\tS(t—l—h)ydt—/O eMS(t)ydt}

M _ o0 h
- A l/h e*AtS(t)ydt—%/O e MS(t)ydt

—ps0 ALAN)y—Cy=C(Ax —y) €ranC.

Hence x € D(A), D(A) = D(Z) and Az = Zz.

Now suppose ran(C' = X. Taking into account that C is injective,
we obtain that ran C? is also dense in X. Therefore, in order to prove
D(G) = X, we show that

Vo €ranC?, Ve >0, 3z. € D(G) : |z — .| <e.

©2001 CRC Press LLC



It follows from properties of C-regularized semigroups that the operators
Ut):=C71S(t), t>0

with
D(U(t)) = {x e X ‘ S(t)z € ranc},

form a Cy-semigroup on ran C2. Put z = C%y and
x(t) == /Ot U(r)zdr = C/Ot S(7)ydr € ranC.
We have ||z(t) — x|| —¢—00. Let us show that z(t) € D(G). Since
Uh)z(t) = U(h)C/Ot S(r)ydr = /Ot S(h+ 1)Cydr,

we obtain

h=H U (R)a(t) — (1))

t t
= h—l/ S(h—i—T)CydT—h‘l/ S(T)Cydr
0

t+h
h_l/ S(t)Cydr — h~ /S )Cydr

h™ / 7)Cydr — h™ / S(T)Cydr
——h—0 S( ) 02
Hence, z(t) € D(GQ), Gz(t) = S(t)Cy — C?y, and D(G) = X. O

Definition 1.4.3 The closure of operator G defined by (1.4.5) is called
the complete infinitesimal generator of the C-regularized semigroup {S(t),
t>0}.

For the complete infinitesimal generator we have the inclusion G C Z = A.

Proposition 1.4.3 Let {S(t), t > 0} be a C-regularized semigroup. If
p(G) £ 0, then G=A=Z.

Proof Let us show the equality
Az = C7'GCr=C7'GCz, x€ D(A), (1.4.7)

which together with the assumption p(G) # () implies that G = A. Take
x € D(A), then Cz € D(G) :

GCx = }llin%) ' [CT'S(h)Cx — Ca]

= }lirr%) h=t[S(h)x — Cx] = CAx.
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Therefore GCx = C Ax for all x € D(A). Applying C~! to both sides of
this equality, we obtain (1.4.7).

Let A€ p(G) and = € D(A),puty= (M — A)z, 2=\ —-G)7!
Then z € D(G) and (Al — G)z = (M — A)z = y = (A — A)z. In view of
invertibility of (Al — G), the operator

(M — A) = C~Y(\[ - G)C

is also invertible. Hence z = x € D(G) and D(A) C D(G), thatis A = G. O
The following theorem makes clear the connection between a generator
of a C-regularized semigroup and the Cauchy problem (CP).

Theorem 1.4.1 Let Z be the generator of an exponentially bounded C-
reqularized semigroup {S(t), t > 0}. Then

forze X .
St)yr — Czx = Z/ S(7T)xdr; (1.4.8)
0
forxz € D(2)
St)x — Czx = / S(7)Zxdr, (1.4.9)
0
S S ze = 28z, S(O)z = Ca: (1.4.10)

dt
for x € CD(Z) we have

dU (%)
dt

where U(t)x := C71S(t)x.

x=ZU(t)z, U(0)x =z, (1.4.11)

Proof Keeping in mind that A = Z, we prove that if x € X, then
f(f S(r)xzdr € D(A) and (1.4.8) holds true. Let z € X, then

fo T)xdr — C ﬁ) T)dr
h

fo T+ h)Cadr — C’fo T)xdr
h
CfH_h T)xdr — fo 7)Cxdr

h

—C[S(t) - Cla.

Thus .
A/ S(r)zdr = S(t)x — Cx.
0
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Since the operator A = Z is closed, we have (1.4.9):

/O t S(r)Azdr = /0 t S(r)Zzdr = S(t)x — Cx

which implies (1.4.10) — (1.4.11). O

Now we can summarize all properties of the generator of a C-regularized
semigroup.

Theorem 1.4.2 Let Z be the generator of an exponentially bounded C-
reqularized semigroup {S(t), t > 0}, then Z is closed. If, in addition,
ranC = X, then Z is densely defined. For all A € C with Re\ > w the
following conditions hold

(Z1) M - 2)"1Ca=CN\ - Z) 'z forall x€ran (N — Z);
(Z2) 3K >0,

K

7y m <
10 =2)7Cll < oy oy

m=12,... .

Proof In Proposition 1.4.1 we proved that the operator
M —2)"'=Cc7'L())

exists on

ran (Al — Z) = {x eX ‘ LNz € ranC}.

Hence C(\ — Z) 'z = L(\)x for € ran (A — Z). On the other hand,
for all x € X we have L(A)Cx = CL(\)z, therefore (Z1) holds. Let us
show that ranC C D((A[ — Z)™™), m = 1,2,... . If x € X, then
L(X\)Cx = CL(A)x € ran C and the following operators are defined

M —-2)"'Cx = C'L(\NCz = 0*1/ e MLS(t))Cadty
0

/ e MCTLS(t)Cadty = / e M1 S () )xdty,
0

0
(M — Z)"2Cx C~le ™M25(ty) / e M OTLS(ty)Cadty dts
0

Ooo o
/ / e MUHR) S to)adtydty
0 0

and so on. Hence we obtain the estimates (Z2):

I(AL = 2)™"Call = [(CT'L(N)) ... (CTTL(N)C|
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IN

(o9} o9}
/ / e—Re)\(t1+...+tm)Kew(tl-i-...-i-tm)||$Hdt1_._dtm
0 0

K

< Rer—w)m |zl O

Property (Z2) generalizes the MFPHY condition to the case of C-
regularized semigroups, and Theorem 1.4.2 indicates that the MFPHY-type
condition on the C-resolvent is necessary for operator Z to be the generator
of a C-regularized semigroup. The next theorem gives sufficient conditions
for operator Z to be the generator of a C-regularized semigroup. Theorem
1.4.2 together with Theorem 1.4.3 are the generalization of the MFPHY
theorem to the case of C-regularized semigroups with ran C' = X.

Theorem 1.4.3 Let Z be a densely defined closed linear operator satisfying
(Z1), (Z22) for X € C with ReX > w. Then there exists an exponentially
bounded C-regularized semigroup {S(t), t > 0} with the generator Z.

This theorem can be proved in a fashion similar to the proof in Remark
1.1.4. First we define operators

Pyx =X\ - 2) 'z — e, xe€ran(\ - 2),
such that limy_,,, P\Cx = ZCxz. Next define

e 2
Sx(t)x = e M Z 2' (M - Z)""Clu, z e X.
n=1 :

These operators are bounded and have all the properties of C-regularized
semigroups. Finally, we set

S(t)x = lim Sy(¢t)z, zeX. O

A—00

1.4.2 (-well-posedness of the Cauchy problem
We consider the Cauchy problem

u'(t) = Au(t), t>0, u(0) =z, (CP)

where A is the generator of an exponentially bounded C-regularized semi-
group {S(¢), t > 0}. It is shown in Theorem 1.4.1 that for x € CD(A)
there exists a solution to this problem: u(t) = U(t)z = C~1S(t)x, t > 0.
The semigroup U is not necessarily bounded on X, therefore, in general,
the solution u(+) is not stable in X with respect to variation of . We now
show that the well-posedness of the Cauchy problem can be restored in a
certain subspace of X with a norm stronger than the norm of X.
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Theorem 1.4.4 Let {S(t), t > 0} be an exponentially bounded
C-regularized semigroup. Then the following statements are equivalent:

(I) A is the generator of {S(t), t > 0};
(II) a) A is a closed operator and it commutes with C':

ACz = CAz, x € D(A);

b) there exists a Banach space ¥ with the norm || - ||s such that
ranC C X C X, and the following estimates hold

K1 >0: Ve ek, |z < Ki|z|s,
K, >0 : Yz €ranC, |z|ls < K| C ™ x|

Furthermore, the part of the operator A in X is the generator of
a Cy-semigroup.

Proof (I) = (II). Let {S(¢), t > 0} be an exponentially bounded C-

regularized semigroup satisfying (C1) — (C3), then a) holds by virtue of
(Z1). Let b > w, define in X the linear manifold

Y= {x eX ‘ C~'S(t)x is continuous with respect to t > 0,

and 75lim e tCS(t) || :0}

with the norm
]l = supe™ ™| CT S(t)z]|.
t>0

Taking into account that C~1S(¢)S(h)x = S(t+h)x, we have ran S(h) C 2
for h > 0. If x € ran C = ran S(0), then

|zlls < sup Ke@ DH|C ]| = K[|C .
>0

For x € ¥ we have
2]l = (e ICSM)z]l) o < s

It is not difficult to show that ¥ with the norm | - || is a Banach space. It
is invariant with respect to operators C~1S(t) as

CIS(r)C71S(t)r = C71S(t +t)x, zEX.
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Therefore, the operators U(t) = C~1S(t) map ¥ into ¥. Let us show
that Ay, (the part of operator A in X) is the generator of a Cp-semigroup
{U(t), t >0} in ¥. We have U(t+7) = U(t)U(7) and U(0) = I. Moreover,

[U@)z]ls = supe *T[|CT1S(r + t)z|
>0

< supe P | OIS (7 + x|
7>0
= supe”||CLS(T)x||
>t

T

IN

s
and
|U(h)e — ]l
= supe "||CTIS(t + h)x — CTES(t)x||

t>0

< max{ sup e PHCTES(t + h)x — CTLS(t)x|,
t€[0,T]

sup e ?|CTES(t)z|| 4 e sup e TP ||CT S (¢ + h)x||}
t>T t>T
= max{ar(h), er(h)}.
By definition of ¥ we have

Ve >0, 3Ty : Vh >0, ety (h) <

O ™

Also, since the continuous function C~1S(-)z is uniformly continuous on
any closed interval, we have

Ve >0, 30 : Vh <4, ar, (h) <

Do ™

Hence
V() — 2l — o,

i.e., the operators U(t) form a Cy-semigroup on ¥. Let A be its generator,

then for € D(A)
Ht_l [C7'S(t)x — 2] — ng

< KlHt_l [C7'S(t)x — 2] — ngz t:;O.

Therefore z € D(A)N'Y and Az = Az € %, that is € D(Ay) and

D(A) C D(As). To prove D(Ay) C D(A), we take 2 € D(A) such that
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Az € ¥, then it follows from (1.4.9) that
¢
Ult)r —xz = / U(r)Axdr.
0

Hence, taking into account that for any = € 3 the function U(-)Ax is
continuous in 7 > 0, we obtain

‘til [C7'S(t)x — z] — A:EHE ;;0'

Thus z € D(A) and Ay, = A.

(IT) = (I). Let U be a Cy-semigroup generated by the operator As. It
is not difficult to verify that the operator-function S(-) defined by S(t)z =
U(t)Cx for all x € X and ¢t > 0, satisfies (C1) — (C3). Let Z be the
generator of S, then C~™1ZCx = Zx, x € D(Z), and

M —2)'Cx = / e MS(txdt, € X, A>w.
0

On the other hand, for the Cy-semigroup U we have

(M — Ag) 0z = / e MU Cxdt, x€X, A\>w,
0

therefore

(M — Ag) 10z = (M - Z) ' Cn, reX, \>w. (1.4.12)
Hence

N —2Z)"'CN - Az = (M —As) 'O\ - A)x

(M — Ag) Y (M — As)Cz = Cx

for z € D(A). Consequently Az = C~'ZCx = Zx, and A C Z. In the
same way, it follows from (1.4.12) that Z C A,s0o A= Z. O

By Theorem 1.4.4, we obtain that (CP) with operator A being the
generator of a C-regularized semigroup is well-posed in the space ¥. The
fact that Ay, generates a Cp-semigroup in ¥ implies that for any z € D(Ay)
there exists the unique solution of (CP): u(-) = U(-)z such that

sup |lu(t)|s < Kllz]ls. (1.4.13)
0<t<T
Definition 1.4.4 The Cauchy problem (CP) is said to be C-well-posed if

for any x € CD(A) there exists a unique solution, that is stable with respect
to the C~-graph-norm.:

VI <oco, 3K >0:
sup_[[u(t)] < Klallo-r = K (Jlal] + O~ a]).
0<t<T
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If A is the generator of a C-regularized semigroup, then for any z €
CD(A) C D(Ayx), u(-) = C~18(-)z is the unique solution of (CP). Taking
into account b), we obtain from (1.4.13) that
sup [|u(t)]| < EKiKK2|C™ x|
0<t<T
This implies C-well-posedness of (CP) with operator A being the generator
of a C-regularized semigroup.

1.4.3 Local C-regularized semigroups

There are operators A (for example, those having arbitrary large positive
eigenvalues) that generate C-regularized semigroups, defined only for ¢
from some bounded subset of R. Such semigroups correspond to the local
C-well-posedness of the Cauchy problem.

Let T € (0,00) and let C : X — X be an injective bounded linear
operator with dense range: ran C' = X.

Definition 1.4.5 A one-parameter family of bounded linear operators
{S(t), t €[0,T)} is called a local C-regularized semigroup in X if

(LC1) S(t+s)C = S(t)S(s) for s,6>0, s+t<T and S(0)=C,
(LC2) for every x € X, S(t)x: [0,T) — X is continuous in t.

In the case T = oo a local C-regularized semigroup is a C-regularized
semigroup. If there exist K > 0 and w € R such that ||S(¢)| < Ke“! for
t > 0, then S is an exponentially bounded C-regularized semigroup.
Let S be a local C-regularized semigroup. Define its generator G by
Gz := lim h™ 1 (C~1S(h)x — ), x € D(G),

h—0

D(G) = {x cranC ’ 111113) Y CTS(h)x — 2) exists}

It is proved in [138] that G is a densely defined, closable linear operator. Its
closure G is called the complete infinitesimal generator of S. The connection
of G with the local Laplace transform

LNz := / e MS(t)xdt, AeER, z e X, (1.4.14)
0

and with the local Cauchy problem (CP) is described in the following
proposition.

Proposition 1.4.4 Let G be the complete infinitesimal generator of a local
C-regularized semigroup {S(t), t € [0,T)} and let L-()\) be as in (1.4.14).
Then G is densely defined and the following hold:
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1) forz € D(G), 0 <t < T we have S(t)z € D(G),
GS(t)xr = S(t)Gx and Gz = S'(t)x;

2) for x € D(G), GL,(Nz = L (\)Gx;

3) forx € X, we have L;(N)x € D(G) and

(M —G)L;(Nz = Cz — e~ ™ S(1)a;

4) forze X,
L:(N)Lr(p)x = L (p)Lr (M)
and o ( .
e n—1)!
S T P [PPAUES

for A>0, neN.

From properties 2) — 4) we conclude that if A > 0 is sufficiently large, then
the operator L,(\) is similar to the C-resolvent.

Definition 1.4.6 Let A be a closed linear operator in X, and let 7 € (0,T).
A family of bounded linear operators {L-(X), A > w} is called an asymptotic
C-resolvent of A if

(X) forxe X, LNz is an infinitely differentiable function of X and
Lo (N Lz (p)x = Ly (p) Lr(A);

(I1) forze X, L;( Nz € D(A) and
(M —A)L;( Nz =Cz + V. (N,

where V. satisfies the following estimates:
dK, :

Ve(Nz|| < Ko lem ™|z

dn—l
H dAnfl

for \>w, neN;
(III) for x € D(A), AL ( Nz = L;(\)Az.

As in Theorems 1.2.5, 1.2.6 for local integrated semigroups, the following
theorem gives conditions for an operator to be the complete infinitesimal
generator of a C-regularized semigroup.
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Theorem 1.4.5 A closed linear operator A in X is the complete infinites-
imal generator of a local C-regularized semigroup {S(t), t € [0,T)} if and
only if

(I) D(A) is dense in X;

(II) for every T € (0,T) there exists an asymptotic C-resolvent L (\) of
A such that (1.4.15) is fulfilled for & € [0,7], A >w, n€N;

(III) CD(A) is a core for A, i.e.

Alepay = A.

Proof The proof of necessity follows from Proposition 1.4.4. The proof of
sufficiency is based on the following analogy with the case of Cy-semigroups.
If G is the complete infinitesimal generator of a semigroup {S(t), t > 0},
then S(t) can be represented in the form

S(t)x = lim (I—£G> Cz, x e X.
n

n—oo

From the equality for the resolvent of operator G :

d"Rg(X) n o) gt
similarly to (1.1.9) we have

§(t)x = lim (E)nRg (ﬁ) Cx =

n—oo

(1.4.16)

_ ) n n(_l)n—l dn—l
= Jlim (3) oo e FeCe

A=12

So we can see that a local C-regularized semigroup can be presented in
the form (1.4.16) where C-resolvent R (% )C' is replaced by the asymptotic
C-resolvent L. (%).

Let us fix 7 € (0,T). For an operator A, satisfying the conditions of
the theorem and for n > wr (here constant w is from the definition of
asymptotic C-resolvent), we define the family of bounded linear operators
{Sn-(t), 0<t<r}in X:

ol () L (m) for0<t <,
Sn-(t) =
C for t = 0.
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Let S;(t) = limy,—oo Sn (). It is proved in [133] that the operators
S-(t) exist, do not depend on 7, and form a local C-regularized semigroup
generated by A. O

Consider the local Cauchy problem

u'(t) = Au(t), t€[0,T), u(0) == (CP)

Definition 1.4.7 The local problem (CP) is called C-well-posed on [0,T)
if for any x € CD(A) there exists a unique solution u(-) such that

lu(®)] < K@®IC ],
where K (t) is bounded on every compact interval from [0,T).

The following theorem on well-posedness of local (CP) can be proved in a
fashion similar to the corresponding theorems on C-well-posedness of (CP).

Theorem 1.4.6 Suppose A is a densely defined closed linear operator in
X satisfying

a) Vxe D(A), CxeD(A) and ACz = CAx,
b) Alcpuy = A

Then A is the complete infinitesimal generator of a local C-reqularized semi-
group {S(t), t € [0,T)} if and only if the local (CP) is C-well-posed on
[0,T).

1.4.4 Integrated semigroups and
C-regularized semigroups

The following two theorems clarify the connection of C-regularized semi-
groups with integrated semigroups.

Theorem 1.4.7 Let A be a linear operator in X with p(A) # 0. Let u €
p(A) and n > 0 be an integer. The following statements are equivalent:

(I) A is the generator of (n + 1)-times integrated semigroup {V(t), t > 0}
m X, satisfying

dK >0, weR: |V (t+h) = V()] <KhetHh
for allt,h > 0;

(II) A is the generator of a C-regularized semigroup {S(t), t > 0} with
operator C = Rff‘“(u), satisfying

dK >0, weR: ISt + h) — S(t)]] < Khev(tth)
for all t,h > 0.
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In this case, we have

t t1 tn
V(t)z = ([LI — A)n+1 / / NN / S(tn+1)$dtn+1 RPN dtl
0 Jo 0

forallz € X andt > 0.

In the case of a densely defined operator A, this theorem and Theorem 1.2.3
lead to the following result.

Theorem 1.4.8 Let A be a densely defined linear operator in X, p € p(A)
and n € N. Then the following statements are equivalent:

(I) A is the generator of an n-times integrated exponentially bounded semi-
group {V(t), t > 0};

(II) A is the generator of an exponentially bounded C-regularized semi-
group {S(t), t > 0} with C = (ul — A)~™.

Proof We prove the following implications: (R) = (II) = (I) = (R),
where

(R) 3K >0, a € R : (a,00) C p(A),
K

_a)m’

R R B

forall A\ >aand m=1,2,....

The implication (R) == (II) follows from Theorem 1.4.3.
Now we prove (II) = (I). We define the operators Sk (t), k > 0, by

So(t) =
Sk(t)x

S(8),
t to
// S(t)adty ...dty,, x€X, t>0, k> 1.
0 0
It is shown in the proof of Theorem 1.4.1 that fot S(T)xdr € D(A) and
t
S(t)x — Cx = A/ S(r)zdr, xze€ X, t>0.
0
Then by induction in k, we have
¢
Sk(t)x € D(AF), / (uI — A)*71S,_1(t)xdr € D(A),
0

and
3K, >0: (I — A)ESK(t)| < Kpe“'.
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Furthermore, for € X, (uI — A)*Sy.(t)z is continuous in ¢ > 0.

We define V(t)z := (uf — A)"Sp(t)x, x € X. Then V satisfies (V2),
(V3) and (V4) (see Definition 1.2.1). Let us prove (V1). It follows from
Proposition 1.2.1 that it is sufficient to show that

/ Ne MV (Hadt = (M — A) "'z, zeX.
0

Integrating by parts we obtain

/ Ne MY (Hxdt = / Ne M (ul — A)" S, (t)xdt
0 0

(ul — A" / h e MS(t)xdt

= (ul — AN - A)'Cx = (N - A) o

(I) = (R). By Proposition 1.2.1 for the generator of a nondegenerate
n-times integrated semigroup V we have the inclusion (w,o0) C p(A) and

M —A) e = / Ne MYV (Hadt, € X, A>w. (1.4.17)
0
Taking into account (1.2.6):
n—1 tk
(n) - Z_AF
Vi (t)e =V(t)A x + Z k!A x,
k=0

we integrate (1.4.17) by parts

00 n—1
(M —A) e = / e M [ %Ak + V(t)A™ | zdt, x € D(A™).
0 k=0

Differentiating this equality (m — 1)-times with respect to A\, we obtain

(m = DU = A)7™ (] = A)™"a|

n—1

> m—1_—A\t t k —n
<[ e [ZhﬂAmIA)H

+E e A" (ul — A) 7| | ||| ot

0o t wt
oy +e (m -1 K,
< - K gm—t aMETE dt < —

for z € X, A\ > a, m > 1. Here the constant K is from (V3), and
a =max {1,w},

Ki=2 max {[|A"(ul = A)7", K|A" (6l = )7} O

=1,....n—1
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1.4.5 Examples
Example 1.4.1 The operator

A:(OB é) with D(A):{(i)eXxX‘meD(B)},

which was considered as the generator of an integrated semigroup in Ex-
ample 1.2.4, is the generator of an exponentially bounded C-regularized
semigroup S defined by

) _ [ AC(t) +BS(t)  C(t) + AoS(t) N
S®) ( Yy ) - ( ASC’(t) + BC(t) C'(t) +>\00c(t) )RB(/\o) ( y )

with C' = Ra(\g), Ao > w, where w is defined by the C-function. Here
Rp(\?) = (A2 — B)~!. Note that S(-) is defined for any z,y € X since
range of Rp(A3) is D(B). The C-resolvent of operator A has the form

Mo 1 AT
B+ A+ Rp(X?) — Rp()\})
B(A+Xo) B+ A2 — A2 ’

Ra(Ao)Ra(N)

Example 1.4.2 (An exponentially bounded C-regularized semigroup that
is not an n-times integrated semigroup)

As in Examples 1.1.2 and 1.2.2, let

X = {LP(R) x LP(R), ||lu|]| = |ju1llze + ||uz||Lp}7 where wu = < Z; ) )

Consider the operator A defined by
_ (-9 —f
Au = ( 0 g )u

D(A) = {( Z; ) X ’ guy + fus € LP(R), gus € LP(R)},

with

where g(x) = 1+|z|, f(z) = |z|”, v > 0. In Example 1.2.1 we demonstrated
that for any v € (0, 1] the operator A is the generator of a Cy-semigroup U
defined by

U(t)u—et9<(1) _1tf )u, t>0, ueX.
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Recall that for any v > 0 we have

_ v 4(1%)}
U@ max (1+ t[z[")e

= (1447t F) = o).
t—0
Note that for any v € (1,2], A is the generator of an integrated semi-
group (see Example 1.2.2), therefore by Theorem 1.4.8, A generates a C-
regularized semigroup with C'= Ra(\).
Now let v > 2. We have

M —A) " lu=\+g)2 ( (()’\+g) (_Afﬂ]) )u A >0,

therefore, the operator (A — A)~! is not bounded for A > 0. Hence, the
resolvent of A does not exist for A > 0 and A cannot be a generator of an
n-times integrated semigroup for any n. Since ||U(t)|| = O(t!=7) as t — 0,
then the semigroup U has a singularity of order « =~ — 1 at ¢ = 0. This
semigroup satisfies the following definition of a semigroup of growth « (see
[84] and references therein):

(a) Xo:=[\=oU(t)[X]is dense in X,
(b) U is non-degenerate,
(c) [1t*U(t)]| is bounded as ¢t — 0.

Let n = []. Define the operator C' in X by

Cu = n_/ t"e MU (tudt, uwe X, X>0,
"Jo

then C is injective and R(C) = X. It is not difficult to verify that the
family {S(¢) := U(¢)C, ¢t > 0} is an exponentially bounded C-regularized
semigroup. If n = 0, then U has an integrable singularity. In this case,
C = (M — A)~1, X > 0, is the resolvent of A and A is the generator of an
integrated semigroup.

Now let n > 1. If (A — A)~! exists and is equal to the resolvent of
A, then C = (—=1)"R’;"'()\) and A is the generator of an (n + 1)-times
integrated semigroup. Otherwise (which is the case for v > 2), A is the
generator of a C-regularized semigroup and is not a generator of an inte-
grated semigroup.

Finally, consider the operator C' defined by

Cu:=(1+|f])'u, ueX,

©2001 CRC Press LLC



then we have that C' is injective and R(C) = X. In this case, {S(t) =
U(t)C, t > 0} is an exponentially bounded C-regularized semigroup. We
note that this semigroup remains exponentially bounded even for functions
like f(x) = e +z) that grow faster than |x|7 for any v > 0.

Example 1.4.3 (A C-regularized semigroup that is not exponentially
bounded)
Consider the operator A defined by

Af()=2f(),  DA)={feX=1I*O0) | 2/(x) € X},
which is the generator of the C-regularized semigroup
Sf =), fex,
with C'f = e_|z|2f7 f € X. We have
1Sl —Sup{ezt ) = e,

that is, S is not exponentially bounded. Note that in this example the
operator (A — A) is not invertible for any A € C and o(A4) = C.

Example 1.4.4 (Local semigroups corresponding to the regularization

methods)
Let
Au = —% on L*[0,1] with
D(A):{ueL20l ‘ = Y e 20,1, u(O)zu(l)zO}.
then A, (M)2 are the eigenvalues for this operator and its eigenvectors

o (s) = sin s form an orthogonal basis in L?[0,1].
The operators

o0
Si(t)r == Z M NT gy
k=1
and
e e)\kt
SQ(t).’L‘ = Z mxkah
k=1

where z, = (x,a1), t < T, € > 0, are local C-regularized semigroups on
(0, 7). The asymptotic C-resolvent for S; is

e(Ak=X)T —1e —eN:T

Z Lo .
— A=A
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1.5 Degenerate semigroups

In this section we consider degenerate integrated and Cp-semigroups con-
nected with the degenerate Cauchy problem

Bu/(t) = Au(t), t>0, u(0)==z, kerB# {0}, (DP)

where B, A: X — Y are linear operators in Banach spaces X, Y.
We assume that the set

pp(A) ==
{)\ eC ’ R()\) := (AB — A)"!'B is a bounded operator on X}

is not empty. This set is called the B-resolvent set of operator A and the
operator R(A) is called the B-resolvent of operator A.

We prove the equivalence of the uniform well-posedness of (DP) on the
maximal correctness class

Y= {x € D(A) ) Az € ranB} = ROVX,

the existence of a degenerate Cy-semigroup and MPFHY-type estimates
together with the decomposition of X:

X = X @ ker B, (1.5.1)

where X; := D; and D; := R(A\)X with some A € pg(A). The decompo-
sition (1.5.1) plays a role similar to the condition of density of a generator
of a Cy-semigroup. We also consider the well-posedness of the degenerate
Cauchy problem on subsets of R™(\)X.

1.5.1 Generators of degenerate semigroups

Definition 1.5.1 A one-parameter family of bounded linear operators
{U(t), t > 0} on X is called a degenerate Co-semigroup if the semigroup
relation (Ul) and the strong continuity condition (U3) of Definition 1.1.1
hold, and the operator U(0) (and hence U(t) for any t > 0) has a nonempty
kernel.

Definition 1.5.2 Let n € N. An n-times integrated semigroup {V (t),
t €10,T)} is called a degenerate n-times integrated semigroup if conditions
(V1) = (V3) of Definition 1.2.1 hold and (V4) does not.

Remark 1.5.1 The exponential boundedness of a degenerate semigroup

{U(t), t>0}:

IK >0, weR: [[UWR)] < Ke*', t>0,
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follows from property (Ul). Note that a degenerate m-times integrated
semigroup, similarly to a nondegenerate semigroup, may be not exponen-
tially bounded.

Remark 1.5.2 Property (U1) implies that the operator U(0) is a projector
on X, generating the following decomposition of X

X =ranU(0) @ ker U(0).

In this case, the restriction of U(:) on ranU(0) is a nondegenerate Cy-
semigroup.
Let V(-) be a strongly continuous operator-function such that

K >0, weR: V)| < Ke*t,
for all t > 0, and
() = / A MY (1) dt
0

for some n € NU {0}. It was proved in Propositions 1.1.2, 1.2.1 that r(X)
satisfies the (pseudo) resolvent identity

(k=Nr(Nr(p) =r(A) =r(p);,  ReA, Rep>uw,

if and only if V satisfies (V1) for n > 1 or (Ul) for n = 0. Such function
r(A) is called the pseudoresolvent. Moreover, if V' is nondegenerate, then
r(A) is invertible and is the resolvent of the generator A defined by

A=\ —r7 ().

Obviously, when dealing with single-valued operators, this definition of the
generator cannot be used in the case of a degenerate semigroup V. We
introduce the notion of a pair of generators A, B, which allows us to link
degenerate semigroups with the degenerate Cauchy problem (DP).

Definition 1.5.3 Let n € NU {0}. Linear operators A,B : X — 'Y are
called the generators of an exponentially bounded degenerate n-times inte-
grated semigroup {V(t), t > 0} on X if A is closed, B is bounded and

(AB—A)"'B= / Ne MV (t)dt
0

for all A € C with Re A > w.

From Arendt-Widder’s Theorem 1.2.1 we obtain the following result char-
acterizing the generators of degenerate (n+ 1)-times integrated semigroups.

Theorem 1.5.1 Let A,B : X — Y be linear operators, A be closed and B
be bounded. Then the following statements are equivalent:
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(I) the operators A and B are the generators of a degenerate (n+ 1)-times
integrated semigroup {V (t), t > 0} satisfying the condition

1
Jim - sup E||V(t +h) =Vt <Ke“, t>0; (1.5.2)

(II) the estimates

dK >0, weR:
k B-A)"'B KE!
4 OB AT B KR (1.5.3)
Ak N ()\,w)k+1

hold for all A\ > w and k=0,1,... . O

In the next subsection we use degenerate 1-time integrated semigroups and
degenerate Cy-semigroups in the investigation of the uniform well-posedness
of the Cauchy problem (DP).

1.5.2 Degenerate 1-time integrated semigroups

Let A and B be the generators of a degenerate 1-time integrated semigroup
{V(t), t > 0} satisfying (1.5.2). Then the B-resolvent set pg(A) is not
empty. We consider the set Dy := R(A\)X, where A > w. As in the case of
domains of generators of nondegenerate semigroups, the introduced set does
not depend on A > w. To show this we consider A\, u > w and z = R(\)z
with z € X. Then (A\B — A+ uB)z = Bz and

r=R\Nz=uB—-A)"'B(z— (un—Nz)= (uB — A)"'Bz; = R(i)21.

Proposition 1.5.1 Let A and B be the generators of a degenerate 1-time
integrated semigroup {V (t), t > 0} satisfying (1.5.2). Then ker BN X; =
{0} and ker B @ X is a subspace in X.

Proof Recall that X; := D;. Consider the family of linear operators
AR(N), A > w. By (1.5.3) they are bounded on X. We show that for any
r e X,

AR(N)z — . (1.5.4)

A—o0c0
Let © € Dq, then there exists y € X such that = = R(u)y for some
€ Rp(A). Using the resolvent identity for R(A\) and estimates (1.5.3)
with n = 0, we obtain

[ARN)z —zf = \/\R JR(p)y — R(pw)y|
A
= H (u_/\)R(u)yR(u)yH
_AH M+ fIIR( Jyll — 0.
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Furthermore, (1.5.3) implies that operators AR()\) are uniformly bounded,
and by the Banach-Steinhaus Theorem, (1.5.4) holds for any z € X;.
Hence,

ker BN X; = {0}.

The uniformly bounded family of operators AR(\) converges on the set
ker B® X; as A — oo. Hence, by the Banach-Steinhaus theorem, it con-
verges on ker B @ X7 to a bounded linear operator P such that Pz = x for
x € X;. Furthermore, Px = 0 for x € ker B, ranP = X; and P? = P.
Hence, P is a projector in ker B & X; and

ker Bd X1 =kerP ®ranP =kerB&® X;. O

The connection between the degenerate Cauchy problem (DP) and the
generators of degenerate semigroups is established with the help of the
following theorem.

Theorem 1.5.2 Let A and B be the generators of a degenerate 1-time
integrated semigroup {V (t), t > 0} satisfying (1.5.2), then

ROV (t) = V(HR(N) (1.5.5)

for all A € C with Re\ > w and all t > 0. Further
t
tBx = BV (t)x — A/ V(s)xds (1.5.6)
0

for allz e ker B® Xy andt > 0.
The operator-function V'(-) is a degenerate Cy-semigroup on the sub-
space ker B @ X, that coincides with

F .= {x €X ’ V(t)z € CH{(0,00), X}},

and
BV"(t)x = AV'(t)z (1.5.7)
for allz € R(\) X, and t > 0.

Proof Let ReA, Repy > w. Then for any =z € X,

I
=
=
=
=

=

I
=
=
=
=

=

/OO pe MV () R(N)zdt
0

/OC pe M RNV (t)zdt.
0

Using the uniqueness of the Laplace transform, we obtain (1.5.5).
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Now let z € X and A > w, then

/ MeMtBrdt = Bx=(AB—A)(\B - A)"'Bx (1.5.8)
0

/ /\Qe‘MBV(t)xdt—A/ e MV (t)x dt.
0 0

Take x € Dy, then x = (A\gB — A)~!By for some y € X. For such z we
have V(t)x € D(A) and

AV(Hx = AV(t)(\B — A)"'By = A(\NB— A)'BV(t)y
Xo(MB — A)T'BV (t)y — BV (t)y
= XNBV(t)x — BV (t)y.

Hence,
lAv @] < KI1BJ e (ol lle] + l19ll)-

As AV (-)z is exponentially bounded for z € Dy, the Laplace transform of
AV (-)x exists. Since the operator A is closed, by (1.5.8) we have

/ Ae MtBrdt

/ Ne MBV (t)xdt — / e MAV (t)dt
0

0 0

/O00 Ae™ A [BV(t)x — /Ot AV(s)xds} dt.

Hence,
t
tBx = BV (t)x — / AV (s)xds
0
for all z € Dy and t > 0. Due to the closedness of A, this equality holds
for all x € X7 = D;. Moreover, the equality holds for = € ker B, since

V(t)x =0 for all € ker B and ¢t > 0. (1.5.6) is proved.
Since property (1.5.2) guarantees that V' (¢) is bounded:

dM >0, Vz € F, IV'(t)z|| < Me“!|z|, t>0,

we conclude that the linear manifold F is closed. Let x € F'. Differentiating
the equality (V1) with n = 1, we obtain

V(t+s)z —V(s)z =V (t)V'(s)x, t,s > 0. (1.5.9)

The left-hand side of this equality is differentiable with respect to ¢, hence
for any x € F we have V/(s)x € F, i.e. for any s > 0, V’(s) is a bounded
operator on F'. Differentiating (1.5.9) we have

V'(t+s)z=V'(t)V'(s)z, t,s >0, z€F, (1.5.10)
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which implies the semigroup property (U1) for V’. We now show that V'
is a degenerate semigroup on F. From the definition of a generator of V,
we have -
(AB—A)"'Bzx = / e MV (t)xdt (1.5.11)
0

for all z € F and all A € C with Re A > w. From (1.5.10) and (1.5.11) we
have [V/(0)]? = V'(0). Now consider = € ker B, then the uniqueness of the
Laplace transform guarantees that V'(¢t)x = 0 for ¢ > 0. If 2 € ker V’(0),
then (1.5.10) implies V’(¢)z = 0 for ¢ > 0. Hence, by (1.5.11), z € ker B.
Therefore, ker V'(0) = ker B.

Thus, V'(0) is a projector, {V'(t), t > 0} is a degenerate Cp-semigroup
on F', and F' is decomposed into the direct sum:

F =ker V'(0) @ ran V'(0) = ker B & ran V'(0).
We now show that ran V'(0) = X;. By Remark 1.5.2 we have that the set
F = {x eXx ‘ V" (t)x exists for t > 0}

contains the domain of the generator of the nondegenerate semigroup
V’(t)’ran Vi(0)° which is dense in ran V'(0). Hence F; D ranV’(0). Taking
into account (1.5.8) and that V(t)x = 0 for z € ker B, we have the inclusion

ker B C F} and hence  F; D F.

As F1 C F=F, we have F; = F. Let « € F}, then

ARMNz = / e MV () dt
0

V'(0)x + / e MV (t)xdt.
0

As A — oo, the limit of the second term in the right-hand side of this
equality is equal to zero, hence

V'(0)z = /\lim AR(N)z.
Since the operators AR()) are uniformly bounded, the equality holds for
any x € F. Hence, ran V'(0) C Dy = X;.

Now we consider the set R(A)X; for some A € C with ReA > w. It is
not difficult to verify that R(A)X; does not depend on A. Let x = R(\)y,
where y € X;. We apply the operator (AB — A)~! to the equality (1.5.6)
with y. Using the property (1.5.5) and the equality

(AB—A)'A=XAB-A)"'B-1,
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which holds on D(A), we obtain

ter =V (t)x — /Ot V(s) [MAB — A)~'B — I] yds. (1.5.12)

Hence, z € F and R(A\)X; C F. From (1.5.4) we have R(M\)X; = Xi,
therefore,

X, CF=F, and ker V'(0) @ X; =ker B® X; C F.
This inclusion, together with already proved inclusions:
ran V' (0) C X,

and
F=%er B®&ranV’'(0) C ker B & X1,
gives the equality F' = ker B @& X;.
To prove (1.5.7) we differentiate (1.5.12), where y € X; and x = R(\)y:
x=V'({t)xr — V() [AR(\) — I]y.

Since [AR(\) — Iy € X1, the second term in the right-hand side is differ-
entiable in ¢t. Hence V'(:)z is also differentiable and

V" (t)x = V'(#)[AR(\) — I]y.
Applying operator B to both sides of this equality, we obtain

By = BRPRO - V' (H)y = AROVV (1)y

dt
= AV'(t)R(\)y = AV'(t)z. O
From Theorems 1.5.1, 1.5.2 we obtain the result about the connection

of the well-posedness of the degenerate Cauchy problem and estimates for
the B-resolvent of A.

Theorem 1.5.3 Let A, B : X — Y be linear operators. Suppose that A is
closed, B is bounded, and estimates (1.5.8) are fulfilled for n = 0. Then
(DP) is uniformly well-posed on R(A)X;, ReA>w. D

1.5.3 Maximal correctness class

Definition 1.5.4 If, for any x € E C X, a Cauchy problem (DP) has a
unique stable solution, then the set E is called the correctness class for this
problem.
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The set
T:= {:z: € D(A) ‘ Az € ranB}

is the maximal correctness class for the Cauchy problem (DP) because if
u(-) is a solution of (DP), then u(t) € Y for ¢ > 0, and the condition z € T
is necessary for the existence of a solution.

Proposition 1.5.2 Let A,B : X — Y be linear operators such that
pp(A) #0, then T = Dy := R(\)X.

Proof Let x € Dy, then there exists y € X such that x = R()\)y. Hence,
Ax = —By 4+ ABx = B(Ax — y), and x € M. Conversely, if x € M, then
there exists z € X such that Az = Bz. Then (AB — A)x = B(Az + 2) and
x=RAN)(Ax—2)€D;. O

Theorem 1.5.4 Let A,B : X — Y be linear operators, A be closed, B be
bounded, and the B-resolvent set of A be nonempty. Then the following
statments are equivalent:

(I) the Cauchy problem (DP) is uniformly well-posed on D ;

(II) the operators A and B are the generators of a degenerate
Co-semigroup;

(III) the estimates (1.5.3) hold withn = 0 and X admits the decomposition
X =kerB® X;.

Proof (I) = (II). Let u(-) be a solution of (DP). Define on T the solution
operators U (t)z := u(t) for € Dy and ¢t > 0. The uniform well-posedness
of (DP) implies that operators U(t) are bounded on D; and therefore they
can be extended to X; = D;. As in the nondegenerate case (Theorem
1.1.1) the operators (7(15), t > 0 form a Cy-semigroup. This semigroup
{(7 (t), t > O} is nondegenerate and is exponentially bounded on Xj:

JK >0, weR:  |[U@®)]| <Ke*', t>0.

Let G : X1 — X, be the generator of this semigroup, then G is a closed,
densely defined linear operator on X;. The function U(t)z, ¢t > 0, is
differentiable with respect to ¢ > 0 if and only if z € D(G). For any

x € D(G), U(-)x is the solution of the Cauchy problem
u'(t) = Gu(t), t>0, u(0)=uw.

Since the semigroup U is exponentially bounded on X7, the Laplace trans-
form of U(-)x is defined for Re A > w and

/ e MU)zdt = (M — G) 'z, z € X).
0
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By construction of U we have Dy C D(G). Let z € Dy, then integrating
by parts we have

)\/ e_/\tINJ(t)xdt:x—l—/ e MU' (t)adt.
0 0

for A € C with ReXA > w. Applying B to this equality and taking into
account that U(-) is a solution of (DP) and that A is closed, we obtain

)\B/ e MU (t)zdt = Bach/ e MAU(t)zdt, =€ Dy,
0 0

and -
(AB — A)/ e MU(t)xdt = Bz, x € X;. (1.5.13)
0

Now we prove that (AB — A) is invertible for A € C with Re A > w. Let
x € ker(AB — A) and consider w(t) := e*x, then

Buw'(t) = ABw(t) = Aw(t), w(0) = x.

Since € D; and (DP) is well-posed on Dy, we have w(-) = U(-)z and
|lw®)] < Ke“!|z| for t > 0. Therefore, if 0 # z € ker(AB — A), then
ReA < w. If ReA > w, then the operator (AB — A) is invertible. Hence,
from (1.5.13) we obtain

R(\)x=(AB—A)"'Br = / e MU)zdt, € X1, Rel>w,
0
and
RNz =\ -G) 'z, z€X;, Red>w. (1.5.14)
Let Ao € pp(A) and define the operator
Px .= ()\0] — G)R(Ao)x

Since D1 C D(QG), the domain of P coincides with X. This operator is
closed since R(\g) is bounded and (Aol — G) is closed. Hence, P is a
bounded operator on X. From (1.5.14) we have P? = P, ie. P is a
projector on X.

Let U(t) :== U(t)P for t > 0. Clearly, the family of bounded linear
operators {U(t), t > 0} is a degenerate Cp-semigroup and for any = € X
we have the equality

R(\)z :/ e MU(t)xdt, Re > w,
0

which means that operators A and B are the generators of {U(t), ¢ > 0}.
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(IT) = (III). If A and B are the generators of a degenerate Cp- semi-
group {U(t), t > 0}, then it is not difficult to verify that A and B are the

generators of the degenerate 1-time integrated semigroup V' (t) := fg U(t)dt,
t > 0, which satisfies (1.5.2). Hence, by Theorem 1.5.1 the estimates (1.5.3)
hold for n = 0, and by Theorem 1.5.2

X=F= {x e X ’ V() c CH{[0,00), X}} —ker B® X).

(III) = (I). If X = ker B @ X1, then the equality R(A\)X; = R(A\)X
holds. Hence, by Theorem 1.5.3 the Cauchy problem (DP) is uniformly
well-posed on D; = R(A)X. O

1.5.4 (n,w)-well-posedness of a degenerate

Cauchy problem
Let A,B: X — Y be linear operators, A be closed, and B be bounded.
Let the B-resolvent set of A be nonempty and consider A € pp(A). We
introduce the sets D; = R{(A\)X, i = 1,2,..., which are obviously linear
manifolds. At the begining of this section we proved that D; does not

depend on X\ € pg(A). Similarly, one can prove that D; do not depend on
Afor all ¢ > 1. We denote by [D,,] sets D,,, n € N, equipped with the norm

z||pn = inf
el = inf )

for all z € D,,.

Definition 1.5.5 The Cauchy problem (DP) is called (n,w )-well-posed on
D C [D,] if for any x € D there exists a unique solution u(-) satisfying

lu®)ll < Ke*'||z]| g
for somen e N, K >0 and w € R.

To obtain a sufficient condition for the (n,w)-well-posedness of (DP) we
need the following properties of degenerate integrated semigroups that can
proved in a way similar to Proposition 1.2.2 and Theorem 1.5.2.

Theorem 1.5.5 Let n € {0} UN. Let A and B be the generators of a
degenerate (n—+ 1)-times integrated semigroup {V (t), t > 0} satisfying the
condition (1.5.2). Then

RNV(t)=V({)R(N), t>0, ReA>w

and
tn+1

t
mb:BV(f)x—A/O V(s)ads, t>0, z€X,=D.
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The family of operators {V'(t), t > 0} is a degenerate exponentially bounded
n-times integrated semigroup on the subspace F = R(\)X;. For all x €

RF(NF, k=0,1,...,n, we have

tnfk
BV (t)x = o — Bz — AV*(t)x, t>0,
For all x € R"™(A\)F we have
d
BEV”“(t)x = AV (), t>0.0

Proofs of this theorem and the next one can be obtained from Theorem
1.6.4.

Theorem 1.5.6 Let A, B : X — Y be linear operators, A be closed, B be
bounded and estimates (1.5.3) be fulfilled. Then (DP) is (n,w)-well-posed
on

=((AB-A)"'B)""'(AB—-A)"'B(X,) C Dp4,. O

In the Section 1.6, assuming a decomposition of X, we prove the necessary
and sufficient conditions for the (n,w)-well-posedness and for the n-well-
posedness of the degenerate Cauchy problem (DP).

1.5.5 Examples

Non-densely defined operators that generate integrated semigroups provide
examples of degenerate semigroups.

Let A be the generator of an integrated semigroup {V(¢),
Suppose that D(A) is complemented in X, ie. X =D(A)®
subspace Y. Let B = (A) be the projector from X to D(A). We have

ker B=7Y, ran B = D(A) and B2 = B. Then

t >0} in X.
@ Y for some

(M —A)x=(AB—-A)x, xe€ DA,

and
AB—A)"lz =\ —A) 'z =Ra(Nz, z¢€ D(A).

Hence, if MFPHY condition is fulfilled for R4(A), then it is also fulfilled
for (AB — A)~!

Example 1.5.1 Let X = C[0,00) and
A:—% with D(A)={fe X | f € X, f(0)=0}.
ThenY = {f € X | f = const}, Bf = f(z) — f(0) and
Di={feX|AferanB} ={fe X | f € X, f(0)=0, f'(0) =0}.
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The Cauchy problem

Ou(z,t)  0ou(0,t)  Ou(z,t)
ot ot T oa
U(JU,O) = f('r)a

is uniformly well-posed on D;. For f € D; we have

=0, ze€l0,00), t>0,

_ _ f(‘T - t) , v 2>t

ue,t) = N = { ] e

We refer the reader to G. Da Prato and E. Sinestrari [50], where several
examples of non-densely defined operators can be found. Many examples of
degenerate Cauchy problems are discussed in A. Favini and A. Yagi [102].

1.6 The Cauchy problem for inclusions

The degenerate Cauchy problem
Bu/(t) = Au(t), t>0, u(0)==z, kerB# {0}, (DP)

which we studied in the previous section, and the degenerate Cauchy prob-

lem J
EBU(t) = Av(t), ¢t>0, Bv(0) ==z, (DP1)

can be considered as particular cases of the Cauchy problem for an inclusion
u'(t) € Au(t), t>0, u(0) ==, (IP)

with a multivalued linear operator A. If we set A = B~!A for problem
(DP) or A = AB~! and u := Bwv for (DP1), then u(-) is a solution of the
Cauchy problem (IP). Conversly, if u(+) is a solution of (IP) with A = B~1A
or A = AB7!, then u(-) is the solution of (DP) or any v(-) from the set
Buv = u is the solution of (DP1), respectively.

In this section, we use the technique of degenerate semigroups with mul-
tivalued generators for studying the well-posedness of the Cauchy problem
(IP). As a consequence, we obtain a criterion for the well-posedness of (DP)
and a criterion for the existence of a solution for (DP1).

1.6.1 Multivalued linear operators

Let X be a complex Banach space. For subsets from X we define addition
and scalar multiplication

F+G

{f+g’f€F,g€G},
{)\f’feF}.

vAeC, MF
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Definition 1.6.1 A map A : X — 2% is called a multivalued linear oper-
ator on X if

D) ={uex ‘ Au0}
is a linear manifold in X and

Mu + pAv C A(Au + po) (1.6.1)
for any A\, u € C and u,v € D(A).

In the particular case of A = = 0 we have 0 € A0.
By M(X) we denote the space of all multivalued linear operators on X.

Proposition 1.6.1 Let A € M(X), then
(a) Yu,v € D(A), Au+ Av=A(u+v),
(b) Yu € D(A),A#0, MAu= A(A\u).

Proof Since A is a linear operator, it is sufficient to prove the inclusions
A(u+v) C Au+ Av and A(Au) C AAu. From (1.6.1) we have

A(u+v) — Av C (A(u +v) —v) = Au,

therefore,

A(u+v) C Au+ Av.

Also
AQu) = XA TTAOw)) € Mu. O

Corollary 1.6.1 For any u,v € D(A) and any A, g with |A| + || # 0, we
have
Mu + pAv = A(Au + pv). O

Proposition 1.6.2 Let A € M(X), then A0 is a linear manifold in X
and Au = f + A0 for any u € D(A) and f € Au.

Proof By Proposition 1.6.1 we have A0+ A0 = A0 and A\ A0 = A0, hence
A0 is a linear manifold. Let u € D(A) and f € Au, then

f+ A0 C Au+ A0 = Au.
On the other hand, for any g € Au we have g — f € Au — Au = A0, hence
g=f+(g—f)ef+.A0.

This proves the inverse inclusion Au O f + A0, and hence the equality
Au = f + A0. In particular, A is a single-valued operator if and only if
A0 = {0}. O
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Definition 1.6.2 An operator A~' is called the inverse of an operator A
if
DA™ =ranA= | ] Au
u€D(A)
and

A-f = {u € D(A) ] fe Au}.

It is easy to see that A~! is a linear and (in general) multivalued operator
on X.

Definition 1.6.3 The set
p(A) = {/\ eC ‘ (M — A)~
s a single-valued bounded linear operator on X}

is called the resolvent set of the operator A.

Proposition 1.6.3 Let A € M(X) and p(A) # 0, then for any X €
p(A), A0 =ker (A — A~

Proof By the definition of kernel we have that f € ker (\[ — A)~! if and
only if (A\I — A)~1f =0, that is f € (M —.A)0 = A0. O

Proposition 1.6.4 Let A € M(X) and suppose that the decomposition
X = A0DY holds for some subspace Y C X. Then Au := AunY is a
single-valued linear operator with D(A) = D(A).

Proof First we show that D(A) = D(A). From the definition of A we

have D(A) C D(A). Let u € D(A), then there exists f € X such that
u=f+ A0 and f = f; + fa, where f; € A0, fo € Y. We have

Au=AunY = (fo+A0)NY D {fs} #0,

that is u € D(A). Hence D(A) D D(A) and D(A) = D(A).
Now let u,v € D(A) = D(A) and A, u € C, then
AMu + ,ujv
= [0 Y] + [(ndv) Y] € AQw + po) N Y
= A(\u+ o).

Since A0 = A0NY = {0} , we have that A is a single-valued linear
operator. O ~
The operator A is called the single-valued branch of A.
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Definition 1.6.4 We say that an operator A € M(X) is closed if for any
sequences {u,} C D(A) and f,, € Au,, such that

lim u, =u and lim f, = f,

n—oo n—o0

we have u € D(A) and [ € Au.

It is clear that A is closed if and only if A is closed. Furthermore, for a
closed operator A we have
V{u,} C D(A), A(lim u,)= lim Au, := lim Au, + A0

n—oo n—oo n—oo

if all limits exist, and

vu € C{[0,T], D(A)},
.A/O u(T)dr :/0 Au(r)dr =: /0 f(r)dr + A0, tel0,7),

if integrals exist.

1.6.2 Uniform well-posedness

Definition 1.6.5 The Cauchy problem
u'(t) € Au(t), t>0, u(0) ==z, (IP)
1s called uniformly well-posed on E C X, if

(a) for any x € E, there exists a unique solution
u(-) € CH{[0,00), X} N C{[0,00), D(A)}
(b) for any T >0, supp<;<rp [[u(t)]| < |z

The following theorem connects the well-posedness of (IP) with the well-
posedness of (CP) with operator A, the single-valued branch of A:

u'(t) = Au(t), t>0, u(0) ==, (1.6.2)

and gives the MFPHY-type condition for the uniform well-posedness of
(IP). Note that in contrast to Theorem 1.5.1, here we do not assume that

p(A) # 0.

Theorem 1.6.1 Let A be a multivalued linear operator on X. Let
Xy = D(A), Aui=Aun Xy, D(A) = {ue X ‘ Au 0},

Then the following statements are equivalent:
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(I) the Cauchy problem (IP) is uniformly well-posed on D(A);

(II) the operator Aisa single-valued branch of A and it is the generator
of a Cy-semigroup {U(t), t > 0} on X;;

(III) the operator A is a single-valued branch of A and the MFPHY con-
dition holds for Rz = (\[ — A)~*
dK >0, weR:

K k!

w07 50

dNF

forallA>w and k=0,1,... .
In this case for any x € D(A), u(-) = U(-)x is the unique solution of (IP).

Proof (I) = (II). Define on D(.A) the solution operators U(t) by U(t)x :=
u(t), t > 0, where u(-) is the solution of (IP). From the well-posedness of
(IP) we have that for any ¢ > 0, U(¢) is a bounded operator on D(A).
Hence it can be extended to X7 = D(A).

In a way similar to the nondegenerate case (Theorem 1.1.1), one can
prove that the operators U () form a Cy-semigroup on X;. Let G : X1 — X3
be the generator of this semigroup. Then G is a closed, densely defined
linear operator with the property

U(-)z € C*{[0,00], X} <=z € D(G).

Since for any € D(A) we have u(-) = U(-)z € C*{[0,00], X}, then
D(A) C D(G). Since the operator A is closed, we have

Vr € D(A),
U(t)a:—xz/ CCdTE/ AU (1 xdT—A/ T)xdr.

Using the closedness of A we can extend the obtained inclusion to X3

x—a:E.A/ Txdr, x€ Xy,

and
u() x—xe A/ Txdr, t>0, x€ X;. (1.6.3)

Consider the domain of the generator

D(G) := {xGXl ’ 3}@)%},
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then (1.6.3) implies D(G) C D(A), i.e. D(G) = D(A) and for any z €
D(A), Gz € Azx. Since Gz € X1, we have

Vz € D(A) = D(G), Gz € Az := Az N Xy, (1.6.4)

hence D(A) € D(A). By definition of A, we have D(A) c D(A), and
therefore D(A) = D(A).

Now we show that A is a single-valued operator. Let y € A0 = A0NX 1
and 2z := (M — G)~ly with A € p(G), ReX > w. Note that since G is the

generator of a Cy-semigroup, then any A € C with Re A > w belongs to
p(@). For these z € D(G) = D(A) we have

MN-G)z=y

and
M=y+Gz€e A0+ Gz C A0+ Az = Az,

that is Az € Az. Hence (zeM) = AzeM € A(zeM) and u(t) = zeM, t >0,
is a solution of (IP) with the initial value z for any A with Re A > w. From
(1.6.4) we have

Vz € D(G) = D(A), Gz C Auz,

and since A is a single-valued operator, we have G = A.
(II) = (III) = (I). By assumption, A is the generator of a Cy-
semigroup. By Theorem 1.1.1 it is equivalent to the MFPHY condition

for R ;7 and to the uniform well-posedness on D(A) of the Cauchy problem
(1.6.2). Hence (IP) is uniformly well-posed on D(A) = D(A). O

Corollary 1.6.2 If, in Theorem 1.6.1, we do not assume that the operator
A is closed, then the result holds true for the single-valued branch of A,
the closure of A.

Let us show that under the condition p(A) # () the estimates for the
resolvent of A are fulfilled. In Definition 1.5.1 we defined degenerate semi-
groups and now we need the notion of a generator of a degenerate semi-

group.
Definition 1.6.6 An operator A is called the generator of a degenerate

(exzponentially bounded) Co-semigroup {U(t), t > 0} if it satisfies the
relation

M - A) 'z = /000 e MU (t)xdt (1.6.5)

for all A € C with Re A > w.
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It follows from (1.6.5) that ker U = ker(AI — .A)~!. On the other hand, by
Proposition 1.6.3, we have ker(A\ — A)~! = A0. That is, the generator of
any degenerate semigroup is a multivalued operator, and conversely, if a
multivalued operator is the generator of a semigroup, then this semigroup
is degenerate.

Theorem 1.6.2 Let A be a multivalued linear operator in a Banach space
X with nonempty resolvent set. Then the following is equivalent:

(I) the Cauchy problem (IP) is uniformly well-posed on D(A);

(II) the MFPHY condition holds for Ra(M\) and X admits the
decomposition
X =A0®X;. (1.6.6)

Proof (I) = (II). In Theorem 1.6.1 it was proved that A is the single-
valued branch of A and the generator of a Cy-semigroup {U(t), ¢ > 0}.
Consider the semigroup U equal to U on X; and zero on A0. It is a
degenerate exponentially bounded Cy-semigroup with the generator A:

M — Atz = / e MU(t)zdt, Rel > w,
0

hence the MFPHY condition holds for R 4(A).
Let 2 € X, y:= (M —A) 1z, A € p(A) and z := = — (A — A)y.

We have y € D(A) = D(A) and (AI — A)y € X;. Since for any f € Xi,

(AT — A)~1f = (M — A)"1f, we obtain
M —A) =\ —A) o — (A — A A = AN — A) 'z
Hence z € ker(AI — A)~! = A0 and for z € X we have the decomposition
z=z+ (M — Ay e A0+ X,.

As A is a single-valued operator, we have A0 = 40N X; = {0}. Hence, we
obtain the decomposition of X into the direct sum X = A0 & X;. _
(IT) = (I). Since we have the decomposition X = .40 @ X1, then A is

a single-valued closed linear operator with D(A) = D(A) (see Proposition
1.6.4), and the MFPHY conditions for R4(\) and R 3()) are equivalent. By
Theorem 1.1.1, the Cauchy problem (1.6.2) with operator A s uniformly
well-posed on D(A). Let us show that this problem is well-posed on D(A)
if and only if (IP) is well-posed on D(A). If

u'(t) = Au(t), t>0, u(0) ==z € D(A),
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then
u'(t) € Au(t), t >0, u(0) =z € D(A).

Conversely, if u/(t) € Au(t), then v'(t) € D(A
Au(t) = Au(t) N X, and therefore u/(t) =
problem (IP) is uniformly well-posed on D(A).

The following two theorems are corollaries of Theorem 1.6.2.

) = X1. Hence, u'(t) €
Au(t). Thus, the Cauchy
O

Theorem 1.6.3 Let X; = D, where
D, = {:v € D(A) ’ Az € ranB}.

Consider the Cauchy problem (DP) with linear operators A and B such
that AB~' is closed (for example, one of them is closed and the other is
bounded). Suppose

p(A) == {)\ eC ‘ (\B — A)"'B is bounded} £0.

Then the following conditions are equivalent:
(I) the Cauchy problem (DP) is uniformly well-posed on D1 ;

(II) there exists a Co-semigroup {U(t), t > 0} on X such that
(AB—A)"'Br = / e MU (t)xdt
0

for all x € X1 and A € C with Re A > w;

(III) X = X3 ®ker B and
dK >0, weR:

K k!

dk
|

(8- )5 <

forall A\ >w and k=0,1,... .
And, in this case, the solution of (DP) is u(t) =U(t)x, t >0, x € D;. O

If B is bounded and A is closed, then this result gives the same well-
posedness conditions as Theorem 1.5.4. In Section 1.5 we used a degenerate
Cp-semigroup with generators A, B, and here we use a Cy-semigroup with
a generator equal to a single-valued branch of operator AB~!. In the case
of ker B = {0} we obtain Theorem 1.1.1.
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Theorem 1.6.4 Let X; = Dy, where
D, = {a: eX ’ x € ran B(AB — A)_l}.

Consider the Cauchy problem (DP1) with linear operators A and B such
that B~1A is closed (for example both operators are bounded). Suppose

{)\ eC \ BOB — A)~! s bounded} £0.

Then the following conditions are equivalent:

(I) for any x € Dy there exist solutions v of the Cauchy problem (DP1)
such that Bv is uniquely defined and is stable with respect to x;

(II) there exists a Co-semigroup {U(t), t > 0} on X1 such that
BB — A) 'z = / e MU (t)zdt
0

for all x € X1 and A € C with Re A > w;

(III) X = X; ® Aker B, and
JK >0, weR:

_ K k!

dk
|

forallA>w and k=0,1,... .
And in this case the solution of (DP1) is Bv(t) = U(t)z, t >0, x € D;. O

1.6.3 (n,w)-well-posedness
Definition 1.6.7 The Cauchy problem
u'(t) € Au(t), t>0, u(0) =z, (IP)

is called (n,w)-well-posed on E C X if for any x € E there exists a unique
solution

u(-) € C*{[0,00), X} N C{[0,00), D(A)}

such that
Ju(®)|| < Ke“[|z]| an,

for some K > 0, where

n
lzflan =) A ]
k=0
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Here
A*z|| = inf
[ A | sk, £l x

is the factor-norm of Afz in X/A*0.

If the resolvent set p(.A) is not empty, then the norm |z
to

An 18 equivalent

|| gn = inf , A€ p(A).
follee = ot il A€ p(A)
Now we investigate the connections between the (n,w)-well-posedness of
(IP) and the existence of an exponentially bounded degenerate k(n)-times
integrated semigroup.

Definition 1.6.8 An operator A is called the generator of an exponentially
bounded degenerate n-times integrated semigroup {V (t), t > 0} if it satisfies
the relation

(M= A) o = / N MY ()2t (1.6.7)
0
for all A € C with Re A > w.

As in the case of degenerate Cp-semigroups, it follows from (1.6.7) that
ker V = ker(Al — A)~! = A0, and an exponentially bounded n-times inte-
grated semigroup has a multivalued generator if and only if the semigroup
is degenerate.

Theorem 1.6.5 Letn € N, w € R, and let A be a closed linear multivalued
operator on X. Suppose that p(A) # 0 is in the half-plane Re A > w. If the
Cauchy problem (IP) is (n,w)-well-posed on D(A™*Y), then the MFPHY-
type condition

JK >0 :
KE!

= A —w)ht

F (1.6.8)

holds for all A > w and k =0,1,... .

H &k (AL — A~

Proof Let x € D(A") =: D, 41 and let u(t), t > 0, be the unique
solution of (IP) corresponding to . By the definition of the (n,w)-well-
posedness for (IP), u(t) satisfies the estimate

lu(®)] < Ke*! ||z (1.6.9)

Now we introduce the solution operators U(t) on D,,4+1 by

U)r :=u(t), t>0.
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Due to (1.6.9) we can extend U(t) to the space [D,+1]n, the closure of D,, 1
in the norm || - ||gn. As U(:)z = u(-) is a solution of (IP), we have

U't)yr € AU(t)x = NU(t)x — (M — A)U(t)z. (1.6.10)
Now we show that R4(\)U(-)x = U(-)Ra(N)x, ¢ € Dpy1, is a solution of
(IP) with the initial value R4(A)z. Let y = Ra(N)x € Dp+1. Then from
(n,w)-well-posedness of (IP) we have U'(t)Ra(N)z € AU(E)R4(N)z. So
U(-)Ra(MN)x is a solution of (IP) satisfying the estimate
1T RAN)2]l < Ke** |[Ra(Nz ]| pn < Kie®! ||z gn-1.
Applying R 4(A) to (1.6.10), we obtain
RANU'(t)x = Ra(N) AU (t)x = ARA(NU (t)z — U (t). (1.6.11)
As U(t)x € D(A), we have
U(t)z = Ra(N (M — AU (t)z € (A — ARANU(t)a.

Hence,

RANAU(#)x = ARANU@)z —U@t)r € AR4(NU(t)z,
RaNU' )z = (Ra(NU(t)x)" € ARA(NU ()=,
and R4(AMU(0)x = Ra(N)z. That is, R4(M)U(:)x, * € Dpyq is a so-

lution of (IP). The equality R4(A)U(t)x = U(t)Ra(N)z follows from the
uniqueness of the solution. Integrating (1.6.11) from 0 to ¢, we obtain

RANU(t)x — Ra(Nx :/0 ARA(MNU(s)xds —/0 U(s)xds,

/Ot U(s)xds

= —RANU@®)z + Ra(N)z + A /O RANU(s)xds

or

t
= —U@)R4N)z+ Ra(N)z+ )\/ U(s)Ra(N)xds, x € Dypiq.
0
On D,, we define

Ur(t)z = —U () Ra(N)z + Ra(N)z + A /0 U (s) Ra(N)ads.
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Applying R 4(X) to both sides of this equality, we obtain
RANU(t)x
— _RANUORANZ + Ra()Ra(N)e + ARAN) /0 U(s) Ra(Nrds.
Commutativity of R4(\) and U(t) on D,11 implies
RiNU1(t)x = Ui (t)Ra(N)z, x € Dy,
Hence, Uy (t) commutes with R4(A) on D,,, satisfies the estimate

I (@) < Ke'||a|

Rn—1,
and can be extended to [Dy],—1. In general,

Up(t)z = (1.6.12)

k—1 ¢
‘RA()\)er)\/ Uk—1(s)Ra(N)xds.
' 0

*Uk_l(t)RA(/\)x + m

The operators Uy(t), t > 0, k =1,...,n , are defined on D,,;1_, where
they commute with R4(\) and satisfy the estimate

Uk ()]l < Kt*~ e o gn-r < Ke ||z gn-r

for any wq > w. Therefore, we can extend Ug(t) to [Dpy1—gln—k. In
particular, the operators U, (t) commute with R 4(\) on D(A), satisfy the
estimate

1Un ()] < Ke*||],

and can be extended to D(A). The operators Uy, 1(t) commute with R 4()\)
on the whole space X and satisfy

[Un1(t)a]l < Ke "z (1.6.13)

Now denote V(t)z := U,41(t)z and we show that {V(¢), ¢ > 0} is an
(n 4+ 1)-times integrated semigroup with the generator 4. From (1.6.12)
we have that for any = € X, V(¢)x is continuous in ¢ > 0, so (V2) holds.
We have (V3) from (1.6.13). To show that V satisfies (V1), by Proposition
1.2.1 it is sufficient to show that

oo
/ AT Le =AY (4)dt
0

satisfies the pseudoresolvent identity. Hence, it is sufficient to prove the
equality

RA(/\)I'Z/ AL e MY () xdt (1.6.14)
0
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for A\ € C with Re A > w. Multiplying (1.6.12) by AFe=* with k = n + 1
and integrating from 0 to oo we get

/ N L= MU L (B xdt = Ra( Nz :/ AL =AY () xdt.

0 0

This equation holds for all A from some open set where R4()\) exists by
assumption. Using the resolvent identity for the function

/ AL =AY () zdt,
0

the analytical extension of R4(A) to the half-plane Re A > w, we obtain
(1.6.14) for Re A > w. Thus, {V(¢), ¢t > 0} is an (n + 1)-times degenerate
integrated semigroup generated by A, and hence the estimate (1.6.8) holds.
O

Theorem 1.6.6 Let A be a multivalued linear operator on X. Suppose
that the condition

dK >0, weR:
d* (A — A)~! K k!
il 1.6.15
Hd)\k An = ()\_w)k-H ( )
holds for all X > w and k = 0,1,... . Then the Cauchy problem (IP) is

(n,w)-well-posed on R’ (N)D(A).

Proof If the estimate (1.6.15) holds for some K > 0 and w € R, then by
Theorem 1.2.1 A is the generator of an (n + 1)-times integrated semigroup
{V(t), t > 0} with the property

|V(t+h)—V{#)| < Kh, t>0, h>0. (1.6.16)

Note that in this case the semigroup can be degenerate. By the definition
of the generator, for all y € X we have

/0 TN MY (O RA(uydt = RaNRa(w)y = Ra(u)Ra(Ny

/ AL R L )V (H)yt.
0
The uniqueness of the Laplace transform implies

V() Ra(wy = Ra()V (t)y, y e X.
Let y = (u — A)z,z € D(A), then we have
V(t)e = Ra(p)V (8)(ul — A)z,

©2001 CRC Press LLC



and applying (uI — A):
(uI — AV (t)x = (uI ARGV (BT — Az
From V(t)(pu — A)z € (ul — A)RA(p)V (t)(uI — A)z we obtain
V(t)(ul — A)az € (ul — AV (t)x.
Hence for all z € D(A), V(t)Azx € AV (t)z, and

[ee] tn—‘rl
/ A2 At xdt
0 (n+1)!

= z=ARs(N)x— Ra(N)Ax
= / A2 MY () adt — / A= MY (1) Axdt
0 0

oo o] t
= / )\”’LQe_)‘tV(t)a:dt—/ )\"+26_>‘t/ V(s)Axdsdt.
0 0 0

From the uniqueness of the Laplace transform we have

tn+1 t
T 1)!x =V({t)x — /0 V(s)Azds, x e D(A),
hence
Viz = t—a: + V() Ar,

(1.6.17)

n

t
V'it)x € et AV (t)z, x € D(A).
Using property (1.6.16) and the closedness of A we can extend the inclusion
n (1.6.17) to D(A). Now take x € D(A?) (as Ax N D(A) # 0), then from
(1.6.17) we have
AV (e = %Ax +AV(DAz, e DAY,
V'()Az € %Ax + V() A%
tTL
C —Ar+ AVt Az, @€ D(A?%),

therefore V'(t) Az € AV'(t)x for x € D(A?), and

V't = (n_l)!aj+V’(t)Aa:,
(1.6.18)
V(e e (t:)!x+AV(), v € D(A?)
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Now we show that the equation from (1.6.18) holds for all x € R4(A\)D(A).
Let y € D(A). By the closedness of A, there exists a sequence y,, € D(A)
such that y, — y. Take z, = Ra(N)yn, then x, € RA(AN)D(A) and
ZTn = Ra(N)y =2 € Ra(N)D(A). Moreover

Az, = ARA()\)yn = —()\I — A)RA()\)yn + )\RA()\)yn,

and the set {— (A — A)R4(\)y,} contains the sequence —y,, convergent to
—y. Therefore Az, N D(A) # 0, and —y,, + AR4(N)y, € D(A) converges

to —y + AR4(N)y € D(A). Hence

Az, — Az and V'(t)Az, — V'(t)Az,
as V'(t) is bounded (property (1.6.16)). Since (fl;ll),xn — %aj and
V" (t) is closed, we have

n—1

Vitr = =,

r+ V' (t)Az, x€ Ra(\)D(A). (1.6.19)

From the inclusion in (1.6.18), the closedness of A and the boundedness of
V'(t), we obtain
n—1

V' (#)e hx LAV (e, @ Ra(\)DA).

For z € R%(X\)D(A) there exists V" (t)Az, therefore, after differentiating
(1.6.18), we have

tnfl

VO (t)z = TR V"(t) Az

€ (;%;'x + AV"(t)x, x € R4 (\)D(A).
We continue the process and obtain
V(e e AV )z, x e R (N)D(A),
vtz =
Therefore for any « € R%{" (\)D(A), V" *+(.)z is a solution of the Cauchy
problem (IP).

Now we show that the solution is unique. Let y(-) be another exponen-
tially bounded solution of (IP). Then we have

/ e My(tydt = %{H/ e”y’(t)dt}
0 0
€ i{erA/O e”y(t)dt},
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hence,
ze (M= A) / =Myt dt.
0

Applying R 4(A) to this inclusion, we obtain

Rae = [~ e y(oat

or

/ A”“e*”V(t)a:dt:/ e*“VW“)(t)dt:/ e My(t)dt.
0 0 0

Therefore V"2 (t)x = y(t). We have shown that if there exists a k-
times integrated semigroup then any solution of (IP) coincides with the
k-th derivative of the integrated semigroup.

As in Theorem 1.2.4, the unique solution u(-) of (IP) satisfies the esti-
mate in Definition 1.6.7, thus the Cauchy problem (IP) is (n,w)-well-posed
on Ry (\)D(A). O

Now we compare the obtained results with the results of Theorem 1.6.2
on the uniform well-posedness of the Cauchy problem (IP). Decomposition
(1.6.6) generalizes in the degenerate case the property of the generator of
a nondegenerate Cp-semigroup to be densely defined. Only in this case we
have the projector

P=U(0): X — X; = D(A),

such that X; = PX, A0 = ker P. Due to the decomposition (1.6.6) the
MFPHY condition for (AI —A)~! on X; can be written as the condition
for (\I — A)~! on X. In this subsection, without any decomposition of

-1
X in Theorem 1.6.5, we obtained the MEFPHY-type estimates for %

-1
only on X7, and on X we obtain the estimates for (/\1)\—717«;\1) And note that

the estimates (1.6.15) guarantee (n,w)-well-posedness of (IP) only on some
subset of D(A), not on the whole of it.

Recall the property discussed in Proposition 1.5.1: if an operator A
satisfies the MFPHY estimates, then

Vz € D(A), )\lim ARA(N)z — .

The following proposition justifies the generalization of the decomposition
(1.6.6), which we will use later in this section.

Proposition 1.6.5 Let A satisfy (1.6.8), then

Ve € Dpyq, /\lim ARA(N)z — .
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Proof Let x € D,yq, then there exists y € X such that © = (Aol —
A)~(+ty for some Ao € p(A) and

AN — A) "tz — |
INAL = A7 (ol = A"y — [(Aol — ATy
= A0 =TI = AT = ATy

—Xo(Ao = A) Aol = A) Ty

= A Qo= AT - A) Ty -
,)\O()\O _ )\)71[(}\0] _ A)fl}nJrly”

— 0 as A — 00.

It follows that ker R4(A\) N D,y1 ={0}. O
Thus we have, that in general, the estimates (1.6.8) do not imply

ANX, ={0} or  AM0oNnX. = {0}

for some k = 1,...,n, and consequently, they do not imply any decompo-
sition of X.
Now we assume the decomposition

X = Xpy1 ©ker R = X1 @ A0, (1.6.20)

the generalization of decomposition (1.6.6) for the case of a degenerate n-
times integrated semigroup. Having the decomposition (1.6.20), we can
prove the necessary and sufficient condition for the (n,w)-well-posedness of
the Cauchy problem (IP).

Theorem 1.6.7 Let A be a multivalued linear operator on X with p(A) #
(0. Suppose that the decomposition (1.6.20) holds for somen € N and A € C
with Re XA > w, w € R. Then the Cauchy problem (IP) is (n,w)-well-posed
on D41 if and only if the condition (1.6.15) is satisfied.

Proof Suppose the Cauchy problem (IP) is (n,w)-well-posed on D,,+1. To
show the estimates (1.6.15) we define Uy(t), ¢ > 0, by

Up(t)z = { 87@’ i E %nﬂ]n

Since Uy(t) are defined on [Dy41]n & A0, we can extend R4(A)Up(t) to
[Dy]n—1 and A20, respectively, and therefore to the closure of D,, in the
norm | - ||ga—1. Hence, Ux(t)z, k = 1,...n are defined for © € Dj41_,
they are exponentially bounded in the norm || - || gn—*, and we can extend
them to [Dp41—k|n—k and AFF10, respectively. In particular, the operators
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U, (t) are defined and bounded on D(A) and on A"*10, and hence on
X = X,41 ©@ A"M0. As in the proof in Theorem 1.6.5, we have that
{V(t) := Un(t), t > 0} is an exponentially bounded n-times integrated
semigroup degenerate on A0. Its generator A is defined by

Ra(N)x = / Ne MV (t)xdt.
0

Hence, the condition (1.6.15) holds.

Taking into account the decomposition (1.6.20), we now clarify the
structure of the constructed degenerate semigroup V on X by considering it
on X, 41 and on A"*10. By construction we have that all operator-functions
Ui(-), k > 1, are equal to the primitives of Uy(+) of the corresponding order,
which are extended from D, 1 to X;,+1 = Dy41. They are equal to zero
on A0 = ker R 4(A), hence they are independent of A on .40. Now we show
that Uy (t)z are independent of A on the sets A*+10.

Ui()z = Ra(Nz, =z € A%0=ker R4()),
Us(t)r = [M—1RY(\N)x +tRa(N)x, =€ A%,
2
Us(t)e = [/\2% oA+ 1} Ry (V) + t[/\% - 1} RY(M\)z

2
+%RA(/\)90, v e A%,

U.()x = zn: ai(t, )Ry (\)z, (1.6.21)
=1

i—1

i— tk n
a; =Yy (=) 105,1A’€H, x € A"Ho.
k=o

The equality

d
SVt = R4y(Nz = —-R%3(Nz =0, =z ¢c A%,

implies that Uy (t) is independent of A. By induction one can prove
aUk(t)x =0, zc A", k=23,....

Suppose that the estimates (1.6.15) hold. Then by Theorem 1.6.6 the
Cauchy problem (IP) is (n,w)-well-posed on R4 (A\)D(A) C D,41. By
the decomposition (1.6.20)

Dpni1 = R (NX = R (V) Xt
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On the other hand, we have
R N X1 = R VRITH (V)X € R (A)D(A),

and hence, D,,11 C R (\)D(A). So R{"™ (\)D(A) = D,,11, therefore,
the Cauchy problem (IP) is (n,w)-well-posed on D, ;. O

From this theorem we obtain conditions for the (n,w)-well-posedness of
the degenerate Cauchy problems (DP) and (DP1).

Corollary 1.6.2 Consider the Cauchy problem (DP) with linear operators
A and B such that AB™! is closed. Let

pp(4):={reC ’ (AB — A)~'B is bounded | # 0,

and suppose that the decomposition (1.6.20) holds. Then the Cauchy prob-
lem (DP) is (n,w)-well-posed on D, 11 if and only if the condition
dK >0, weR :

k !
Hd RAn ” KR (1.6.22)

d)\F ()\ w)k'H
holds for all A > w and £k =0,1,... .

Corollary 1.6.3 Counsider the Cauchy problem (DP1) with linear operators
A and B such that B~ A is closed. Let the set

{/\ eC ‘ B(AB — A)™! is bounded } #0,

and suppose that the decomposition (1.6.20) holds. Then for any « € D,, 11
the Cauchy problem (DP1) has solutions v such that Bwv is uniquely defined
and ||Bv(t)| < Ke*!||x|| g~ if and only if the condition (1.6.22) holds.

1.7 Second order equations

Let X,Y be Banach spaces and A, B, @ be linear operators from X to Y.
We suppose that @ is bounded and ker @ # {0}. Consider the abstract
Cauchy problems

u”’(t) = Au'(t) + Bu(t), t>0, u(0) ==z, u'(0) =y, (1.7.1)
and
Qu'(t) = Au/'(t) + Bu(t), t>0, u(0) ==z, v'(0) =y, (1.7.2)

In this section we use semigroup methods for studying the well-posedness
of these problems. First, we construct M, N-functions, the solution op-
erators for problem (1.7.1), which generalize semigroups and cosine and
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sine operator-functions. Second, we study (1.7.1) and (1.7.2) by reducing
them to a first order Cauchy problem in a product space. Using the results
of Sections 1.2 and 1.6 on integrated semigroups we obtain necessary and
sufficient conditions for well-posedness of (1.7.1) and (1.7.2) in terms of
resolvent operators

R.(\?):= (AT -XA—-B)™' and R4(\?):=(\Q* - A—-B)™!

respectively.

The relation between operators A and B plays a very important role
in studying the well-posedness of second order problems. We show that
for the equivalence of the well-posedness of (1.7.1) and the existence of an
integrated semigroup for the Cauchy problem

V'(t) = Po(t), t>0, v(0)= v, (1.7.3)

® = (g i) u(t) = (:j’((?)> o (f/)

operators A, B have to be biclosed. With the help of the theory of integrated
semigroups we prove that the MFPHY-type condition:

where

JK >0, w>0:
(1.7.4)
dk Kk
(\?) M) (M -A)|| < ————
| 0|, [er0n (i -2)| < ot

for all A € C with ReA >w and £ =0,1,...,

is necessary and sufficient for well-posedness of (1.7.1) with biclosed op-
erators A, B. Using the M, N-functions theory, we obtain the following
MFPHY-type well-posedness condition:

JK >0, w>0:
(1.7.5)
dk K k!
(A\?) )\I — AR € ———
Hd)\kR Hd)\k )R A9 = (Re A — w)k+1’

for all A € C with ReA >w and k=0,1,...,

for problem (1.7.1) with commuting operators A, B. In Subsection 1.7.3,
using the theory of degenerate integrated semigroups, we prove MFPHY-
type necessary and sufficient conditions for well-posedness of the degenerate
Cauchy problem (1.7.2).
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1.7.1 M, N-functions method
Consider the Cauchy problem

u”(t) = Au'(t) + Bu(t), t>0, u(0) =z, u'(0) =y, (1.7.1)
where A and B are closed linear operators in a Banach space X.

Definition 1.7.1 The Cauchy problem (1.7.1) is called w-well-posed on
FEy, Es if for any x € E1,y € Fy there exists a unique exponentially bounded
solution:

K >0, w205 @) < Ke! (|2l + ), ¢ >o0.

Definition 1.7.2 Let A,B : X — X be closed linear operators. A one-
parameter family of bounded commuting operators {M(t),N(t), t > 0} is
called a family of M, N -functions generated by operators A, B if

(M1) M(t+ h) = M(t)M(h) + BN (t)N (h),
N(t+h) = MEN(h) + M(WN(t) + AN (N (h), t,h>0;

(M2) N(0) =0, M(0) =1, N'(0) =1, M'(0) = 0;
(M3) M(t) and N(¢t) are strongly continuous in t > 0;
(M4) 3K >0, w>0: [IM@)] < Ke*" and |N(t)| < Ke¥t, t > 0.

The operators A, B are called the generators of the family of M, N -
functions.

If M(t) and N (t) commute with A and B on D(A) and D(B) respectively,
then it follows from (M1) that operators

M(2h) — 2M(h) + I

M"(0)z = lim

h—0 h? .
N"(0)z = hmw%

h—0 h2

defined for those x € X where limits exist, are the generators of the family
of M, N-functions:

M"(0)=B, N"(0)=A. (1.7.6)
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Definition 1.7.3 Operators A, B are called w-closed if the operator A\A+ B
is closed for any A € C with Re A\ > w. Operators A, B are called biclosed,
if for any sequences x,€D(A), y,€D(B) such that

Tp —x and Yp — Y,

we have
Axy + By, — 2z =z € D(A), y € D(B)

and Az + By = z.

It is not difficult to see that if A, B are biclosed, then A, B are w-closed,
and both A and B are closed. The following two examples illustrate that
if A and B are closed operators, they may be not w-closed, and if A, B are
w-closed, they may be not biclosed.

1. Consider closed operators A = d*/ds* + d/ds, B = —cd?/ds* on
Cla,b]. Let x, be such that

D(A) = D(B) 3 zn(s) — a(s), a,(s) = y(s),

and z//(s) is not convergent in Cla,b]. Then (cA + B)x, — cy, but z ¢
D(A)ND(B) = D(cA+ B). Therefore, operators A, B are not w-closed for
w < c.

2. Consider operators A = d/ds, B = d*/ds?* on C[a,b]. They are
w-closed for any w. Let sequences z,(s) € D(A) and y,(s) = — fos X, (t)dt
be such that z, — x but ], is not convergent in Cla,b]. Then A, B are
not biclosed.

All pairs of operators where one is closed and the other is bounded, and
pairs of closed operators with ranges in orthogonal subspaces, are examples
of biclosed operators.

Denote d; = D(AB), dy = D(A?)ND(B). Using the M, N-functions we
obtain the following necessary and sufficient conditions for well-posedness
of (1.7.1).

Theorem 1.7.1 Let A, B be commuting closed linear operators with do-
mains such that dy = do = X. Then the following statements are equiva-
lent:

(I) the Cauchy problem (1.7.1) is w-well-posed on dy,ds;

(II) the operators A, B are the generators of a family of M, N -functions,
and N''(0) = A, M"(0) = B. In this case, the solution of (1.7.1) has
the form

u(-) = M@ )z +N()y, x€di, yed;
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(III) for Re A > w there exists R,.(\?) and

R.(\*)z :/ e NN (t)xdt, (1.7.7)
0
(M — AR, (\*)z = / e MM (t)xdt (1.7.8)
0
forallx € X;
(IV) the condition (1.7.5) if fulfilled for R,.(\2?):
3K >0, w>0:
& | , K k!
- - _ < v
Hd)\kRT(/\ || d\F (AI A)Rr()\ || = (Re XA — w)k+l

for all A € C with ReA >w and k=0,1,....

Proof (I) = (II). Bounded operators M(t) and N (t) are defined as
extensions of the solution operators for initial values (z,0) and (0,y), re-
spectively:

M"(t)z = AM'(t)x + BM(t)z, t >0, M(0)z ==z, M'(0)z =0,
N"(t)yy = AN (t)y + BN (t)y, t >0, N(0)y =0, N'(0)y =y.

Commutativity of A and B and the uniqueness of a solution imply com-
mutativity of M(¢) and N (h) for any ¢, h > 0, commutativity of operator-
functions M, N with operators A, B, property (M1), and equality (1.7.6).
Property (M2) follows from the initial conditions. Continuity and expo-
nential boundedness of a solution imply (M3) and (M4).

From (1.7.6) and the commutativity of M, A/-functions we obtain the
following relations for derivatives

Vu € D(B), M'(t)yu = N (t)Bu = BN(t)u,

Vu € D(A), N'(tH)u = M(t)u+ N(t)Au

= M(t)u+ AN (t)u,
Vu € D(AB), M"(t)u = BN (t)u+ ABN(t)u
= AM'(t)u+ BM(t)u,

Yu € D(AH)ND(B), N'(t)u = AN'(t)u+ BN (t)u
for all ¢ > 0. These relations imply that
u(*) = M)z +N()y, z €di,y € da

is a solution of the Cauchy problem (1.7.1). Since M, N -functions are
exponentially bounded, the solution is stable.
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(IT) = (III). As in the proof of the closedness of a generator of a Cy-
semigroup in Proposition 1.1.1, one can prove the following property of
generators of a family of M, N/-functions:

vV, € D(A)N D(B), (1.7.9)
xn, —x € D(B) & Px,, >y € D(P) = x € D(P) & Pxr =y,

where P := AA + B = AN"'(0) + M”(0), Re A > w.
Note that property (1.7.9) is weaker than the w-closedness and hence,
the biclosedness of A, B, but it allows us to conclude that

(N1 — \A — B)/Ooe”\tj\/(t)xdt = /me*’\t(ﬁf — M — B)N (t)zdt
0 0

for all x € D(A?) N D(B). Integrating by parts and using the formulae for
the derivatives of M, N -functions, we obtain

(M2 —\A - B) /oo e MN(t)zdt = x
0

forallz € X = D(A%) N D(B). Applying [ e MN (t)dt to (A2 I-XA—B)x
for x € D(A?) N D(B), we obtain

/ e MN ()N = AA — B)dt = o

0

for all x € D(A) N D(B). Thus (1.7.7) is proved. The equality (1.7.8) can
be proved by similar arguments.

(III) = (IV) follows from (1.7.7), (1.7.8) and exponential estimates
(M4). For proof of (IV) = (I) see our book [128], where the detailed
proof of this theorem is given. O

1.7.2 Integrated semigroups method
We consider the Cauchy problem (1.7.3):

V'(t) = Po(t), t>0, v(0)= v,
on the Banach space X := X x X, equipped with the norm

(@, )ll2 = max {|lz]x. [lyllx }-

0= (5 3) =)= ()
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Suppose that ® is the generator of an exponentially bounded n-times
integrated semigroup V on X. We recall (see Proposition 1.2.1) that the
operator ¥ defined by

s -1
Uz =\ — ( / A”e—MV(t)dt> T
0

is called the generator of V.
Let p(®) be the resolvent set of ® and p(A, B) be the set of all A € C
such that the operator R,.(A\?): X — X is bounded.

Theorem 1.7.2 Let A,B : X — X be biclosed linear operators such
that di = dy = X and p(A,B) # (0. Then the following statements are
equivalent:

(I) the operator & = (0 I) is the generator of a 1-time integrated

B A

semigroup on X;

(II) the condition (1.7.4) is fulfilled:

JK >0, w>0:
d* 1o ; Kk

T—A)| < — 2%

dek () ’d/\k 02) (A1 - 4) = Re A — w)k+1

for all A € C with ReA > w and k=0,1,...;
(III) the Cauchy problem (1.7.1) is w-well-posed on dy,ds.

Proof (I) = (II). The operator ® = (O I> is closed if and only if

B A

A, B are biclosed. So @ is closed and densely defined: D(®) = X. Since
® is the generator of a 1-time integrated semigroup, by Theorem 1.2.3, the
MFPHY-type condition holds for the resolvent of ®:

IK >0, w>0:

KE!

H {%_(M} ) = (A —w)ktt (1.7.10)

A

forall A >w and kK =0,1,..., where

Ro()) = (AT — )" = (RT(% 4) A};;f?;g)) RRAT)

Note that (1.7.11) implies that estimates (1.7.10) are equivalent to estimates
(1.7.4) for R.(\2).
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(IT) = (III). We have that the condition (1.7.4) is equivalent to (1.7.10)
and the condition d; = do = X is equivalent to the condition D(®) = X.
Therefore the operator ® is densely defined and (1.7.10) holds. Thus @ is
the generator of a 1-time integrated semigroup V', and the Cauchy problem
(1.7.3) is (1,w)-well-posed. That is, for all

v € D(®*) = D(AB) x [D(A*) N D(B)]
there exists the unique solution v(-) = V'(-)vy with
lo@) = [(u(t), «' ()] < Ke*[|volle-

Then w(-) = Re(A)v() is a solution of (1.7.3) with the initial value w(0) =
R (Mg and with the stability property

lw(®)]| < Ke'||Ra (Mvolle < Ke*[Juo]].
Applying (A — ®)~" to the equation (1.7.3) and integrating it, we obtain

the equality

/0 v(s)ds = —w(t) + w(0) + )\/O w(s)ds. (1.7.12)

From (1.7.12) we have

[

lu(@)]l < Ke*([l]l + llyll)

for some wy > w. Thus, for all € d,y € dy the Cauchy problem (1.7.1)
has the unique solution wu(-) stable in X. It is equal to the first coordinate
of v(-), the unique solution of (1.7.3).

(III) = (I). If p(A, B) # () then p(®) # 0 and the w-well-posedness
of the Cauchy problem (1.7.1) on dj,ds is equivalent to the (1,w)-well-

< K(2+ [Aft)e ||voll,

hence

posedness of (1.7.3). In particular, fot v(s)ds is stable in X if and only if
u(t) is stable in X. Since (1.7.3) is (1, w)-well-posed then ® is the generator
of a 1-time integrated semigroup (see Theorem 1.2.4). O

Comparing the M, N-functions method and the integrated semigroups
method, we note that by Theorem 1.7.1, if A, B are commuting operators
satisfying the density property and (1.7.5), then (1.7.1) is w-well-posed
on di,ds and A, B are biclosed. By Theorem 1.7.2, if A, B are biclosed
operators satisfying the density property and (1.7.4), then (1.7.1) is well-
posed on dy,dz. The condition (1.7.5) is the same as (1.7.4) if and only if
A and B commute.
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1.7.3 The degenerate Cauchy problem
Let X,Y be Banach spaces. We consider the Cauchy problem
Qu"(t) = Au/(t) + Bu(t), t>0, u(0)==x, u'(0) =y, (1.7.2)

where A, B : X — Y are biclosed linear operators and operator @ : X — Y
is linear and bounded.
Let X =X x X and Y =Y x Y. Consider the closed linear operator

0 I
(I)<B A>X—>y

and the bounded linear operator

I 0
\P:(O Q>:X—>y.

As in the regular case it is not difficult to prove that the existence of a
unique solution

u(-) € C{[0,00), D(B)} NC'{[0,00), D(A)} N C*{[0,00), X}

of (1.7.2) is equivalent to the existence of a unique solution

o) = (;4())) e 0{[0,00), D(®)} N CH{[0,00), X}

of the degenerate Cauchy problem

T/ (t) = dou(t), t>0, v(0)= (Zj) . (1.7.13)

Using Theorem 1.6.5 and Corollary 1.6.4 about the connection between
the well-posedness of (1.7.13) and existence of a degenerate n-times in-
tegrated exponentially bounded semigroup V with the pair of generators
U, .

Ra(N)E := (AU — @)71\115 = / Ne MY (H)Edt, €€ X, Re) > w,
0
and the MFPHY-type condition for R4(\), we obtain the following theorem

on the well-posedness of (1.7.2).

Theorem 1.7.3 Suppose operators A, B are biclosed and the operator
(AU — @)1 is bounded for some M.  Assume that X admits the
decomposition:

X =Dpi1 ®ker Ry (1.7.14)

where Dyy1 := RZH(A)X. Then the following statements are equivalent:
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(I) the Cauchy problem (1.7.13) is (n,w)-well-posed on Dy41;

(I1) the MFPHY-type condition holds for Rq(A) = (AW — &) "W
dK >0, weR:

KE!
(A —w)ktl

(1.7.15)

[P

forall A\ >w and k=0,1,...;

(IIT) the MFPHY-type condition holds for Rg(\?) := (\2Q — A\A — B)_l:

3K >0, weR:
Ra(x)1® Kk
An—1 ~ (ReX —w)k+1l’
RaOD(AQ — A)]™ Kk
An—1 Re — w)kt1

or all A\ € C with ReA>w and k=0,1,...;

(IV) the Cauchy problem (1.7.2) is (n — 1,w)-well-posed on the sets of

iiatial values By and Eo such that (z) €Dpy1 -

Proof (I) <= (II) follows from Corollary 1.6.4.
(II) < (I1I) follows from the equality

_ g (RaOA0Q=A) Ra¥?) \ (T 0
Ra(}) = (02 —9) ‘I"( " Ral)B Az%(m)(o Q)'

(I) <= (IV). Unique solutions of (1.7.13) and (1.7.2), stable with respect to

corresponding initial data, are connected by the relation v(t) = (5,((?) ) .o

Corollary 1.7.1 Suppose operators A, B are biclosed and the opera-
tor (AU — ®)~! is bounded for some . Assume that X admits the
decomposition:

X =D, @ ker R3.

Then the Cauchy problem (1.7.2) is well-posed on the sets of initial values
F; and Es such that (5) € D, if and only if the MFPHY-type condition

holds for Rg(A\2) := (A2Q — MA — B) ™ :
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dJK >0, welR:

K k!
(Re A — w)kt1”

im0

K k!

(k)
{Rd()ﬂ) ()\Q - A)} < Reh —w)Fil

orall A € C with ReA >w and £ =0,1,....
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Chapter 2

Abstract Distribution
Methods

2.1 The Cauchy problem

In the previous chapter we showed that under different conditions on the
resolvent of an operator A : D(A) C X — X, the Cauchy problem

u'(t) = Au(t), t€10,T), T < oo, u(0) ==, (CP)

has a unique solution for x from different correctness classes stable with
respect to z in different norms. In this section, we consider the Cauchy
problem (CP) for any € X in the space of distributions. Our main aim
is to obtain necessary and sufficient conditions for well-posedness in the
space of distributions in terms of the resolvent of A. We show that they
are the same as in the case when A is the generator of an integrated semi-
group. That is, only the Cauchy problem with a generator of an integrated
semigroup can be well-posed in the space of distributions.

In the first subsection, we consider abstract distributions and distribu-
tion semigroups. In the second, we prove necessary and sufficient conditions
for the well-posedness of (CP) in the space of distributions. As in the well-
posedness theorems in Chapter 1, it is done via intermediate results about
the existence of some semigroups. Here, they coincide with solution oper-
ator distributions and distribution semigroups. In the third subsection, we
consider the particular case of exponential distributions.

2.1.1 Abstract (vector-valued) distributions

Let X be a Banach space and D be the Schwartz space of infinitely differ-
entiable functions ¢ : R — R with compact supports and with the following
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convergence: @, — ¢ in D if there exists a compact set K C R such that
supp ¢, C K and

sup |01 (t) — ()] — 0, i=0,1,... .

teK n—oo
Let Dy, D_, Dy, & be subspaces of functions from D with supports bounded
from the left, from the right, with support in [0, o), and with any support,
respectively. Let S be the countably normed space of rapidly decreasing
functions with the system of norms

lplljx == sup sup(1+ [t])7 [0 (t)]. (2.1.1)
0<i<k t

Definition 2.1.1 The space of distributions on X 1is the space of linear
continuous operators from D to X :

D/(X):=L(D,X), Di(X):=L(Dy,X);,
D'o(X) is the subspace of distributions vanishing on (—0,0), §'(X) =
L(S,X) is the space of tempered distributions, £'(X) = L(E,X) is the
space of distributions with compact supports, Ey(X) is the subspace of dis-
tributions from E'(X) vanishing on (—o00,0).

We denote by U(y) or (U, @) or (U(t),p(t)) the value of a distribution U
for a function ¢ from a space of test functions. For a locally integrable
function f: R — X we write

flo)=(f0) = (f(). o)) = /Rf(t)so(t)dt feD'R).

Definition 2.1.2 A sequence U, is called convergent to U in D'(X) if
(Un — U)(©)]| —n—00 0 uniformly with respect to ¢ from a bounded set
K CD. A set K C D issaid to be bounded if for any {on} C K and
en — 0 (e, €R), we have e, — 0 in D.

The following proposition for abstract distributions is an analogue of the
well-known fact that every linear continuous operator on a normed space
is bounded.

Proposition 2.1.1 Let U € D'(X) and K be a compact set from R. Then
there exist p > 0, C > 0 such that for any ¢ € D with supp p C K

U@ < Cligl,, where |[lpl, = sup sup|pW (). O  (2.1.2)
0<j<ptekK

The number p in (2.1.2) is called the local order of a distribution U.

Let DP(K) be the Banach space of p-times continuously differentiable
functions with supports in a compact set K C R and with the norm (2.1.2),
then any function from DP(K) can be approximated by an infinitely differ-
entiable function.
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Proposition 2.1.2 For any ¢ € DP(K) and C > 0 there exists ¢ € D
such that
supp ¢y C K. = {t eR ‘ dist(t, K) < 5}

and [lo — ¢, <e. O

Thus, every distribution from D’(X) can be locally extended to a smooth
function. The following structure theorems are based on this fact.

Theorem 2.1.1 Let U € D'(X) and Q be an open bounded set from R.
Then there ezists a continuous function f: R — X and m > 0 such that

Ulp) = f™ ()

for all ¢ € D with supp ¢ C 2.
IfU =0 on (—o0,a), then f(t) =0 fort<a. O

The number m in the structure theorems is equal to the local order of
U plus two.

For the space §'(X) the structure theorem is global. The primitive of
a distribution U is defined by (U, ;) for some ¢; € DP(K). Later on, we
use this construction of the m-th continuous primitive for constructing an
m-times integrated semigroup related to U.

Theorem 2.1.2 Let U € §'(X). Then there exist m,r > 0 and a contin-
uwous function f: R — X such that

Ulp) = £ (p)

Jor all ¢ € S, and |f(£)] =juy~e O(It1").
IfU =0 on (—o0,a), then f(t) =0 fort<a. O

For distributions with a point support ¢y the structure theorems give
the following representations.

Proposition 2.1.3 Let U be a distribution with a point support tg, then

dp >0, U= Z 0" (t—tp). O
k<p

Here 6(t — tg) = 0y, is the Dirac distribution (delta function) concentrated
at to.

Now we define a convolution of distributions. Let Z, XY be Banach
spaces such that the bilinear mapping (u,v) — uv : Z x X — Y is defined.
If Z =X =Y = R, then this mapping is the usual multiplication. We
consider the particular case of Z = £(X,Y’) which is relevant to the study
of the Cauchy problem. Let U € D{(Z), V € D{(X) and ¢ > 0. By
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Theorem 2.1.1 there exist m, p > 0 and continuous functions f : R — Z
and ¢g : R — X vanishing for ¢ < 0 such that

Ulp) = " (p), V(e) = g™ ().
Then we define
(U V), 0) = ((f *9) ™), ) (2.1.3)

for any ¢ with suppy C (—o0,c¢). This definition does not depend on
m,p,¢ f,9. U € S\ (L(X,Y)) and V € S\ (X), then UxV € S, (Y).

Example 2.1.1 Let S C D{(L(X,Y)) and = € X, then
(Sx(@z),0)=(S,p)x= (@IS, ), (2.1.4)

(S* (6™ @ z),0) = (S®), p)a = (§W @ I« S, p)a, (2.1.5)

here (60 @ z,¢) = (0", )z, (W) @ 1I,¢) := (6®) )T, and T = Ix is
the identity operator on X.

It follows from Theorem 2.1.1 that for any ¢ € D there exists a contin-
uous function f such that f(¢) =0 for ¢t < 0, and m > 0 such that

S = (0" [ om0
Let
t, t>0
(GRS
then " = §. Suppose supp ¢ € (—o0,c). By definition of the convolution
we have

(S*(d@x),p)

_1\ym+2 ¢ (m+2) ¢ — g s)ds
(-1) Aw @WA@ ) (s)d
- hnﬁ/wmmeMhﬂ&wm

0

The second equality in (2.1.4) and the equalities (2.1.5) can be proved in
the similar way.

To define the Laplace transform for distributions, one considers the
space S/, (X) of exponential distributions of type w. A distribution U be-
longs to S, (X) if e~“tU(f) € 8'(X). The Laplace transform of U € S’,(X)
is the function

UN) = LU(t) := (U, e M) = (e “tU(E), x(E )e~ A=)y, (2.1.6)

where

1, t>0
X(t)_{ 0, t<c<0

©2001 CRC Press LLC



and x(-) € C*®(R). The following properties of Laplace transforms for
distributions are similar to the properties of classical Laplace transforms.

Proposition 2.1.4 Let U,V € S (X), then LU(X) is an analytic function
for ReA > w and

(LU)'(N) = —L(tU), LU (N) = ALU(N),
LU *V)A) =LUNLV (M), ReA>w. DO

Now we consider the Cauchy problem in spaces of distributions. It is
not difficult to verify that if u is a classical solution of (CP), then the
corresponding distribution

Ulp) := (uH, p) = /OOO p(t)u(t)dt, ¢ €D,

(here H(-) is the Heaviside function) is a solution for the equation

P+xU=6®u, (6P)
where
P=§@I-60A € Dy(L(X4,X)),
(6@ A, p) = (5,p)A
and

Xai={D(A), llalla =[]l + | Az] }.

Indeed, we have

/mwwwwm - —ﬂmx—/mwwmmﬁ
0 0
_ _@ea)e) U ()

and
/ SO (1)t = A / o(Du(t)dt = AU (o).
0 0

Taking into account Example 2.1.1, we obtain

(PxU,p) = ((0'@1)xU,o) — (6@ A)xU,p)
= (U,p) —(AU,p) = (0 @ 2,¢).

Definition 2.1.3 A distribution U € D{(X ) is called a solution of the
Cauchy problem (CP) in the sense of distributions if it is a solution of

(6P).
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Definition 2.1.4 The Cauchy problem (CP) is called well-posed in the
sense of distributions (or (6P) is well-posed) if

(a) for any x € X there exists a unique solution U € D{(X4) of (6P);

(b) for any sequence of initial values {x,} C X such that z, — 0, the
corresponding sequence of solutions {U,} converges to 0 in Dy(X4).

The Cauchy problem (CP) is called w-well-posed in the sense of distri-
butions if

(al) for any x € X there exists a unique solution U € S/, (X 4) of (6P);

(b1) for any x, — 0 we have U, — 0 in S, (X 4).

Similarly to the case of a uniformly well-posed Cauchy problem, the solu-
tion of a well-posed problem (JP) can be constructed with the help of a
semigroup, namely a distribution semigroup .

Definition 2.1.5 We say that a distribution @ € Dy(L(X)) is a distribu-
tion semigroup if

(i) V@ﬂ/’ € DO, <Q790 * 1/’> = <Qv§0><Qaw>

A distribution semigroup is said to be nondegenerate if

(i) Vo €Dy,  Q(p)r=0=2=0.
A distribution semigroup is said to be reqular on

ran (@) := {Q(gp)x ‘ w €Dy, z € X}
or simply reqular if

(iii) for any y = Q(p)x with ¢ € Dy and x € X, the distribution Qy is a
continuous function u(-) such that u(t) =0 fort <0 and u(0) = y.

A distribution semigroup is said to be with dense range if

(iv) ran@Q = X.

A distribution semigroup Q is said to be an exponential distribution semi-
group of type w if Q € S, (L(X)).

The generator of distribution semigroup is defined by A := Q(—7").
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To justify the definition of the generator, for any distribution E with a
compact support in [0,00), we give the definition of the operator Q(FE).
Let E € & and let {6,} C Dy be any sequence convergent to ¢ (Dirac
o-function). Then

D(Q(E)) := (2.1.7)
{ac eX ‘ Q(6,)x — x and Jy such that Q(F x d,)x — y},
and Q(E)x := y. It is not difficult to prove that this definition does not
depend on the choice of the sequence §,.
Now we state the properties of distribution semigroups. In Theorem

2.1.4 we use these properties to show that every distribution semigroup
coincides with a solution operator distribution.

Proposition 2.1.5 Let E € &) and Q be a distribution semigroup with
dense range. Then Q(FE) has the following properties

(Q1) Vo e Dy, z € X,
Qp)r € D(Q(E)) and Q(E)Q(p)r = Q(E * p);

(Q2) D(Q(E)) = X;
(Q3) Vo € Dy, = € D(Q(E)),

(Q4) There exists Q(E), the closure of Q(E), and
Vo € Dy, x € X,

Q(E)Q(p)r = Q(E)Q(p)x.

If Q is regular, then
(Q5) V¢ €D,

QY1) = Q)
where ¥4 () € & is defined by

g = { 30 120

Proof (Q1). Taking into account the fact that d, x ¢ € Dy and property
(i), we have

Q(0,)Q(p)r = Q(d, * p)r — Q(p),
Q(E 0,)Q(¢)x = Q(E* b, x ) — Q(E* )z, z€X.
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Hence Q(p)z € D(Q(F)) and Q(E)Q(p)r = Q(E * ¢)r. (Ql) and (iv)
imply (Q2).
(Q3). For z,y from (2.1.7) we have
QP)QE  d,)z — Qp)y = Qp)Q(E)z,
Q(P)Q(E *bn)x = Q(E + b x p)z — Q(E x p)z = Q(E)Q(p).
(Q4). Tt is well-known that a linear operator A has a closure if and only if
Va, € D(A): z, — 0,
Az, -y = y=0.
Let z, € D(Q(FE)) be such that z,, — 0 and Q(E)z,, — y, then
Vo € Dy,
QP)Q(E)zn = Q(E * p)an — Qp)y-
Since Q(F * ¢) € L(X,X), we obtain Q(¢)y = 0. It follows from (ii) that
y=0.
(Q5). Let ¢ € D, then by (Q4), for ¢4 € &) we have
QU)Q(p)r = Q(Y4)Q(p)r = Q¥4 x )

for all ¢ € Dy and x € X. If we show that for any x € X

Q(Y1)Q(v)r = QY)Q(p), (2.1.8)

then by (Q2) we have (Q5). By the structure theorem in a general case
there exists m > 0 and a continuous function f(-) € C {R L(X } such that
f(#) =0, t<0and

Q()x = (—1)" /OOO FOU™ (t)adt.

for all x € X. Due to the regularity of @, for any y € ran @ there exists
fe C{R L(X } such that
V)y = / f®)v(t)ydt.

Note that in this case m = 0, and the proof is also valid if m = 1.
Hence for any y = Q(¢)z, where z € X, and any sequence {d;} C Dy
such that ; — 6, we have

Qyy)y = jlim QY x6;)y

lim f dt/ P(1)d;(t — 7)ydr

Jj—o0

=/f (t)ydt.

Therefore (2.1.8) and (Q5) hold. O
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2.1.2 Well-posedness in the space of distributions

Theorem 2.1.3 Let A be a closed linear operator on a Banach space X.
Then

(W) the Cauchy problem (CP) is well-posed in the sense of distributions
if and only if

(S) there exists a solution operator distribution S € Dy(L(X,X4)) such
that
P+xS=06®1, (2.1.9)

S*xP=0RJ, (2.1.10)
where I = Ix,J = Ix,. In this case

(U, ¢) = (S, ¥)z,
forallp e D and x € X.

Proof (W) = (S). Consider the distribution S defined by

S(p)x = Sz(p) :=U(yp)

for all ¢ € D, where U is the unique solution of (6P). Then Sz € Dj(X 4).
The well-posedness of the Cauchy problem implies that for every ¢ € D

[zn]l = 0 = [[S(@)znlla = [[Un(@)]la — 0,

therefore S(¢) € L(X, X 4). We show that S € D{(L(X,X4)), i.e.,
Y{pn} CD,
on = 0= [|S(¢en)lle(x,x4) = 0

This implication follows from the estimate
dm, C >0:
1{Sz, on)ll < Clienlim

which holds on the set of all Sx, where x are from a bounded set M, and
for all sequences {¢,} such that ¢, — 0. This estimate is the analogue
of Proposition 2.1.1 for bounded sets. Here m depends on M and on a
compact set K containing supp ¢, .

Now, using the structure theorem, we show (2.1.9). Let ¢ € D_ and
supp ¢ C (—00,a). There exist

g€ C{R, L(Xa,X)}, feC{R, L(X,X4)}, veC{R, Xa},

such that
P=g®, §=7fm Gz =y
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on (—oo,a) and

(P xS, p)x = (g [P o)z

1 [ee)
_ : _1\ym+tpr—
|

M ) K (t - %) Ol

= nnféo(—mm*?% > g(§>/Rf(t)<p<m“’> <t+§)xdt

3| =

k=—oc0
- st £ () (02)

= (-1 [ glo)(Sz.o(E + 9)ds

R

= (=1)t+9 3 v(t) P $)dtds
(-1) /Rg( )/R )P+ (¢ + s)dtd

= (=1)t9) (p+q) s)u(t — s)ds
(0= [ ) [ alsyuts = spasar

= (PxSz,p)=(PxU,p)=01I,p)z.

Let us prove (2.1.10). Equality (2.1.9) implies the following equalities

(PxS)x = (PxS)z=0®z z€lX,
(PxS)Ax = 0® Az, x€ D(A).

By definition of P we have
(Pxd@z)=0@x—0® Az, xz € D(A).

Hence
Px(S'2—SAx—6®x)=0

and since the Cauchy problem is well-posed, we have
S'es —SAr=6®x, x€ D(A).

Therefore,
(SxP)=8-SA=56®J.

(S) = (W). Let S € D{(L(X,X4)). For any ¢ € Dy and = € X, we define
Ulp) = S(p)z = Sz(y),
then U € D{(X4) is a solution of (6P):
('@ I*Sz,0) — (6 ® AxSz,90) = (d ®2,¢).
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The associativity of convolution implies the uniqueness of the solution
U=6JxU=8S+«P+xU=5%(0®x)=Sx.
Let ||z || — 0. Since for any ¢ € D, S(p) € L(X, X4), we have
1Sz ()4 < 1S(@)znll + 15" (©)znll + l(0)2a] — 0.

We show that this convergence is uniform with respect to ¢ from any
bounded set K C D. Since K is a bounded set in D, it follows that

a) there exists a compact set K such that supp ¢ C K for any ¢ € K;

b) for any ¢ > 0, there exists C; such that

Yo € K, sup \(p(i)(t)| < C;.
teR

By Theorem 2.1.1 there exist m > 0 and f € C{R, £(X,X4)} such that
S = f™ on K, therefore

Vo ek, 1Slecxn = H [0 wa
K

CmH /f(t) dt
i

L(X,X4)

IN

= 07
L(X,XA)

and
1S(p)znlla < Cllzy,|. O

Thus we have shown that S is a solution operator distribution for the
Cauchy problem (6P). Now we prove that every solution operator distribu-
tion coincides with a distribution semigroup generated by A.

Theorem 2.1.4 Let A be a closed densely defined linear operator on a
Banach space X. Then

(S) there exists a solution operator distribution S € D{(L(X,Xa)) satis-
fying (2.1.9) and (2.1.10)

if and only if

(D) A is the generator of a reqular distribution semigroup @ with dense
range.

In this case S = Q.

Proof (D) = (S). Let @ be a distribution semigroup with the generator
A. For any ¥ € D and the corresponding function ¢4 introduced in (Q5)
of Proposition 2.1.5, we have 1, € &} and

8 w1y = oy +1(0)5.
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Hence, by (Q1) and by the definition of the generator of distribution semi-
group, we write

Ve € X, ¢ € Dy,
QU iy x p)x = QY x p)x + Y(0)Q(p)x = Q(I)Q(Yy % p)x

= —AQ(Yy * p)r = —AQ (V4 )Q(p)
= Q(¥4)Q(" x p)z = Q(4)(—A)Q(p)x.

xT

From (Q5) we have

—AQW)Q(p)r = QW)Q(p)r +¥(0)Q(p)z

= —Q)AQ(p)x, (2.1.11)

or for y = Q(p)x
—AQ(W)y — Q" )y = ¥ (0)y, (2.1.12)
—Q(¥)Ay — Q(")y = ¢ (0)y. (2.1.13)

Since the range of a distribution semigroup is dense in X and the operator
A is closed, we have Q(¢)y € D(A), and (2.1.12) holds for every y € X.
Let ||yn|l — 0 in (2.1.12), then

[AQ(W)ynll = 0 = Q(v) € L(X, Xa).

If ¢, — 0 (¢, € D) in (2.1.12), then ||Q(¢})]| — 0 and ||AQ(¥y)| — 0.
Hence, since @ € D{(L(X, X)), we have Q € D{(L(X,X4)).

To complete the proof it remains to show (2.1.13) for y € D(A). Let
x € D(Q(—d")) and ¢,, — 4 in (2.1.11), then Q(pn)r — z, Q& * Yp)T —
— Az, and we have

—Q()Az = Q)+ ¥(0)z, € D(Q(-7")) (2.1.14)

Since
Vz € D(A), 3z, € D(Q(=¢")) :

zn, — 2z and Az, — Az,
(2.1.14) holds for x € D(A). Thus, (2.1.9), (2.1.10) are valid for S = Q, i.e.
the implication (D) = (S) is proved.
(S) = (D). Let Q € D{(L(X,X4)) be a solution of (2.1.9), (2.1.10).
For any F' € D/, (X), U = Q * I is a solution of the equation
P+xU=F (2.1.15)

It follows from (2.1.10) that the solution is unique. Hence the
well-posedness of (2.1.15) is equivalent to the well-posedness of (0P).
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Now, using the fact that (2.1.15) has a unique solution, we prove prop-
erties (i) — (iv) for Q.
(i). Let ¢, ¢ € Dy. Define

i(t) = 9(=t), i) == p(=t), =0,
and let u(f) be a solution of (2.1.15) with F' = ¢ ® 2:
u — Au= ¢ ® . (2.1.16)
Then u(-) = (Q * ¢1)x is an infinitely differentiable function with values in
D(A). Let w(t),v(t) be solutions of (2.1.15) with F' = (11 * 1) ®  and

F = ¢ ®u(0), respectively. Then w(t),v(¢) are also infinitely differentiable
in t. These functions have the following initial values

u(0) = Q(p)z, w(0) =Q(p*¢)z,

To prove (i) one needs to show v(0) = w(0). From (2.1.16) we have
—A(ux 1) + (ux e1) = (p1x¢) @z,
hence w(t) = u * ¢1 and w(0) = u(Y).
Let H(-) be the Heaviside function, then H (t)u(t) € D{(X4). Since A

does not depend on t, we have

—A(Hu) + (Hu)' = H(t)(—Au +u') + 6 ® u(0).

Since
Vo € Do, Ht)(—Au+u') = (Hpy) @z =0,
we obtain
—A(Hu) + (Hu) = § ® u(0) (2.1.17)
and
—A((Hu) * 1) + ((Hu) * 1)’ = ¢1 @ u(0).
Therefore,
w= () s, o) = [t an
and
Vi € Dy,  v(0) = u(yp) = w(0).
Thus

Vo, € Do, Qe x9) = Q(p)Q().
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(iii). Let Z be a solution of (2.1.15) with F' = § ® y, where y = Q(p)z, ¢ €
Dy and z € X. Since u(0) =y, by (2.1.17) we have

Z(t) = Qu = H(t)u(t),

and Qy is a continuous function on (0, co).

(ii). Let = be such that
Yo € Dy, Q(p)x = 0. (2.1.18)

We show that z = 0. Since Q@ € D{(L(X,X4)), we have Qz = 0 on
(—00,0). Furthermore, (2.1.18) implies that Qx = 0 on (0,00). Hence, by
Proposition 2.1.3

k
Qr = Zé(i)xi, r; € X4
i=1
Since U = Qz is a solution of the equation —AU + U’ = § ® z, we have
D @r + W@ (zp_y — Azg) + ...
+ 0@ (x1— Axa) +6® (—z — Azy) = 0,
andzp=...=x21 =2 =0.

(iv). Let X* and X% be the dual spaces of X and X 4. Define Q*(¢) :=
(Q(p))", then

Q7(p) € L(XH,X7), Q" € Dy(L(X}, X7)), AT € L(X,X}).
Since (2.1.12), (2.1.13) hold for @, we have

d
(LA ) =@ Iy
@ (dt > ®ix

and

d
— — A Q" =0 Ix-.
(dt )Q 0 ® Ixy

Therefore Q* € Dy(L(X*, X*)) is a distribution semigroup which is non-

degenerate, as () is nondegenerate. Hence if z* € X is such that

Vo e Dy, z€ X, (Qp)r,2") = (z,Q"(p)z") =0,

then

Q(p)zf =0 = 2"=0 = {Q(p)z}=X.

To complete the proof we show that if A; is a generator of ) then A; = A.
From the well-posedness of (2.1.15) we have that the mapping F' — @ x F'
is an isomorphism from D{(X) to D{(Xa). Since A; is a generator of @,
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the mapping F' — @« F' is an isomorphism from D{(X) to D{(X 4,). Hence
D(A) = D(4,).
Since
—AQr+Qrx=0®Ir=—-AQx + Q'z,

we have
AQ(p)r = A1Q(p)x

for all ¢ € Dy and z € X. Taking into account that {Q(p)z} = X, we
conclude A = A,. O

Theorem 2.1.5 Let A be a closed linear operator on a Banach space X.
Then

(S) there exists a solution operator distribution S € Dy(L(X, X 4)) satis-
fying (2.1.9) and (2.1.10)

if and only if

(R) there exist M > 0 and n € {0} UN such that

M |A™
Ri( N < ———

for all X from
1
A= {)\E(C ‘ Re\ > E10g(1—|—|)\)—|——10gg},
T T ~

where
7€(0,T7), C>0,0<y<1.

Proof (R) = (S). For any m > 2n + 2 we define the function

1
Tn(t) = =5~ AN RA(N) dA,
oA

where OA is the boundary of A. On OA the function under the integral
sign grows not faster than |A|= T~ /log|\|. Hence, this integral defines
a continuous function on (—oo, 7,) with values in £(X, X4), where 7, =
Z(m —n —1). In this case, by the abstract Cauchy theorem T,,,(t) = 0 for
t <0.

We now define S := Tr(nm) on (—00, Tp,). Since for any ¢ € D, suppp C

(=00, T ), and

vm' >m, (TS ™ (), 0) = (T (t), @)
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for all t € (—o00, Ty ), we have

/@(m)Tm(w dt = /@(m/)Tm' (t) dt,
R R

and thus S is well-defined.
Let us show that S is a solution of (2.1.10). Let z € X. For any ¢ € D
with supp ¢ € (—00,a) we can choose 7, = a, then

(SxP )z = S'(p)r—S(p)Ax
_ (_1)m+1 ¢ (m+1) —m At
= o |y @) [ ATmeMRA(N)xdAdt
™ 0
ON

(_1)m+1

e “ (m) —m At
o /0 @ (t)/)\ e Ra(N) Az dAdt
oA

_1\ym—+1 a
% / o™ (t) / ANz dN dt.
0
o

21
A

By the residue theorem, for any t € [0, 7,,,] we obtain

1 tmt

[ AT AN = ————.

omi ¢ (m—1)!
oA

This yields that

a m—1
0" [0 dba

m — 1)!
= ¢0)z={{@x,).

(S * P, p)x

In the same way, one can show that S is a solution of (2.1.9).

(S) = (R). Let S € Dy(L(X,X4)) be a solution of (2.1.9), (2.1.10). By
Propositions 2.1.1, 2.1.2 we have

VI'>0,e>0,3peZy, C>0: YVoeD, suppp € [-1—¢,T +¢],

1S < Cllelly,

and S can be extended to DP[—1,T]. We denote the extension by the same
symbol. Using this extension we can construct a continuous primitive of
order p+ 2 for S. Let ¢ € [0,T], and consider the function

wt,p(s) = X(S)np(t - 8) € Dp[_laT]a
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where x(-) € C*°(R) is defined by

0, s<-—1
x(s) = { L s>0 (2.1.19)
and
tP+1
—— t>0
t) = (pt+1)!7 -
7717( ) { 0, <0
Define

V(t) == (S, Yep)- (2.1.20)

We now show that {V(¢), 0 <t < T} is a local (p + 2)-times integrated
semigroup.
By Proposition 2.1.2 there is {¢,,} € D such that

supp g, € [-1—¢&,T + €]

for all n € N, and
llon = Y ptallper — 0

for all t € [0,T]. Hence

lon = Yrprill, =0 and [lg; — g ppallp — 0.
Consider (2.1.9), (2.1.10) with ¢ = ¢,,. Let n — oo, then
—(8, ¥ pr1)® — A(S, i pr1)T = i py1(0)
forall z € X and 0 < ¢t <T'. Furthermore

_<57 ¢£,p+1>x - <S’ wt7p+1>A'r = wt7p+1(0)x’ (2'1'21)

for all x € D(A). Since

/ _ / (t B s)p+2 ¢
¢t,p+1(s) = X (8) (p+2)' +X(S)77P( 75)
+ /(3)w+¢/ (s)
TR
and ( ) .
. (t—s)Pt2
supp x (S)W € [-1,0],

for defined by (2.1.20) V(¢) we have

vt e [OvT]» V(t) = _<Sv wé,p+1> = <Sv ¢t,p>7 (2'1'22)
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and V(t) € £(X). Since the mapping ¢t — ¢, : [0,T7] — DP[-1,T] is
continuous, the function V'(-) is continuous in ¢t € [0,T]. Since supp o, C
[—1,0] and supp S C [0,00) it follows that V(0) = 0. Furthermore,

vt e (0,T), k=1,2,...,p+1,

¢t+h,k(3)h— Yrk(s) Yen1(s) (2.1.23)

uniformly with respect to s € [—1,7]. Hence we have the convergence in
DP[—1,T]. Therefore

d _ o SWnp1) = S(Wrpe1)
5 Wrp1) = lim 5
. Viyhpr1 — U,
= }1}3})5( t+hp+1h tpH) = S(tp)-

Since S(¢gp4+1) = 0, we have

S(wt’erl):/O V(S)dS (2124)

From (2.1.21) — (2.1.24) we obtain

tp+2 t
V(t)e = D) — +/0 V(s)Axds, t€]0,T), z € D(4), (2.1.25)
tp+2 t
V(t)r = T chrA/O V(s)zds, te[0,T), z€X. (2.1.26)

As it was proved in Theorem 1.2.5 for A satisfying (2.1.25) — (2.1.26), there
exists the resolvent of A and (R) holds for R4(\) with n = p + 2, where p
is the local order of S.

Remark 2.1.1 It follows from the obtained Theorems 2.1.3-2.1.5 and
Propositions 1.2.3, 1.2.4, that for a closed linear operator A condition
(W) and polynomial estimates (R) with some n are equivalent to k-well-
posedness of (CP), with some k.

2.1.3 Well-posedness in the space of
exponential distributions

Now we consider (CP) in the space of exponential distributions
S (L(X,X4)). We show that the MEPHY-type condition:

dM >0, weR:

o [

(2.1.27)

MK
~ (Re X —w)k+!
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for all A € C with ReA >w and all k =0,1,...,

is necessary and sufficient for the w-well-posedness of (JP) with a closed
densely defined operator A. Hence, by Theorem 1.2.1, (§P) with such A is
w-well-posed if and only if A is the generator of an exponentially bounded n-
times integrated semigroup with the same n as in (2.1.27). In the following
theorem we give the constructive proof of these connections.

Theorem 2.1.6 Let A be a linear closed densely defined operator on a
Banach space X. Then the following statements are equivalent:

(Wexp) the Cauchy problem (CP) is w-well-posed in the sence of distribu-
tions;

(Sexp) there exists a solution operator distribution S € S/,(L(X,X4)) such
that

PxS=06xI, SxP=0RJ, (2.1.28)

In this case
(Uyp) = (S, p)x
for all p € D and x € X;

(Dexp) A is the generator of an exponentially bounded distribution semi-
group @ with dense range. In this case S = Q;

(Texp) A is the generator of an exponentially bounded n-times integrated
semigroup {V (t), t > 0} for some n;

(Rexp) the MFPHY-type condition (2.1.27) holds.

Proof Implications (Wexp) <= (Sexp) <= (Dexp) follow from the corre-
sponding implications in Theorems 2.1.3 — 2.1.4. If a solution S of (2.1.28)
belongs to S/, (L(X,X4)), then we have that @ = S € S, (L(X,X4)) and
U=Qz e S,(X4). The converse is also valid.

(Iexp) = (Sexp)- Let n € N and A be the generator of an exponentially
bounded n-times integrated semigroup V. Since V (¢) is defined for all ¢ > 0,
S €8 (L(X,X4)) can be defined as S = V™). Let

S(p) = (—=1)" /Ooo oMV (t)dt, ¢eD.

Taking into account the following equality for an n-times integrated semi-

group:
n—1

, ot
V'(t)e = mw + AV (t)z, t>0, z € D(A),
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we have

(1)t /OO D)V () adt
0
n—1

:Gﬂ"lmwwgh%jﬁﬁﬁ+CJWAAW¢W@Wﬁnﬁ

for any ¢ € D and « € D(A). Since A is closed and all other operators
in this equality are bounded, it is valid for all x € X. Integrating the first
term in the right-hand side by parts, we obtain

AS(p)z = S'(9)z — p(0)z, € X. (2.1.29)

Hence S is a solution of the first equation in (2.1.28). Using the commuta-
tivity of V(¢) and A on D(A), we obtain the second one. From (2.1.29) we
have

IS(@)xlla < [1S()zll + 1Q ()l + | (0)] [l
Therefore S(p) € L(X,X4) for any ¢, and S € D{(L(X, X 4)). Moreover,
exponential boundness of V' implies

JweR: e 'S e S (L(X,Xa)),

hence S € S, (L(X,Xa4)).
(Sexp) = (Rexp) = (Lexp). Let S € S, (L(X,X4)) be a (unique)
solution of (2.1.29). Applying the Laplace transform to (2.1.29), we have

(M —-A)LSN) =1
and
LSNAN - A)=J

for all A € C with Re A > w. From these equalities we have that the half-
plane Re A > w belongs to the resolvent set of operator A, and (A\[—A)~! =
LS(N). Since e7#tS € S'(X), by the analogue of Proposition 2.1.1 for
exponentially bounded distributions, we have

3p20,0>0: VWeS, @)W < Cllpy (2130
where

4]l == sup sup(1+ [t])7[>@ (t)].
0<i<k t

Using the density of S in the space SP(R) of p-times continuously dif-
ferentiable functions with the norm || - ||;» and the estimate (2.1.30),
we can extend S to SP(R). Let 7, and x be defined by (2.1.19), then
x(s)np(t — s) € SP(R). Introduce the function

V(t) = S(X(s)np(t — s)) = (e7¥%9) (e“’sx(s)np(t — s)) (2.1.31)
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It is not difficult to verify that the mapping ¢ — e“*x(s)n,(t — s) from R
to SP(R) is continuous, hence V(+) is a continuous function with values in
L(X,X4). Since supp S C [0, +00) and supp (e“*x(s)n,(t — s)) C [—1,t],
we obtain that V(t) = 0 for ¢ < 0. Moreover, (2.1.30) implies the following
estimate

V@l = l(e™9) (e x(s)mp(t = 5)) |
< Clle*x()mp(t = 8)lpp < Me (1 + [+
S Mewlt

for w > w and t > 0.

Let us show that S is n-th derivative of V for n = p+2. For any ¢ € D
we have

VP gy = enmafm¢“”wvmﬁ
0
- enﬁ{é PP (1)(S(8), X (3)mp(t — 8))dt

- 6@%%@@@“2/w¢””m%@—®ﬁ>

0
(S, x(8)p(5)) = (S, ).

Using properties of the Laplace transform we have
(A - A) = )\p+2/ e MV (t)dt, Rel > w'.
0

Hence, forn=p+2 and all k =0,1,..., we obtain

Hg%{@&gﬁiﬂ’: wggwuﬂznaﬁm@m
Amamwﬁmwnﬁ

S M/ tk‘e—(ReA—w,)tdt
0

M E!

IN

By Theorem 1.2.1, these estimates are the necessary and sufficient con-
dition for a closed densely defined operator A to be the generator of an
exponentially bounded n-times integrated semigroup V. O
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2.2 The degenerate Cauchy problem

Let X,Y be Banach spaces. In this section we consider the degenerate
Cauchy problem

Bu/(t) = Au(t), t>0, u(0) ==, (DP)

with linear operators B, A : X — Y such that A is closed and B is bounded
with ker B # {0}. Suppose

pp(A) = (2.2.1)
{rec ‘ (AB = A)™'B = R(\) is bounded in X } #0,

Recall that the problem (DP) is equivalent to the Cauchy problem for the
inclusion

u'(t) € Au(t), t >0, u(0) =z, (IP)

with A = B71A.

We prove the necessary and sufficient conditions for the well-posedness
of (DP) and (IP) in spaces of distributions, generalizing the conditions ob-
tained in Section 2.1. Naturally, the semigroups connected with these prob-
lems are degenerate on X. The important fact is that an n-times integrated
semigroup with the generator A is degenerate on ker B = ker R(\) = A0,
but the corresponding solution operator distribution and distribution semi-
group are degenerate on ker R"™1 := ker R"T1()\) = A"T10. We assume
that X admits the decomposition

X =X,1 ©ker R"T, (2.2.2)

where

Xpi1:=Dny1, Dpy1:i=R"T(N)X,
which generalizes the decomposition X = X;®.40 and the density condition
for a generator of a Cy-semigroup.

In the first subsection we describe the structure of ker R"*1. It is used
in the main theorem (second subsection) where we discuss the structure
of solution operator distributions and distribution semigroups on ker R"*1.
We prove that (DP) is well-posed in the space of distributions if and only
it A (the part of operator A in X,,;1) is the generator of a distribution
semigroup, or equivalently, A is the generator of a local k-times integrated
semigroup for some k. In the third subsection, we consider (DP) in the space
of exponential distributions. The distinctive feature of the exponential case
is that the parameter k of the integrated semigroup coincides with the
parameter in the estimate for the resolvent of the generator and with the
parameter n in the decomposition (2.2.2).
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2.2.1 A-associated vectors and degenerate
distribution semigroups

Definition 2.2.1 The sets
K, - {xeX ‘ Jye K,y : Ay =Bz, y#£0}, i >1,
Ky = kerB,

are called the sets of i-th A-associated with ker B vectors.

From this definition we have that for any ¢; € K; there exists a sequence
of A-associated vectors {¢o, @1, ... ¢i—1} such that ¢, € Kj and Apy =
By for k=0,1,...,i— 1. This sequence is unique up to ker A.

Proposition 2.2.1 Consider linear operators B,A : X — Y with
pe(A) #0. Then

(I) kerBNnkerA={0}; K;,NkerA=0,i>1; K,NK; =0, j#i;
(I1) K; U{0} is a closed linear manifold in X for all i > 0;

(III) let A C C be a region containing some sequence convergent to infinity.
If there exists M > 0 such that

M ‘)\n|
1ROV < 75y

for all A € A and some f such that | f(N)| — r—o0 00, then
Vo € Dyp1, im A(AB — A 'Bx =z,

Dy1 Nker B={0}, and K,,11 = 0;
(IV) any x € ker R™*! can be represented in the form

r=x1+x2+...+x,, where z; € K;.

If ker B is complemented in ker R"1, then the decomposition
ker R""' =kerB&K1 @ ... &Ky,
holds, where K; = (K; U{0})/ker B and K; C X.

Proof (I). Condition (2.2.1) implies that ker A Nker B = {0}. For ¢; and
for A € pp(A) the following relations hold

(AB—A)"'Bp; = —pi—1 — Api—a — ... —X gy,

©2001 CRC Press LLC



[(AB—A)"'B) g, = (2.2.3)
(—1)j [C]Q_l(pi_j + C;)\Qﬁi—j—l +...+ Cii_j/\i_jgoo],
j=1,...,i
In particular, _
[AB = A)7'B]" ;i = (=1)"¢y,

for any ; € K;, ¢ € ker B. To prove these relations we write

(AB—A)"'By; = (AB—A)"YA+AB)yp;1 (2.2.4)
= —(,01',1 +)\(>\B—A)_lB(,OZ,1
—@Qi—1 — Agﬁi_g - ... — )\7;71@0.

Let ¢; € K; Nker A, then from (2.2.3) we have

Apy = A(=1)'[(AB—A)"'B]'¢:
— B(=1)'[AB—A)"'B]""'(AB - A) " Ay, = 0.

Since ker A Nker B = {0}, we have ¢ = 0. Therefore
K;NkerA=0 forany ¢>1.

Let 7 = 0. Take ¢; € K; and ;1 € K;_1 such that Ap;,_1 = By;. Since
K;Nker A = (), then Ap;_1 # 0. Hence, ¢; & ker B, and Kq N K; = (.

Now let j > 0 and ¢ > j. Consider any z € K; N K;. We have
[(AB — A)7'B]'z # 0 since x € K;, and [(AB — A)"'B]'z = 0 since
z € K;. Hence, K; N K; = 0.

(I). For any ¢ > 1, K; U {0} are obviously linear manifolds. We now
show that they are closed. Let {c,oiC } be a sequence from K; convergent to
fi, then ‘ A

(0B~ A B gk — [(AB — 4) B,

forall j=1,...,i and X € pp(A). In particular,
w6 = (~1)'[AB - A)"'B]'¢p;

is convergent. Furthermore, (2.2.3) implies that all @?, j=1,...,1, are
convergent. Denote their limits by f;. Considering (2.2.4) for ¢f, o¥, ... ¥
and letting k — oo, we obtain

(AB—=A)"'Bf;=(AB—A)""(A+£ AB)fi1,

ie. Bf; = Af;—1. Similarly, Bf; = Af;j—1 for any j =1,2,...,%— 1. Hence
fi € K;.
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(III). Let « € Dy41, then there exists y € X such that
z=[(AoB—A)'B]"y
for some A\ € pp(A4), and
IAAB — A)~'Bx — x|

= [AAB = A)7'B[(AB — A) ' B]"y — [(MB - A)7'B]" |

=AXo —A)"'(AB — A)"'B[(A\oB — A)'B]"x
—Xo(Ao = A) ' [(AoB — A)"' B]

= [AAo = A) "D AB - A)"'By — ...
“Xo(ho =X (hoB = A) 7Byl — 0.

n+1
yll

Hence, if x € X, 11 = D,,41 Nker B, then x = 0.

Consider z € K,,41. Let ¢ € ker B be the first vector in the sequence
of A-associated vectors {zg, 1, Tn_1, 2}, then ||zo| = ||R(Ao)"R(N)z||. Ap-
plying the resolvent identity, we obtain that zg = 0, therefore K, 1 = 0.

(IV). Let & € ker R"™!, then we have [(AB — A)_IB]"Hx = 0 and
either

Vi=1,2,..n, [AB—A)"'Bfz=0 < reckerB
or
31<j<n, [AB—A)'B''e=0 and [AB-A)"'B]’z #£0.

If j =1, we have y = (AB — A)"'Bz € ker B. Hence Br = —Ay and
x € K. If j =2, then

y = (AB—A)"'B(AB—-A)"'BxckerB
— 1y = (AB—-A)"'Br € K,
and —x + M\y; € Ky, and so on. Thus, for any 2 € ker R"*! we have

r=x1+ 22+ ...+ x,, where z; € K;, 1 <i <n. If ker B complemented
in ker R"*! (i.e., if there exists Y such that ker R"™* =Y @ ker B), then

T=T0g+T1+T2+...+Tpn, T; €L, 0<i<n.

We now prove by contradiction that this representation is unique. Suppose
that it is not unique, then we have 0 = z; + 29 +. ..+ z,, where z; € K;, and
there exists z; # 0 such that z; = 0 for all ¢ > j. Applying [()\OBfA)’lB]]
to this equality, we have for z that the vector from ker B for which z; is
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the j-th A-associated vector, is equal to 0. Hence the decomposition in (iv)
holds true. O

Corollary 2.2.1 If the decomposition (2.2.2) holds, and ker B is comple-
mentable in ker R"t!, then we have the decomposition

X=X,119kerBOK1® ... DK, = X @ ker B, (2.2.5)

and K1 = 0.
Taking into account the discussions in the previous section we can give
the following definition of a solution for (DP) in spaces of distributions.

Definition 2.2.2 An abstract distribution U € Dj(Xa,p) is a solution of
(DP) in the sense of distributions if

Yy € D, (2.2.6)
B{U,¢') + A{U, ) = —(6, ) Bz, x € X,

or equivalently

PxU=6® Bz, z€X, (6DP)
where
P=§0®B—-0R A,
(0"® B, ) := (', ¢) B,
(0® A, p) = (5,p)A
and
X = D = inf .
ap={zeDi laln=nf Iy}

A solution U is called degenerate on Z C X, if for U corresponding to
x € Z we have U(p) =0 for any ¢ € Dy.

For the degenerate Cauchy problem, the set
D, = RWMNX
= {J: € D(A) ‘ there exists y such that By = Ax}

is the generalization of D(.A) in the nondegenerate case.
It follows from Definition 2.2.2 that U € Dy(X4 g) is a solution of
(6DP) if and only if U € D{(X 4) is a solution of

PxU€ed®x, zelX, (0IP)
where P:=8 @I -6® A, A=B7'A, and

Xa:={D(A), llella = llz] + ] Aal]}.
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Here || Az|| is the factor-norm on X/.AQ.
If ker B is complemented in X:

X=XdkerB=X P A0,

then there exists ,,Z, the single-valued branch of A (i.e., A is the single-

valued operator with D(A) = D(A)) and X4 g is homeomorphic to the
space

X5 i= [D(A)] = {D(A), |zl 5 = Il + Azl }.

If, moreover, the decomposition (2.2.2) holds, then A, the part of A in
Xn+1, is the part of Ain X, 4.

Definition 2.2.3 The problem (DP) is called well-posed in the sense of
distributions (or (DP) well-posed) if for any x € X there exists a unique
solution of (6DP), and U; — 0 for any sequence x; — 0. If U € S, (X ),
then (6DP) is called w-well-posed.

If A= B~1'A, then (§IP) is well-posed if and only if (§DP) is well-posed.
In this case U € D{(X4).

As in the nondegenerate case, the solution of well-posed (6DP) can be
constructed with the help of a semigroup of solution operators. In this case
it is a distribution semigroup (see Definition 2.1.5), which is degenerate on
ker R*H1,

Here we say that a distribution semigroup @ is degenerate on

7 —kerQ = {x €x ‘ Vi € Do, Qo) = 0},

if Z contains at least one non-zero element, and we say that ) is nonde-
generate if ker Q@ = {0}.

For any E € &) we define an operator Q(F). Let E € &) and let
{6} C Dy be any sequence covergent to . Then for any = from

D(Q(E)) := (2.2.7)
{x ‘ Q(0p)x — = and Fy such that Q(E * J,)z — y},
we have Q(F)z :=y.

Now we state the properties of degenerate distribution semigroups. In
the main theorem we use these properties to show that the distribution
semigroup connected with the well-posed (6DP) is regular on X, and
degenerate on ker R™+1.

Proposition 2.2.2 Let QQ be a distribution semigroup degenerate on Z and
let E € &). Then Q(E) has the following properties
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(Q1) Yo e Dy, z € X,
Qlp)z € D(Q(E)) and Q(E)Q(p)r = Q(E * ¢)w;
(Q2) D(Q(E))NZ ={0};
(Q3) Vo eDy, zeDQE)),
QE)Q(p)r = Q(p)Q(E)x;

(Q4) if X =X B Z and ranQ C X, then there exists a closure of Q(E)
and

Vo € Dy, x € X,
Q(E)Q(p)z = Q(E)Q(¢)x;

(Q5) if Q is regular and ran @ C X, then for any x € ran@Q and ¢ € D,
we have

QYy)r = Q(Y)x,
where ¥4 (-) € & is defined by

Yy (t) = { f)b’(t)’ iig

Proof In addition to the proof of the Proposition 2.1.3 for the nondegen-
erate case, we need to show only (Q2), (Q4).

(Q2). Consider z € Z and a sequence {0;} from (2.2.7), then Q(d;)z =
0. Hence, for any E € &) we have z &€ D(Q(FE)), i.e.

D(Q(E)) N Z = {0}.

(Q4). A linear operator A has a closure if and only if
V{x;} C D(A) such that z; — 0, we have

Az —y = y=0.

Consider {z;} C D(Q(E)) such that z; — 0 and Q(E)z; — y, then
y €ran(@ C X. By (Q1) we have
Vo € Dy,

RP)Q(E)z; =Q(E*xp)z; — Qlp)y=0 = y€ Z,

and y € ranQ C X. Since Z N X = {0}, we have y = 0. O

Due to (Q4), the operator Q(—¢") is defined for any distribution semi-
group @ with ran@ C X, where X = X @ Z. This operator is called the
generator of Q.
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2.2.2 Well-posedness in the sense of distributions

In the following theorem, assuming the decomposition (2.2.5), we show the
connection between the well-posedness of (DP), the existence of a degen-
erate distribution semigroup, the existence of a degenerate local k-times
(k > n+ 1) integrated semigroup with the generator A, polynomial es-
timates for R 4()\) in some region A containing a right semiaxis, and the
existence of a unique classical solution for local (CP) on Dj.

We recall that the operator Ag, where Aoz := lim;_ .ot~ [V *) (t)2 — 2]
is defined for those x where the limit exists, is called the generator of
a k-times integrated semigroup V. A local k-times integrated semigroup
{V(t), t €[0,T)} is called degenerate on Z if

vt € [0,T),

Vit)r=0 = z€Z,

and V is called nondegenerate if Z = {0}.

Theorem 2.2.1 Let A,B : X — Y be linear operators, A be closed and
invertible, B be bounded. Suppose that the decomposition (2.2.5) holds.
Then the following statements are equivalent:

(W) the problem (6DP) is well-posed. Its solution belongs to DE)(XA) for
x € X,41 and is degenerate for x € ker R"*!;

(S) there exists a solution operator distribution
S € Dy(L(X, Xa.8)) N Dy(L(Xnt1,X )

such that
(P+xS)z=0® Bz, z€X, (2.2.8)

and _
(S*«Plz=0@xz, xc€ DA, (2.2.9)

where P =6 ® I — 5@]{} A is the part of Ain X, 11, and A is the
single-valued branch of A.

In this case, for any x € X,

(U, o) = (S, p)x
for all ¢ € D. Furthermore, S is degenerate on ker R"t!;

(D) there exists a reqular distribution semigroup Q degenerate on ker Rt
with ran Q@ dense in X, 41. Its generator is equal to A. In this case

S=Q;

(I) for any T > 0, the operator A is the generator of a local k-times inte-
grated semigroup {V (t), t € [0,T)} on X,41, for some k = k(T) > n;
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(R) for the resolvent of A, the polynomial estimate

M |\
i <
IR&NI <

< My IN
o1+ =Mk

holds for some M > 0,1 >0, and any

l 1
)\EA{)\EC‘Re)\>10g(1+)\|)+10gC},
T T v

where
C>0,0<y<1, 7>0;

(WK) for any T > 0, the local Cauchy problem
u'(t) = Au(t), 0<t<T, u(0) =z,
is k-well-posed on Dy for some k = k(T) > n.
Proof (W) = (S). Consider the distribution S defined by

S(p)x = Sxz(p):=U(p), €D, zeX,

(2.2.10)

where U is a unique solution of (dDP). Then Sz € Dy(Xa,5) = Dy(X3)

and Sz € Dy(X 4) for x € Xpq1.
The well-posedness of (0DP) implies that for every ¢ € D,

[2nll = 0 = [[S(@)znll g = 1Un(#)ll g = O

Therefore S(p) € L(X, X 7). We now show that S € Dj(L(X, X 3)), i.e.,

supp S C [0,00) and
V(pn S D7
n — 0= ||S(<Pn)H£(X1X,Z\) — 0.

Consider the set
B= {Sw, 2| < c} C D)(X).

Since for any Sz; C B and any ¢; — 0, we have ¢;Sz; = S(gjz;) — 0,
then B is bounded in Dj(X). For any bounded set B and any ¢; — 0 in D

dpeN, C>0: Vj Sxeb,

1Sz()Il < Cllejllps
where

lllp = sup le™ (@)])-
k=0,1,...p, tEsupp ¢
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Therefore, S(¢;)z — 0 uniformly in  from a bounded set, or equivalently
1S(@i)llcx,x ;) — 0. Verification of (2.2.8), as in the nondegenerate case
in Theorem 2.1.3, is based on the structure theorem. Let us prove (2.2.9).
Equality (2.2.8) implies the following equalities

(PxSYa = (PxS)z=6¢§®Bxr, zclX,

(PxS)Az = 6@ Az, =z € D(A) = D(A).
By the definition of P we have

(Pxd®x)=0 ® Br —§® Ar, x € D(A).

Hence B
Px(Sr —SAz—d®x)=0, z€ D(A),

and since the Cauchy problem is well-posed, we have
S’z —SAr=(S*P)z =052z, =xecD(A).
(S) = (W). Let
S € Dy(L(X, Xa,8)) N Dy(L(Xnt1, X 4))-

For any ¢ € D and =z € X we define U(p) := S(p)xr = Sz(¢). Then
U € Dj(Xa,p) is a solution of (6DP):

*B<S£,QD/>*A<SIE,§D> = <6,QD>B$, reX.
For = € X,,+1 we have
—<Sx’sp/> - A<Sx,80> = <5a @>x’

and the associativity of convolution implies the uniqueness of the solution
on Xy 41t

U= +U=8«P+xU=8+®z)=52, =€ Xn1.

We now show that on ker R"*! the degenerate solution U is also unique.
Consider z € ker R"*1. Since for any ¢ € Dy, S(p)z = 0, then we have
that Sz = 0 on (0,00). Since S € D{(L(X,X4)), we have Sz = 0 on
(=00,0). Thus, supp Sz = {0}. By Proposition 2.1.3 we have

P
Sz = Z 60z,
=0

where p is the local order of the distribution Sxz. Since Sz is a solution of
(2.2.8), we have

sPHY @ Bz, + 6P @ (Bzp1 — Azp) +...
+ 6 ®@(Bzg—Az1)+0® (—Bx— Az) =0
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and z, € ker B, z,_1 € K1, ... 20 € K, —v € Kpy;. Hence, for z €
K; (1<i<p+1) and for the corresponding the sequence of A-associated
vectors {zo,...2;—1}, we have

i—1
Se==Y D@1 (2.2.11)

§=0
Due to Corollary 2.2.1, K,,+1 = (), and hence p+1 > n. Since A is invertible,
x in (2.2.11) are defined uniquely. In a similar way, any degenerate on
ker R"*! solution U has the same form and is equal to Sz. In particular,
for x € Ko = ker B, all xy, in (2.2.11) are equal to zero and U = 0. Thus,

U = Sz for x € ker R"*! and for x € X,,,1, hence U = Sz for all x € X.
Let [|aj|| — 0. Then S(p) € L(X, X ) for all ¢ € D, and

152;(0)ll 1 < 115(@)asll + 15" ()25 ]| + Il (0)z]] — O,

ie. Sz; — 0in D{)(Xj).
(S) = (D). Let

Q € Dy(L(X, X 7)) N DG(L(Xnt1, X 4))

be a solution of (2.2.8) and (2.2.9). For any F' € D/ (X,,41), U=QxFis
a unique solution of the equation

PxU=F. (2.2.12)

Using this fact, we now prove that @ satisfies properties (i) — (ii) from
Definition 2.1.5, that Q is regular on X, 1, degenerate on ker R"*!, and
that ran @ is dense in X, 1.

Let ¢, € Dy. Define ¢y (t) := p(—t), 1 (t) :=p(—t), t > 0. Let u(t)
be a solution of (2.2.12) with F' = ¢; ® x, where z € X,, 11 :

—Au+u' =g @ (2.2.13)

Let w() and v(f) be solutions of (2.2.12) with F' = (¢, 1) ® x and F =
11 ® u(0), respectively. Then u(-) = (Q * 1)z is an infinitely differentiable
function with values in D(A). The same is valid for w and v. These
functions have the following initial values

u(0) = Q(p)r, w(0) =Q(p* )z,
QW)u(0) = Q(Y)Q(p)z, =€ Xnta.

To prove (i) one needs to show v(0) = w(0). From (2.2.13) we have

—Aux 1) + (ur ) = (p1#91) @z,
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hence w(t) = u* 1 and w(0) = u(¢)). Let H(-) be the Heaviside function,
then H(t)u(t) € Dy(X 4). Since A does not depend on ¢, we have

—A(Hu) + (Hu) = H®t)(—Au + v') + § @ u(0).

Since for any ¢ € Dy we have H(t)(—Au + ') = (Hpy) ® 2 = 0, then we
obtain )
—A(Hu) + (Hu) = § @ u(0) (2.2.14)

and

—A((Hu) *1/)1) ((Hu) *1111)' = 1 @ u(0).

(
Therefore, v = (Hu) * 11, =[5 u t) dt, and for any ¢ € Dy we
have v(0) = u(v) = w(0). Thus
VQD, QZ} € D07

Qe+ v)r = Q(p)QW)z, =€ Xnp.

Note that Qv = Sx defined for x € ker R**! by formula (2.2.11), also
satisfies relation (i). Thus, we have constructed the distribution semigroup
@ degenerate on ker R”H.

To show that () is a regular distribution semigroup, we let z be a solution

of (2.2.12) with F' = 0 ® y, where y € ran Q. Since u(0) = y, by (2.2.14) we

have
z(t) = Qy = H(t)u(t)

and Qy is a continuous function on (0, c0). R
We now show that ran @ is dense in X, ;1. We have A € L(X 4, Xy 11)
and Q(p) = S(p) € L(Xpny1,X 4). Let X\, and X be the dual spaces

of Xpy1 and X 4, then A* € ﬁ(X;‘LH,X}). Consider Q(¢) on X,,+1 and
define @* () = (Q(p))* for ¢ € Dy. Then

Q"(p) € LIXG, X 11), Q7 € Do(L(X G, X510))-
Since (2.2.8), (2.2.9) hold for @, we have
Q" = (5/®I—§®A*) :5®IX;§+1

and .
((5’@]—5®A*)*Q*=5®IX}-

Therefore, Q* € DO(L(X* X 1)) is a distribution semigroup, that is non-
degenerate on X * as Q) 1s nondegenerate on X, 1. Hence, if 2* € X:’;i is
such that

Vo € Dy, © € Xpq1,

(Qp)z, 27) = (2, Q7 (¢)z") =0,
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then
Q(p)z" =0 = 22z'=0 = {Q(p)a} =Xyt
Thus, the set
{Q((p)m ‘ x € Xn+1}

is dense in X,,11. Since Q(¢)z = 0 for z € ker R"™!, we have ran Q(y) =
Xn+1. .

To complete the proof we note that A generates the nondegenerate
distribution semigroup ) which is densely defined on X,,;1. Since the
domain of the generator of a degenerate distribution semigroup belongs to
the complement of the set where @) is degenerate, A is the generator of the
distribution semigroup @ constructed on X.

(D) = (S). Let @ be the distribution semigroup from (D). For i) € D
and the function ¢4 € &) introduced in (Q5) of Proposition 2.2.2, we have

5 w1y = oy +(0)3.

Hence, by (Q1) and by the definition of the generator of a distribution
semigroup we have
Ve € X411, ¢ € Do,

QU xvyxp)x = QU xp)z+v(0)Q(p)x
= Q8QMy * @)z
= —AQs * )z = —AQ(¥1)Q(p)x
= Q)R *p)r = Qb+)(—A)Q(p)a.

Taking into account (Q5), we obtain

—AQW)Q(P)r = QW)Q(P)z + ¥(0)Q(P)r = Q) AQ(p)x

or for y = Q(p)x R

—AQ()y — Q()y =1 (0)y, (2.2.15)

~Qv) Ay — Q(W)y = ¥(0)y. (2:2.16)
Since the range of the distribution semigroup is dense in X, 1 and the
semigroup’s generator A is closed, we have that Q(v)y € D(A) for every
y € Xp41 and (2.2.15) holds for every y € X,,11. Let ||y;|| — 0 in (2.2.15),
then

IAQ)y; |l — 0 = Q(¢) € L(X, X ).

If ¢; — 0 (¢; € D) in (2.2.16), then [|Q(¢})[| — 0 and [ AQ(¢;)[ — 0.
Hence, since Q € D{(L(X, X)), we have

Q € Dp(L(Xn41,X 1)) C DH(L(X, Xa))-
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Thus, S = Q on X, 11, and for x € X,, 11, S satisfies (2.2.8). Furthermore,
S = @ defined by formula (2.2.11) satisfies (2.2.8) for « € K, 1. Hence S
satisfies (2.2.8) for all x € X.

Now we show (2.2.9), i.e. we verify (2.2.16) for y € D(A). Let © €
D(Q(—¢")) and ¢; — 8. Then Q(¢;)x — x and Q(&" * p;)x — —Az. From
(2.2.16), for x € D(Q(—4")) we have

—Q() Az = Q)+ ¢(0)x, ¢ €D. (2.2.17)

Since R
Vo € D(A), 3z; € D(Q(=7")):

z; — o and Az; — Az,

then (2.2.17) holds for € D(A). Thus, considering Sx = Qz on X, 11,

we have that equation (2.2.9) holds on D(A). For S defined by (2.2.11),
equation (2.2.9) holds on D(A) Nker R"*!. Since D(A) = D(A) N Xpy1,
we have (2.2.9) on D(A).

(I) = (R). Let A be the generator of a local k-times integrated semi-

group {V(¢), 0 <t < T}, then for any 7 € (0,T") the operator-function
R\, T) = / Nee MY (4)dt (2.2.18)
0

is defined and bounded on X. Taking into account the following equality
for a local k-times integrated semigroup:

tk

V(t)x = (k') x+ /Ot V(s)Azds, xe D(A), te(0,T),

we have

A~

R\ T)M — Az = (I —G(\)z, =€ D(A),
M — AR\, 7z =T -G\)z, z€ X,
where G(A) is defined by the formula:

GNz =MNe MV (r)z+ > (A7) e M. (2.2.19)
=0

It was proved in Theorem 1.2.5 that the estimates

GO <7 [0 =60) | < 7=

hold for A € A. Therefore, (R) holds for (\[ — A)~! = R 4(\) with [ = k.
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Now we prove (R) = (S). To construct S, we consider the operator-
function:

P, (t)x := 2%” AfmeMRA()\)x d\, x€Xp41. (2.2.20)
oA

On OA the function under the integral sign grows not faster than
IA|% =™ /1log |A|. Hence, this integral defines a continuous function on
(—00,7y) with values in L£(Xp41,X 4), where 7,, = 7(m — [ — 1) and
m > 1+ 1. In this case, by the abstract Cauchy theorem P, (tf) = 0 for
t < 0. Now we define the distribution S := P on (—00, Try). This defi-
nition does not depend on m’ > m : Pr(nm) = Prgf,l,). Furthermore, for any
¢ € D with supp ¢ € (—00,a), T, = a can be chosen by increasing m. In
Theorem 2.1.5 it was shown that the defined operator distribution S satis-
fies (2.2.8) and (2.2.9) on X, 11 and X ;, respectively. For 2y € ker B we
define P, (t)zo = 0. For x; € K; using formally (2.2.20) and the equality
Bz, = Axg, by the abstract Cauchy formula we have

1

Pnt)zy, = — [ A ™eM(AB— A)"'Bxid\
271 OA
1 tmfl
= ——— [ AxmeMpgdh = —
271 A € T (m—l)'xo’
(2.2.21)

i—1 tmflfk
Pn(t)r; = - mxiflfka z; € K, i <n.

k=0

Then Sz; := P x; on ker R"*! coincides with S defined by (2.2.11), and
satisfies (2.2.8) and (2.2.9) on ker R"*! and ker R"*! N D(A), respectively.
Thus, S satisfies the equation (2.2.8) on X, and the equation (2.2.9) on
D(A).

(S) = (I). Let

S € Dy(L(X, X 3)) N Do(L(Xns1,X4))

be the solution of (2.2.8) — (2.2.9) degenerate on ker R"*1. Then the dis-
tribution S can be extended to DP[—1,T], where p is the order of S. We
denote this extension by the same symbol. Let ¢ € [0, T], consider the func-
tion ¥y ,(s) = x(s)np(t — s) € DP[—1,T], where x and n are the same as
(2.1.19):
(s) = 0, s<—1

XEI=V 1, s>0
and .y )

_for p+1!, t>0

Up(t) - { O7 t<0
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Define V (t) = (S, 4 ). We have that the operator-function V'(-) is strongly
continuous in t. We now show that {V(¢), ¢t € [0,T)} is a (p + 2)-times
integrated semigroup. The function ¢ ,41 can be approximated by ¢, € D
so that

[Yept1 = ¢nlly =0 and 9,11 — @y llp — 0.
Consider (2.2.8) and (2.2.9) with ¢ = ¢,,. Taking the limit, we have

B<S7 ¢£,p+1>37 - A<Sv wt,p+1>x = wt,P+1(0)Bx

for x € X, and

(S, )T — (S, e pr1 VAT = Py i1 (0)z

for x € D(A). As in the nondegenerate case, we have

tp+2
BV(t)x = T Bgc—l—A/ V(s)zds (2.2.22)
for x € X, and
P12 t ~
V(t)e = mx —|—/0 V(s)Axds (2.2.23)

for x € D(A). By definition of the operators V(¢) via S, we have that
V(t)x € Xp41 for x € Xp41. Then equations (2.2.22) and (2.2.23) hold on
Xp41 and D(/l), respectively. Hence, as it was proved in Theorem 2.1.6,
V is a nondegenerate (p + 2)-times integrated semigroup on X, 1 with the
generator A.

(I) <= (Wk). Let A be the generator of a nondegenerate local k-
times (k > n) integrated semigroup {V'(t), t € [0,T)} on X,,11. Since the
domain D(fl) of its generator is equal to D, and is dense in X,,4+1, then
by Proposition 1.2.4, for any 2 € RFT'(\)X, ;1 there exists the unique
solution u(t) = V) (t)z, t € [0,T) of the local Cauchy problem (CP). Due
to the decomposition (2.2.2), RF*1(\)X,, 41 is equal to RFTY(\)X = Dyyy.

If for any @ € Dyy1, u(+) is a unique solution of the local Cauchy problem
(CP), then for any « € Dgy1, wu(-) is the unique solution of (DP). Since
p(A) # 0, and hence p(A) # 0, then by Lemma 1.2.1 we have the stability
of the solution:

lu@| < Cllzllgs, where |lzflge = inf —ly].

As in Theorem 1.6.4 we define operators U(t)z := u(t), ¢t € [0,T) for
x € Diy1. We extend them to [Dy41]k, the closure of Dj4 in the norm
|| : ||Rk Then Ul(t) are defined on [Dk]k—h ey Ui(t) on [,Dkf(ifl)]k—z*

In particular V(t) := U(t) are defined and bounded on D(A) = X, ;.
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By construction, V (t)x is continuous in t € [0,T) for any x € X, 11, and
satisfies equations (2.2.22) and (2.2.23) (with the semigroup parameter k)
for x € X,,41 and D(fl), respectively. It follows from Theorem 1.2.5 that V'
is a local nondegenerate (k + 1)-times integrated semigroup on X,,; with
the generator A, which is densely defined in X, 11.

Remark 2.2.1 We note that the condition that A is invertible implies the
uniqueness of the solution on ker R"*1. If ker A # {0}, then z; in (2.2.11)
are defined up to ker A.

Summarizing the discussion of this subsection we note that assuming
that X admits the decomposition (2.2.5), we have that the condition (R) is
the criterion for the well-posedness of (6DP). Here we used the technique
of integrated and distribution semigroups with a generator equal to the
single-valued restriction of A on X, 1.

Now, using the technique of degenerate semigroups with multivalued
generators and not considering the detailed structure of semigroups on K,
we obtain the well-posedness criterion for (§DP) and (§IP) under a less
restrictive assumption.

We say that a closed linear multivalued operator A is the generator of
a degenerate local k-times integrated semigroup {V'(¢), t € [0,T)} if

V(t)x + —x = / V(s)Axds, x € D(A) (2.2.24)

and
V(t)x + fx € A/ s)xds, x € X. (2.2.25)

Theorem 2.2.2 Let A be a linear multivalued operator with p(A) # 0.
Suppose that the decomposition

X=X, ® A0 (2.2.26)

holds for some n € N, where X,,11 := D(A™t1). Then the following state-
ments are equivalent:

(W) the Cauchy problem, (6IP) is well-posed, and its solution U € Dy(X 4)
is degenerate for x € A"10;

(R) for the resolvent of A, the polynomial estimate (2.2.10):

< MR
= log(1+A]

holds for some M > 0,1 >0, and any

[1R.A(A) < My[Af

l 1
/\EA_{/\E(C‘Re)\>10g(1+)\|)+logc},
T T v
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where
C>0,0<y<1, 7>0;

(S) there exists a solution operator distribution S € D{(L(X,X 4)) such
that

(PxS)rs3d®x, zeclX,
(2.2.27)
(S*Plx=0®x, =z DA,

where P =6 @ I — 6 ® A. In this case
U=Sz, ze€X
and S is degenerate on A"T10;

(Z) for any T > 0, the operator A is the generator of a local k-times
integrated semigroup {V(t), t € [0,T)} for some k = k(T) > n,
which is degenerate on A"T10 ;

(WK) for any T > 0, the local Cauchy problem (IP) with operator A having
nonempty resolvent set is k-well-posed on D(A**T1) for some k =
k(T) > n.

Proof (W) <= (S). As in the nondegenerate case in Section 2.1, this
proof is based on the equality that connects U € Dy(X 4), the solution of
(6IP), with the solution operator distribution S € D{(L(X, X 4)):

(U,p) = (S, ) = (Sz,0), ¢€D, zeX.

(S) <= (Z). To prove (Z) = (S) we define S := V(*¥). Conversely, as
in Theorem 2.2.1, we define

V(t)z = (S, Y p)x,

for # € X,,41. This operator-function V(-) satisfies (2.2.24) and (2.2.25)
with k = p+2 on X,, ;1 and D(A), respectively. On A0, V(-)x is defined
by formula (1.6.21).

(WEk) = (R) = () = (WE). Let the local (IP) be k-well-posed on
D(AF*1). Then one can verify the operator family

{V(t):=U(t), t€[0,T)}

that was constructed in Theorem 1.6.6, satisfies the inclusion (2.2.25) with
the semigroup parameter k, for x € X. Hence, due to the assumption
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p(A) # 0, for operators R(\, 7) and G(\) defined by formulae (2.2.18) and
(2.2.19), we have
Ra(\) =R\, 1)(I-G)™"

and the condition (R) holds with I = k.
Suppose (R) is fulfilled. Then the operator-function V,(-) defined by

(2.2.20):
/ A PM R 4(N)dA,
2m

is continuous in ¢ € (—oo, 1), there 7 := 7(p—I1—1) and p > [ +1 . Using
the abstract Cauchy theorem we show that V), satisfies (2.2.24) with k =p
on D(A):

Vp(s)(A£ X )xds
0
"1 +1,2 A
= R -p s _ )\ —PAs
/0 2m,/()\ e RAN)z — A PeMx) dA | ds

r
tp

=V,(t)x — =z, t€[0,7)}, =€ D(A).

Next, applying A+ T to fo s)xds, x € X, we obtain (2.2.25) with k = p.
Hence, {V,(t), t € [0,7)} is a local p-times integrated semigroup on X
(p>1+41).

By Theorem 1.6.6, the Cauchy problem (IP) is p-well-posed on RPT1X7,
which is equal to RPT1X since p > n. O

2.2.3 Well-posedness in the space of
exponential distributions

From Theorems 2.2.1 and 2.1.6 we obtain the following necessary and suf-
ficient conditions for the well-posedness of (JDP) in the space S, (X).

Theorem 2.2.3 Let A,B : X — Y be linear operators, A be closed and
invertible, B be bounded. Suppose that the decomposition (2.2.5) holds for
some n € N. Then the following statements are equivalent:

Wex 6DP) is w-well-posed. Its solution belongs to D(X ;) for x €
p ol 4
X,i1 and is degenerate for x € ker R"H1;

(Sexp) there exists a solution operator distribution

S € SL(L(X, X 7)) NSL,(L(Xns1,X 4))
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such that
(P+S)x=0® Bz, z¢€X,

(S*Plz=0®z, xeD(A),

In this case,
U=Sz, z€X

and S is degenerate on ker R™+!;

(Dexp) there exists a regular exponentially bounded distribution semigroup
Q with ran Q) dense in X, 11, and degenerate on ker R Its gener-
ator is equal to A. In this case S = Q;

(Texp) A is the generator of an exponentially bounded n-times integrated
semigroup {V (t), t > 0} on X,41;

(Rexp) the estimates (2.1.28) hold for the resolvent of A;

(Eexp) for any x € Dy 41 there exists a unique solution of local (CP).

2.3 Ultradistributions and new distributions
In Section 2.1 we studied the Cauchy problem
u'(t) = Au(t), t>0, u(0) ==z, (CP)

where A : D(A) C X — X, in spaces of abstract distributions. Recall that
the polynomial estimates for the resolvent of A in a certain logarithmic
region A of the complex plane is the criterion for the well-posedness of (CP)
in the sense of distributions. This region and the resolvent estimates are
connected with the order of the corresponding distribution semigroup and
with the order of the solution operator distribution. Now, we consider the
Cauchy problem (CP) with an operator A having the resolvent in a certain
region A smaller than a logarithmic region from Section 2.1. We investigate
the well-posedness of such a (CP) in spaces of ultradistributions. The
spaces of ultradistributions are the dual of spaces of infinitely differentiable
functions with a locally convex topology. These spaces are more general
than the space of Schwartz distributions. We show that the existence of
a solution operator ultradistribution is equivalent to exponential estimates
for the resolvent of A in A. As it was proven in Theorem 1.3.3 the latter
fact is equivalent to the existence of a unique solution of the convoluted
equation

v(t) = Av(t) + O(t)z, v(0) =0, (2.3.1)

where function O is defined by the resolvent of A.
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Spaces of test functions for ultradistributions consist of infinitely differ-
entiable functions, and they are defined in terms of estimates on derivatives
of these functions. These estimates depend on some numerical sequence
M,,. The same sequence allows one to estimate coefficients of differential
operators of infinite order, which are called the ultradifferential operators.
The spaces of ultradistributions are invariant under ultradifferential op-
erators. Some properties of ultradistributions are considered in the first
subsection. In the second subsection, the well-posedness of the (CP) in
the spaces of ultradistributions is investigated. The limit case for the (CP)
well-posed in the spaces of ultradistributions is the case of the Cauchy prob-
lem with an operator A having no regular points in a right semiplane (e.g.
the reversed Cauchy problem for the heat equation). It is proved in the
third subsection that such a (CP) is well-posed in spaces of new distribu-
tions. Spaces of test elements x € X in the construction of spaces of new
distributions are defined in terms of the behaviour of A"z for any n.

2.3.1 Abstract ultradistributions

Let M, be a sequence of positive real numbers, satisfying the following
conditions:

(M.l) Mrzl S MnfanJrh n = 1,2, e
(M.2) ZFa,0eR:

Mngaﬁnoglgig MM, s, n=0,1,...;

Ms_1
M,

<oo.

18

(M.3)

s=1

Let K be a compact set in R and h > 0. We consider a space of functions
v € C*(R) with support K and with the estimates

Hgo(n)||c(K) < CM,h", n €N, (2.3.2)

for some constant C'. The space D%""h of such functions with the norm

el e = sup 12l
m neN  Myph

is a Banach space.

Definition 2.3.1 Let Q2 C R be an open set. The space

DM)(Q) = ind li j lim D"
() = ind Jim,proi Jim D
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with the topology of inductive limit is called the space of ultradifferentiable
functions with supports in Q of Beurling type or of class (My,). The dual
space D(M")/(Q) is the space of ultradistributions of class (M,). If Q =R,
then we simply write D™M») and D)’

For more details see [135] and [153], where it is also shown that spaces
of Schwartz distributions are subspaces of spaces of ultradistributions.

Property (M.1) is called the logarithmic convexity. Property (M.2) guar-
antees the invariance of D»)(Q) under differential operators of infinite
order:

P(D) = i anD" (2.3.3)
n=0

with coefficients satisfying the estimates

cL”
M,

‘an‘ <

for some L > 0 and some C > 0. Such operators P(D) are called the
ultradifferential operators of class (M,). Property (M.3) is called the non-
quasi-analyticity. As in the case of distributions, multiplication by any
function with estimates (2.3.2) can be defined for ultradistributions. We
also note that any ultradifferential operator P(D) is continuous in the space
of ultradistributions.
For every sequence M,, we define the associated function
o A" Mo
M) = 5171Lp In M,
which is closely related to Laplace transforms of ultradistributions.
For M, satisfying (M.1) each of the conditions

< M(\) x
/O N2 dA < oo, Z ﬁ < o0
n=1 n

is equivalent to (M.3).

Examples of such sequences are the following Gevrey sequences: (n!)®,
n™ and T'(1+ns) for s > 1, where I is the Euler function. For such M,, the
corresponding ultradifferential polynomial P(z) has the following estimates

W=D < |p(2)| < D L e,

for some [, L > 0. The typical example of the ultradifferential polynomial

of class (n!)® is
i lz
P(z) = 14+ —
@=11(1+5).
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it satisfies the above estimates with L = 2. Owing to the Denjoy-Carleman-
Mandelbrojt theorem [135] there are sufficiently many functions in
DM (Q).

The structure theorem for ultradistributions states that

f e DM ()

if and only if on every relatively compact open set G C €2, f can be written
in the form

o0
f = Z ann
n=0
with measures f,, on G satisfying the estimate

cL”
I follor@) < SV n €N,
n

for some constants L and C. Let K be a compact subset of R. We remind
here that C(K) is the space of all continuous functions in K equipped with
the supremum norm

lulle(ry = sup |u(t)].
teK

Then C’(K), the dual to C(K), is the space of all finite Borel measures
defined on K. For f € C'(K) define the total variation |f| by

FIG) = sup 3 1F(G)l,

where G is any f-measurable set and supremum is taken over all possible
decompositions of G into a disjoint union of finite number of f-measurable
sets G;. Then |f| € C'(K) and we can define a norm in C'(K) by

£ =[£I

The space C'(K) equipped with this norm is a Banach space.

Definition 2.3.2 Let X be a Banach space. The space D((JM"'),(X) of ab-
stract ultradistributions of class (M,,) is the space L(D™Mn) X)) of bounded
linear operators with supports in [0,00), equipped with the topology of uni-
form convergence on bounded sets from D).

We now define the convolution of abstract ultradistributions. Let X7,
X5 and X3 be Banach spaces. Suppose that multiplication

(xl,l'z)—)$1'$2 R X1 ><)(2—>)(37 xiGXi
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is defined. Consider T' € D(()M")/(Xl) and S € D(()M")’(Xg). Then their
convolution

(T,S) — T8 : DM (X1) x DM (X,) — DS (X3),
is defined by
(T % S, ¢) .= (S,T x ¢),

where ¢ € DMn) and (m) (1) := (T *¢)(—7). This mapping is bilinear
and is bounded [135]. In the particular case when T,S € D(()M") (R) and
x; € X;, the convolution of ultradistributions is defined by

(T®z1)*(S®x2) = (T*S) @ (21 - T2).

2.3.2 The Cauchy problem in spaces of
abstract ultradistributions

Consider the Cauchy problem
u'(t) = Au(t), t>0, u(0) =z, (CP)
where A: D(A) C X — X. Denote

Y = [D(4)] = {D(A), [lalla = o] + | Ax] }-

Recall that Y is a Banach space. Furthermore, the operator A: Y — X
belongs to L(Y, X), the space of bounded linear operators from Y to X.
Introduce

P=§xly —0®A, (2.34)
then )

P e DM (L(y, X))

Thus, in the space of ultradistributions D(()M"),(X ), the Cauchy problem
(CP) can be written in the form

PxU=0Qx,

where z € X, U e DM (V) and ¥ = [D(A)].

In general, Y does not have to be equal to [D(A)]. Let X and Y be
Banach spaces such that Y C X and A € L(Y, X). Consider the Cauchy
problem

PxU=0Quz, r € X, (uoP)

where U € DM'(v) and P € DM (£(Y, X)) is defined by (2.3.4).
This problem is referred to as the Cauchy problem (CP) in the space of

ultradistributions D(()M”), (X).
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Definition 2.3.3 The Cauchy problem (CP) is said to be well-posed in the
sense of ultradistributions (or (u0P) is well-posed) if for any x € X, there

!
exists a unique solution U € D(()M") (Y) such that for any x, — 0 in X,
!/
corresponding solutions of (u6P) U, — 0 in D(()M") (Y).

The next theorem generalizes Theorems 2.1.3 — 2.1.5.

Theorem 2.3.1 Let X andY be Banach spaces, Y C X and A € L(Y, X).
Then the following statements are equivalent:

(I) the Cauchy problem (CP) is well-posed in the sense of
ultradistributions;

(IT) there exists a solution operator ultradistribution E € D(()M”)/(E(X7 Y))
satisfying
PxE=6®1Ix, ExP=0® Iy; (2.3.5)

(IIX) for any -y > 0, there exists Tegion
A= {)\ eC ‘ Re A > vM(a\) +5}
such that for any A € A,
IRl (x,y) < CeMe. (2.3.6)
for some constant C > 0.

Proof (I) = (II). We have that for any x € X there exists a unique
!/
solution U € D(()M”) (Y). Define the operator E(¢) by

E(p)z :=U(p), @eDM) zeX.

Then Ez € D(()M")/(Y), where Ez(p) = E(p)x. It follows from the well-
posedness of the Cauchy problem that for any sequence of initial values
{zn} C X such that z,, — 0, the corresponding sequence ||E(p)z,|y =
U (¢)|ly converges to 0 uniformly in ¢ from a bounded set. Therefore,
E(p) € L(X,Y).

We now show that E € D(()M")/(E(X, Y)), i.e., E is a continuous linear
operator from DM») to L(X,Y):

ngj S D(M"),

¢; = 0= ||E(¢;)llccxy) — 0,
and supp F C [0,00). Consider the set

B= {Em ‘ lzllx < o} c DM (v).
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From the stability of the solution we have

sup [E(p)zlly = sup [[U(o)|ly < oo,
ExeB lzllx<C

therefore B is a bounded set. As in the scalar case, the set B is bounded

/
in D(()M”) (Y) if and only if for any relatively compact open set G C Q
there exist constants C7, L such that for any element Ex € B there exist
measures f, satisfying such that

Ex|,=)Y D"fn
n=0

and O I
1
an”c/{é,y} < Tn,
where C’ {5, Y} is the space of functions continuous on G with values in
Y. Hence, for Ex € B and any ¢; — 0, we have

HE(SOJ‘)%HY

oo

Z<anna ()0]

n=0

oo

x (n) - L"h"\|¢§")||c@
<Y Inlloravilles o < G Y0 ——m

n=0 n=0

Since )
16 e
SI:LP 7Mnh" = lle; HM,“hﬁa

we obtain

1E(pj)zlly < Cillejlla, na Z L™h™.

This estimate holds for any A > 0, in particular for h = ﬁ we have

1E(pi)zlly < 2Ci@illa,, 6 —0 as ¢; =0

nsza

Thus, for ¢; — 0, E(¢;)z tends to zero in Y uniformly in & from a bounded
set in X. Hence F(¢) — 0 in the norm of the space L(X,Y).
Now we show that F satisfies equations (2.3.5). We have
(PxE,p)yx = ((0/ @Iy —6® A)xE, p)z
= (E'— AE,¢)x = ((E' — AE)x, ).
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For E € D(()M"'),(L(X, Y)) we have the equality E'x = (Ex)’, therefore

(Fz) — AEz,¢) = (U — AU, ) = (P *U,¢)
= (§Qz,0)=00Ix,p)z.

The second equation:

(PxE'Yt = Px(E'z)=P+xU =U"@Ix-U®A
= (PxEx) =0z, zxeX,

(PxE)Az = §® Az, r €Y,

Px(d®z) = §d@z—0® Ax, zeY.

For x € Y we have the equality P x (F'z — EAx — § ® ) = 0. Hence,
EF—-FA=0QIy,thatis ExP=0® Iy.
!/
(II) = (I). For E € DM (L(X,Y)) we consider U := Ez, z € X.
!

Then U belongs to D(()M") (Y) and satisfies the equation:

PxU=P*xFEzx=0Qz.

Let {x;} C X be a sequence of initial data converging to zero. We now show

!
that the corresponding sequence U; = Ez; tends to zero in D(()M”) (Y), i.e.,
converges uniformly in ¢ from any bounded set K in D(M») . Let

K= {w € DM ‘ suppp € K, ||@llag,nre < C}

for some compact set K C R. Since E(y) is a bounded linear operator, we
have

1Ui(@)lly = [[Ezj()lly < 1E@)lleexy) lzilx-

!/
By the structure theorem, for any F € PSM”) (L(X,Y)) and any rel-
atively compact open set G € R with G = K, there exist measures
fn € C”{K7 L(X, Y)} such that for some constants L,C; > 0

oo

Elo=> D"fu,
n=0
where
n

I fullorik, cox vy < ClM

n

Using the boundedness of test functions we have

I1E(@)lcxy
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[e.¢] [e.¢]
S I DR
(DI I DIUATI] .

< D @ ey < D Mnllori, cxay - 1™l
n=0 n=0
oo Ln oo
< G Z M”Qp(n)HC(K) < C1C’Z L"h™.
n=0 n n=0

Let C1C > 0  L"h™ = C5 for h = 5=, then
1U;()lly < IE@)llcixy) lzillx < Collz] x-

Hence ||U;(¢)|ly tends to zero uniformly with respect to ¢ € K.
Now we show the uniqueness of the solution. Let P * V = ¢ ® . Then

ExP+V=FEx+@0®z)=Ex=UecDM) ()
Using the second equation in (2.3.5) we obtain
(M)’
U=E+«PxV=0®Iy)+V=VeDM) (Y).

(II) = (III). For 0 < ¢ < ¢ we consider the ‘local unity’ function ¢ in
the space D(Mn) .

0, t<-—1
P(t) = 1, 0<t<ec
0, t>¢

For arbitrary A € C we denote 95 (t) = e (t) and consider the first
equation in (2.3.5) for this test function

(P* E)(Yx) = E'(Ya) — AE(n) = Ix A (0) = Ix. (2.3.7)
From the linearity of E(¢) we have
E'(Yx) = —E([a@)]) = —E(=Ae™M9(t) + e /(1))

= AE(n) — E(e M/ (t)).
Hence, from (12.3.7) we obtain
(M — A)E(hy) = Ix + E(e My (1)). (2.3.8)

To show the existence of a resolvent, we estimate the function e~ ((t) for
any test function ¢ € D) and then we estimate the operator-functions
E(e 4y (t)) and E(e /(). Let suppyp "Ry C K = [a,b], then

D (e () = e Y- CH-A I (1),
§=0
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and

sup [ DP (e (t))|
te K

- D) AP~
< —aRe A ‘QD / CP M P
s e€ = tsélfl()' MjLJ J [p—j

Re A |A[P—I
< el s €S sup BT LM
7=0

From the equality e = sup,, ‘]\’\4—|7 and the property of logarithmic con-

vexity: M;M,_; < M,, we have

p
sup 1DP(e M) < ¢l o MR LEN VMM,
e .
7=0
< lellag,,z,x eMOPITRA LPOP AL,

Hence for any ¢ € D)

le™ () Iar, 20,5 < N@llar,,z,x MO BI7RA, (2.3.9)

From the structure theorem, for £ € D(M (L(X,Y)) and any relatively
compact set G C [0,00) there exist f, € C'{G, L(X,Y)} and constants

w, C' > 0 such that
= Zan'fH
n=0

where
n
w

Ifnller@, cxyyy < Cﬁ and K =G.

Hence

[ B )| [ Z D" fae (1),

L(X,Y) L(X)Y)
< Z an”C/{E,[:(X,Y)}HDn(e_Mw(t))HC(K)
n=0
o @"[| D" e M (t)]| o) L
< C
= ) i
< 20|le= Y (t)|ar,, LK Z L'w
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Since K = [0,¢] for ¢, and K = [¢, ] for ¢/, from (2.3.9) we obtain for
L=::

2w

1B (O)lleixy) < 20MEPVTRN I

LR,

IEe ™ Mp)llexyy < 20eME=Y [0, L i

A

From (2.3.8) and the equality 2CeM(2@N=cReA — § < 1 we obtain that the
operator A\ — A has the inverse on

A={rec ‘ Re > 1/c[M(2@)) — In(6/2C)] = yM(a)) + 5 },
and the resolvent estimate there:

2C (e
IRAI < TV, -

=)

Thus
Vy > 03 a,B,C > 0 such that

YAEA, Ry < CeMEN,
(IIT) = (IT). For ¢ € DMn) we consider the operator

B(p) = - [ Ra(VO(N) dA,

27 Jan

where §(\) = [, eM(t) dt. From (2.3.6) we have

[RAN)|| < Cex®eA=A) X e oA, (2.3.10)

Let supp ¢ € K = [a,b], then

A"
”(p(n)”C'K Mnhn/ (Re At)
- dt
M i
M, h"™ e(bRe A) e(aRe A)
BE Re A ’

o = ‘(_1) / e (1) dt
K=[a,b]

IN

ol at, .5 Vh > 0.

Since this inequality holds for any n, it is valid for

nf M,h™ e~ MOV/R),

Al
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therefore

0N < Cull@llar, . re?ReA=MOM), (2.3.11)
Since Rox
e
MA/h) = 5 (— - 0)

on JA, from (2.3.10), (2.3.11) we have

IE@)lcexy)
<5 [ IRAW o PO)I1aA
1
< CC el/'y(Re)\ B)+bRe A\—M(\/h) ||§0||M hK|dA|

21 J,

1 1
aAcze““’ TR ol g i AN

For any ~, a, b we can take h such that %—i— b— 7 < 0, hence, the operator
E(y) is defined. We now show that it satisﬁes (2 3.5). We have

(PxE,p) = {(0/@ly -0 A)xE,p)=(E — AE,p)
= _IY<E790/>_A<E’<)0>'

Integrating by parts and taking into account that R4 () is the resolvent of
A we obtain
1
(P+E,p) — ——o RA()\)/ M/ (8) di dX — AE(p)

27m

Yo /BA/ t) dtdA,

suppy C K. It follows from (2.3.10) that we can continuously deform
contour JA into the imaginary axis

+100
(P+E,¢) = Iy-—— / t) dt dA
21t J oo
“+i00
== IYZ_T("L i / AQ dt d)\

Using the inverse Laplace transform of the identity in the space of ultra-

distributions
L 1 +100 At
(L7(1), ) = <—/ = X, ¢’ >= (0, 0),

21 —ico
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we have
(PxE,p) = (6@ Iy, ).

Corollary 2.3.1 By Theorem 1.3.3, each statement (I), (II) and (III) of
Theorem 2.3.1 is equivalent to the existence of x-convoluted semigroup,
where £(A) =|x—oo O(e~M(aX),

2.3.3 The Cauchy problem in spaces of
new distributions

We continue the study of the generalized well-posedness of the Cauchy
problem (CP):
u'(t) = Au(t), t>0, u(0)=x. (CP)

In Section 2.1 we considered the (CP) with an operator A generating an
n-times integrated semigroup. Such a (CP) is well-posed in the space of
Schwartz distributions and can be referred to as ‘slightly’ ill-posed problem.
In this subsection, we study the generalized well-posedness of ‘essentially’
ill-posed Cauchy problems, namely problems with operators A generating
C-regularized semigroups. We note that Cauchy problems that are well-
posed in the space of ultradistributions, i.e., problems with operators A
generating x-convoluted semigroups, can be referred to as intermediate case
between ‘slightly’ and ‘essentially’ ill-posed Cauchy problems.

In this subsection, we use spaces of new distributions (or new general-
ized functions) introduced by V.K. Ivanov. The construction of spaces of
new distributions is based on the development of Sobolev’s and Schwartz’s
concepts: instead of differentiation operators applied to test functions we
take an unbounded operator ® : X — X giving a solution of an ill-posed
problem. The test functions ¢ € X are constructed in terms of their Fourier
coefficients in the case Hilbert space X, and as functions from D(®*) or
MNi—, D(®") in the general case.

In a Hilbert space H we consider a self-adjoint operator ® generating
an orthonormal basis of eigenvectors {ay} corresponding to the eigenvalues
|1] < Jua| < ---. We denote by H the class of such operators. The domain
D(®) of such an operator ® is dense in H, but generally does not coincide
with H. The same holds for D(®*). We introduce the normed spaces

k
Pr = {u €D@*)CH, |ulgr=) ||q)iu|H} , k=12,
1=0

and the countably normed space

k=1
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The convergence of a sequence u, — u in P, means that ®*u,, — ®Fu in
H for all k > 1. Note that P, is not empty since it contains all eigenvectors
of operator ®.

Spaces of new distributions are defined as the dual spaces P;, (PL).
The space P, is the generalization of the Schwartz space of test functions
E. The space P._ is the generalization of the space £ of distributions with
compact support. Spaces Py generalize the Sobolev spaces. If ® is equal to
the differentiation operator defined on H = L?(G), then P}, coincides with
Wk2(G) = H*(G), and P, coincides with H ~*(G). This is the reason that
we denote P}, by P_j.

Later on we use the sequences of values of functionals generated by
elements ¢ € Py and f € P_j on eigenvectors ay,: @n = (@, an) = (@, ap)
and fn = (f, a,). Here @,, and fn are analogous to the Fourier coefficients.
The inverse transforms have the form:

¥ = Z PnQn, f= Z fnan- (2312)
n=1 n=1

It follows from the definition of Py, that the series for ¢ € Py is convergent
in Pj. Since for any ¢ € Py,

I (3 Faog) = im (3 Faon, 3 puc)
n=1

n=1 n=1
= lim 3" fud = Tim (£ Guan, ) = (.0,
n=1 n=1

the series for f € P_j is convergent in P_j. This implies that spaces Py
are dense in H, and H is dense in P_j in the sense of weak topology.

Now we construct spaces of test functions and new distributions defined
in the form of Fourier series, via the behaviour of the coefficients of the
series. Such spaces can coincide with those already introduced, Pj and
P, but both these approaches turn out to be useful for the investigation
of generalized well-posedness.

Let {vr} with |y1] < |y2] < ..., be some given numerical sequence, and
let {a,} be an orthonormal system in H. We consider the space of test
functions:

Too i= {@ €H } VE>1, Y |3l < oo}

n=1

with the countable system of norms

- 1/2
lellz, = (Z |¢n|2|fyn2’“> , (2.3.13)
n=1
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and consider the corresponding space J_oo = J., of new distributions f
defined in the form of series (2.3.12) whose coefficients are subject to the
conditions

oo
Jkog > 1: Z |l |m] =2k < oo

n=1

We also define the spaces J; and J_j such that for ¢ = Zn 1 PnCn € Ji
and f =), fran € J_i, the coefficients @, and f, are subject to the
conditions

oo oo
D 1@nlP Il < oo and > [ ful*lyn] T2 < o0
n=1

and the norm in Jj is defined by (2.3.13). Then

joo—ﬂjk, JOO—UJk

k=1

If we take the system of eigenvectors of an operator ® € H as the orthonor-
mal system a,,, and the sequence of eigenvalues {u, } as the sequence {7, },
then the spaces J. and J; coincide with P,, and Py, respectively. The
spaces Jr with {v,} chosen in this way are used for studying the gener-
alized well-posedness of the problem of evaluating of unbounded operator
O : u= ®f. If there exists ®~' = U, then this problem is equivalent to
the operator equation of the first kind

Ju = f. (2.3.14)

If {~,} is taken to be a sequence of the form {F()\,)}, where the \,, are the
eigenvalues of an operator A € H and F is an analytic function, then J co-
incides with the space Py, generated by the operator ® = F(A). Such spaces
are used in the study of generalized well-posedness of different boundary
value problems for differential-operator equations: if the initial data are
taken in P_j (J-k), k = 0,1,... (in particular, in H = Py = Jp), then
the existence, the uniqueness, and the stability of a solution can be estab-
lished in the spaces P_,, (J-m) for m > k. If initial data are taken in
P—_oo (J-o0), then the well-posedness can be proved in the same spaces.

Let H be the subclass of operators from H with eigenvalues py such
that 1 < po < ---. We now investigate the generalized well-posedness of
the following problems:

1) the ill-posed Cauchy problem (CP) with an operator A € H4 and
b = eAt’

2) the problem of evaluating of unbounded operator ® written in the
form (2.3.14) with ¥ = &1,
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In the next chapter we show that these ‘essentially’ ill-posed Cauchy
problems can be solved by ‘differential’ regularization methods. Writ-
ing them in the form (2.3.14) one can use the variational regularization
methods.

Theorem 2.3.2 Suppose that ® = U1 ¢ H. Then for any
fE€EP_k (P_), k=1,2,..., the solution of the equation
(Wu, ) = (u, ¥p) = (f, ), ©EPr (2.3.15)

exists, is unique, and is stable in the space P_;_1 (P_x). For this solution
the following expansion holds:

U= finfrom. (2.3.16)
n=1

Proof We show that for any f € P_j the formal solution ®f of (2.3.15)
belongs to P_j_1. According to the definition of the space Py, , if p € Py,
then ®p € Pi_;. Since (Df, ) = (f, D) for f € P_i, and the operator @
maps Py to Pr and P_g to P_g—1 fork=0,1,..., wehave ®f € P_11).
As & = ®~!: P, — Ppyq, for the unbounded operator ® we have that
®f =: u satisfies the equation
Vo € Py,

(Vu, ) = (u, Up) = (f ), k=0,1,....

We now show that the expansion (2.3.16) holds. According to (2.3.15),
a function u can be expanded in the series u = Ziozl i,y in the space
P_i_1, where w, satisfies the equalities

Up = <u>90n> = <(I)f7 (Pn> = <f, <I><pn> = pin(f, n) = ann-

This implies (2.3.16). It remains to verify the stability of the solution
in the space P_i_1, which is equivalent to the continuity of the operator
D:P_p—P_ir_1. Let fr, — fin P_y, i.e.

Vo € Py, lim (fu,0) = (f,)-
Then for any ¢ € Py,

ie u, —uinP_p_1. O

Consider A € H with eigenvalues p,. Let T' < co. By J, ¥ we denote
Ji with {y, = e“”T}. We now establish the well-posedness of the local
Cauchy problem

u'(t) = Au(t), 0<t<T, u(0)=uz, (LCP)

in these spaces of new distributions.
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Theorem 2.3.3 Suppose that A € Hy. Then for any x € jf’,;p (TR
the solution of (LCP) euists, is unique, and is stable in the space J%}*

(TEE):
Vo € Tk

<dlf.z—<f)’¢> = (Au(t), @), (W(0), ) = (z,9),

here

oo LS
<U(t)7 90> = < Z eﬂntxnana @n> = Z e#"tonn- g
n=1 n=1

The operator A considered in Theorem 2.3.3 generates the local C-
regularized semigroup

oo oo

S(t)x = Z ety o, with Cz = Z e Fn Ty an,
n=1 n=1
and the space JF coincides with Py, where ® = C~'. It follows from

the construction of 7" and the definition of C-semigroups that Theorem

2.3.3 can be extended in terms of C-regularized semigroups in the following
way.

Theorem 2.3.4 Suppose that an operator A € H is the generator of a C-
reqularized semigroup. Then for any x € P_; , where ® = C~1, a solution
of (LCP) emists, is unique, and is stable in the space P_i_1. In the space
P_oo the (LCP) is well-posed in the Hadamard sense: for any x € P_o,
the solution exists, is unique, and is stable in P_.

The unbounded operators U(t) giving the weak solution of the (LCP), are
defined by
Ut)r :=C'St)r, zcX

They satisfy the equations
Yo € Py, k>1,

Ut +s)z,0) = UBU(s)z,0),  (UO),0) = (z,),

i.e., they form a semigroup in the space of new distributions. O
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Chapter 3

Regularization Methods

In the first two chapters we investigated the Cauchy problem
u'(t) = Au(t), t>0, u(0) ==z, (CP)

where A : D(A) € X — X, which is not uniformly well-posed. The
technique of integrated and C-regularized semigroups presented in Chapter
1 allows one to construct a solution of (LCP) for initial values z from
various subsets of D(A) stable in X with respect to z in corresponding
graph-norms. The technique of distributions presented in Chapter 2 allows
the construction of a generalized solution for any z € X stable in a space
of distributions.

In this chapter, we consider regularizing operators that allow the con-
struction of an approximate solution stable in X for concordant parame-
ters: d - the error of initial data and the regularization parameter €. In
Section 3.1, we study three main ‘differential’ regularization methods for
an ill-posed Cauchy problem: Lattes-Lions’ quasi-reversibility method, the
auxiliary boundary conditions (ABC) method, and the method of reduc-
tion to a Dirichlet problem (Carasso’s method). In Section 3.2 we study
the connections between different regularization methods and between reg-
ularization methods and the C-regularized semigroup method.

3.1 The ill-posed Cauchy problem

3.1.1 Quasi-reversibility method
Let X be a Banach space. Consider the local Cauchy problem
u'(t) = Au(t), 0<t<T, u(0)=uz, (LCP)
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with a densely defined linear operator A. Suppose that spectrum of A lies
in the region

Glz{)\EC‘|arg)\|<5<£}y

and
iM >0, VX ¢ Gy,
M

RaN|| < ———.
IR < 7575

(3.1.1)
Denote the class of such operators by A;. In a general case, under the
assumption (3.1.1) the problem (LCP) is ill-posed: its solution does not
exist for every initial data from D(A) and it is not stable in any graph-
norm. We can say that such problems are ‘essentially’ ill-posed, in contrast
to n-well-posed problems from the first two chapters, which can be referred
to as ‘slightly’ ill-posed problems. ‘Essentially’ ill-posed problems can be
treated with the help of regularization methods.

Suppose, as it is customary in the theory of ill-posed problems, that
for some exactly given initial value x there exists a solution of (LCP) u(-)
(it is unique due to the estimate (3.1.1)) and the initial value x5 is given
with an error ¢ : ||zs — z|| < 6. We show that a regularizing operator for
(LCP) with A € A; can be constructed by the quasi-reversibility method.
The following definition of a regularizing operator for the ill-posed Cauchy
problem is given according to the general definition of regularizing operators
in the theory of ill-posed problems [129], [258].

Definition 3.1.1 An operator R : X — C{[0,T], X'} is called the regu-
larizing operator for the Cauchy problem (LCP) if the following conditions
are fulfilled:

1) operator Re; is defined for all x € X. (Usually R.; supposed to be
bounded).

2) there exists a dependence € = €(0) (e(d) —s-00) such that

IR (o).025 — u(®)l] —0.

Consider the Cauchy problem corresponding to the quasi-reversibility
method

ul 5(t) = (A—eA)ucs(t) =t Acuc5(t), 0<t<T, (3.1.2)

Ue 5 (0) =xs.

We now show that there exist the unique generalized solution and a depen-
dence € = €(0) (e(6) —5-00) such that for any zs € X the generalized
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solution of the Cauchy problem (3.1.2) converges to the solution of (LCP)
when § — 0:
llue(s),s(t) — u(t)|| QO’ 0<t<T.

First we prove the well-posedness of the Cauchy problem (3.1.2) and then
find its solution.

Theorem 3.1.1 Let A € Ay, then the Cauchy problem (3.1.2) is well-posed
on D(A?%).

Proof Consider the identity

2e 2e
= —e(A—mID)(A— ul).

G - (A_1+\/71—4)\51> (A_1_\/71_4Asl>

From the estimate (3.1.1), for Ra(y;), j = 1,2, we obtain the corresponding
estimate for R4, ()) at points A = p; —ep?, j=1,2;

[Ra. (A (3.1.3)

1 1 _ _
SIRAG) IR AGE2)]] < ZMP(1+ )71+ )

1+VI—4xe >1 <1+‘1—\/1—4A5 )1

2e 2e

IN

1
b
3

1 —1
< -M? (1 + i') < MZN
€ €
If g1 and pe are lying on the left of the curve
'y:{ue(C ’ w=1t(1=+itang), 0§t<oo},

then the estimate (3.1.3) for R4 () holds for A lying on the right of the
curve

71={A=u—6u27 uev‘

A=t —e(1—tan2 B)f2 +i(¢ tan § F 2t tanﬂ)}.

In particular, for

1

ReA > C(e) = max {t — (1 —tan?3) tz} _ m

0<t<o0o

the following condition is fulfilled
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AL =M?>0:
VA, Re)>C(e) = ||[R\\ Al)|| < LN (3.1.4)
As C(e) > 0, for Re A > C(e) we have |A — C(e)| < |A| and
IRa. (NIl < LIX = C(e)| 7

Therefore, the operator A. generates an analytic Cy-semigroup Vy_(-), and
the Cauchy problem (3.1.2) is well-posed on D(A.) = D(A?%). O
According to Theorem 1.1.2, for x5 € D(A2) = D(A*) the solution of
(3.1.2) equal to V4_xs can be written in the integral form:
1 o+i0o
Ues(t) = v.p.— 5 MR (N)asd), (3.1.5)

t>0, o>C(e).

We substitude the resolvent R4_(\) in the form of the Cauchy-Dunford

integral:
1 R
Ra (N) = / k&d% v = 0G
ol

2 (14— ep?)
into (3.1.5) with ¢t = T. For 25 € D(A*) we obtain the solution of (3.1.2)
1
ues(T) = —5 eW=m)T R o (1) asdp. (3.1.6)
i J,

The integral (3.1.6), giving for 25 € D(A*) the classical solution of problem
(3.1.2) at ¢ = T, converges for all zs € X. Note that D(4%) = X. Ex-
tending (3.1.6) by continuity from D(A%) to X, we obtain the generalized
solution of problem (3.1.2) equal to V4_(¢)zs. We define the operator Re 1
as the operator giving the generalized solution of (3.1.2) at t =T

1

Reqrxs = Va (T)xs = ~5 e(“*e"Q)TRA(;L)x(sdu.
i J,

We now show that for R, r defined on the whole space X, there exists a
dependence

e = €(0), with e(9) o 0

such that
R rxs ot u(T),

i.e. R. 7 is the regularizing operator for (LCP) at ¢t =T

Theorem 3.1.2 Let A € Ay. Suppose that for some x there exists a solu-
tion of the Cauchy problem (LCP). Then R, 1 is the regularizing operator
for (LCP) att=T.
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Proof Consider supremum of the difference ||R¢ rzs — u(T)| for all zs
from é-neighbourhood of z:

Ag(A,u(T),e,9)
=A= sup |Rerzs—u(D)

le—zsl|<d
< ue(T) —u(T)+  sup  [[Reras — ue(T)|
le—zsl|<d
= A1 + AZa

here u-(T') is the generalized solution of problem (3.1.2) with the initial
data x: u.(T) = Repx = Va_(T)x. Since Vg, (t) is a Cy-semigroup, then

[Va. ()] < Le€@*, ¢ >0. (3.1.7)
Hence we obtain

Ay = supj, gy <sllVa. (T)(z — 25| (3.1.8)
< L(SBC(E)T _ L(;eT/Zla(lftanQ ,6)

Now we estimate Ay = |lu.(T) — w(T)|. First we show that u.(T) =
V_42(eT)u(T). Due to condition (3.1.1) the Cauchy problem

w'(t) = —Aw(t), w(0) = wy, (3.1.9)

is well-posed. Its solution at ¢ = T for w = u(T') can be written in the form
of the contour integral:

z=V_A(T)u(T) = / TR (Nu(T)dA, (3.1.10)

where contour 4/ is lying on the right of contour —y and for all A € ~/

with sufficiently large absolute values, |arg(—\)| < m/4. This choice of 4/
guarantees the convergence of integral in (3.1.10). From equality (3.1.10)
and estimate (3.1.3) we have

u(T) = Vua (Dx

€

1 2
- _ (n—ep)T p d
2mi J, c Alp)zdy
= _L' e*(quE#?)TR_A(M)xdlu
2 J_,
1 2
- _ —(ptep”)T'p
omi ] ° ~a(p)

1 AT
X {2”/7/6 R_A(MNu(T)dA| dp.
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Using the resolvent ider21tity7 the Cauchy formula, and the analyticity of
functions e, e~ (#+er)T in the region C\ G, we obtain

1

T - = —(p+ep®)T
ue(T) omi . ©
1 ar RBoa(p) = Roa(\)
_ T)d\| d
[ 2ri L w—a o uTdA]dp

1 )

=—— [ e TR T)d
s ¢ T Raliu(T )
1

= 5 [ e TIRA(=) + 2R 2 (W) u(T) dp
T v
1

= 5 | T Rax (u)ulT)2udp
T v
1 eT

- e\ u(T)d)
57 _%e R_x2(MN)u(T)dA,

where
—72:{)\6((? ’ A= —p?, ,uE’y}.
Therefore

w(T) = V_ g2 (T)u(T),

where V_ 42 is the analytic Cp-semigroup generated by —A2. The ana-
lyticity of V_42 may be proved similarly to the analyticity of the semi-
group V4_. Hence, using the properties of integrals of a Cp-semigroup, for
u(T) € D(A*) we obtain

Ar = [IVeaz(eT)u(T) = u(T)]|
eT
= ‘ / V_a2(s)A*u(T)ds|| < Lie, (3.1.11)
0
and )
A < LoeT/4e0—tan™f) 4 [ e (3.1.12)

It follows from (3.1.12) that we can choose ¢ = ¢(d) so that A — 0 as
§ — 0. Hence, if we eliminate the additional condition u(7T) € D(A%), it
will be proved that R. r is the regularizing operator for problem (LCP)
at t = T. Note that, in general, the condition u(T) € D(A*) used in the
estimate (3.1.11) is not fulfilled. If u(T) ¢ D(A%), then due to the density
of D(A%) and the well-posedness of the Cauchy problem (3.1.9), there exists
wo € D(A*) in a neighbourhood of u(T') such that for the solution of (3.1.9)
with wg = wy, the estimate ||z—w(T)|| < ¢ holds. Now if we consider (LCP)
with the initial data w(T"), then

w(T) = wo € D(AY),  [[w(T) — x5 < [[w(T) — x| + |l — 25 < 24,
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and the order of the obtained estimate (3.1.12) is unchanged.

3.1.2 Auxiliary bounded conditions (ABC) method

Consider the ill-posed Cauchy problem (LCP) with a densely defined linear
operator A such that the spectrum of A lies in the half-strip

GQ:{)\EC‘ |Im)\\<a<L, Rel >w, weR, T>O},
T+T

and suppose that for A ¢ G2 the resolvent of A is bounded:
M >0: YAEGo,  |[Ra(N)|| < M. (3.1.13)

Denote the class of such operators by A5. Suppose for some z there exists a
solution of (LCP) u(-). We show that (LCP) with A € Aj can be regularized
by the ABC method: i.e. there exists a dependence e = €(4) (e(§) —s5-0 0)
such that the generalized solution of the boundary problem

u 5(t) = Atic 5(t), 0<t<T+7, 7>0, (3.1.14)

Ue 5(0) + €tie 5(T +7) = 25, € >0,

converges to the solution of (LCP):

i s(t) = u(®)| =0, 0<t<T+r

In [128] we investigated the well-posedness of the boundary value problem
u'(t) = Au(t), 0<t<T, pu(0)—u(T)=ux, (3.1.15)

in a Banach space X. It was proved that if a densely defined operator A
satisfies the condition
JK >0, aregion G € C, and an integer k > —1:

YAEG,  [RaNII < K1+ D",

and p ¢ exp (T'G), then there exists a unique solution of (3.1.15). The
assumptions of this theorem are fulfilled for A € Ay, x5 € D(A?), and any
positive €. Therefore, the problem (3.1.14) for x5 € D(A?) has a unique
solution that can be written in the integral form:

_ 1 e/\t
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The integral in (3.1.16) converges for all z5 € X and 0 < ¢t < T + 7.
Extending by continuity the equality (3.1.16) to the whole space X, we
define a generalized solution of (3.1.14)

~ 1 AT
R. rxs = —%/YWRA(/\)JBUD\, x5 € X,

and show that ﬁs,T is a regularizing operator for (LCP) at t =T.

Theorem 3.1.3 Let A € Ay. Suppose that for some x there exists a solu-
tion of (LCP) for 0 <t < Ty, where Ty > T. Then R, 1 is the regularizing
operator for (LCP) att =T.

Proof Consider ||1~15’Tx5 —u(T)]. Let

As(Au(T),e,90)
=A= Sllp”w715”§5||Rs,Tx5 - U(T)”

A

< |Re 725 — w(T)|| + supjy_py <ol Rertio — Reras |
= Al + Ag.

Here ﬁs,Tf = u.(T) is a solution of (3.1.14) at t = T with the boundary
condition us(0) + cus(T'+7) =z, 7 <Th —T. We have

Ay = Ag(T)
1 e)\T
= SUD||z—q5)<6 i [y WRA(/\)(QU—L;M)\
€>\T

IN

[RAA)[[|dA]

+ |eAT|||RA<A>||dA|)

(],

1+ 56)\(T+T)

1)
S gcl(T),

where
v+ ={A€y|ReA>0} and ~v_={Aey|ReA<0}.

To estimate Ay = A1 (T') we introduce the function ve(+) := uc(-) — u(-).
Then v,(+) is a solution of problem (3.1.14) with the boundary condition

ve(0) + eve (T +7) = —eu(T + 7).
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As was shown in Theorem 3.1.2, we can assume without loss of generality
that u(T + 7) € D(A?). Therefore,

AT) = (D) (3.1.17)

AT
‘ ! /eeRA()\)u(TJrT)d)\H.
s

27 1+ eeMT+7)
We divide «y into three parts:

- = {Ae~v|Rer<0},
w = {Aevy|Rer>N},
% = 7\ (-UYUn),

and obtain estimates of integral (3.1.17) along each part of ~:

1 eer
— ————— R (MNu(T dA 3.1.18
2ri L_ [T e taWu +7) (3.1.18)
€
<o [ ETHRAN T + 7] 4N < Cae,
T/
1 ee M
— —_— Mu(T dA 1.1
2mi /W T o aMuT +7) H (3.1.19)
1
<o [ e THIRAN (T + )] [dA] < Coe™ 7.
IN
Taking into account that
gerT _ TTLJH(Te)T%T
0<ReASN |1+ ceNT+D) |~ TH+7
for the integral along vo we obtain
1 ce M
— —_ Mu(T dA 1.2
o [ T A + 1| (3120
T T
1 [ TT (1e) T
< — ———||Ra(X T dX
e A e LV CICRR ST
§C4NET;+T.

From (3.1.18) — (3.1.20) we obtain the estimate for A (7T):

AL (T) < Cye + C3e™ N7 4 Oy NeT+7 .
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Choosing N = == 1In £, we have

1 1 -
Al(T) < <CQ€TT+T +03+C4T+Tln€> eT+r,

Finally, we obtain

T 1 .
A(T) < <026T—+f +C5+Cy lng> eTH + Ol(T)g. (3.1.21)

1
T+
Therefore, we can choose € = €(d) such that A(T) — 0 as § — 0, i.e. ﬁ&T
is the regularizing operator of (LCP) at t =T.

3.1.3 Carasso’s method

Consider the ill-posed Cauchy problem (LCP) with a densely defined linear
operator A such that the spectrum of A lies in a half-strip

Gy = {/\e(C ‘ Tm A| < b, Re)\>a},
and suppose that for A ¢ G3 the resolvent of A is bounded:
dM > 0: VA ¢ Gs, IRAN)| < M.

Denote the class of such operators by A3. Suppose that for some x there
exists a solution of (LCP) such that ||u(T)|| < K for some K > 0, and the
initial value x5 is given with an error §. We show that (LCP) with A € A3
can be regularized by reduction to a Dirichlet problem.

Using the substitution w(t) = e*T~Hu(t) for some k > 0 and differenti-
ating both sides of the equation in (LCP), we obtain the Dirichlet problem

w’(t) = (A—kI)*w(t), 0<t<T, (3.1.22)
w(0) = ez, ||Jw(T)| < K.
We show that if w is the solution of (3.1.22) with boundary conditions
w(0) = a5, w(T) =0,

then w(t)e *T'=) converges to u(t) as § — 0, where k = k(8) = 7 In (K/0).
This method of construction of regularizing operator Ry ; by reduction to

the Dirichlet problem
wil(t) = (A — kI)?wi(t), 0<t<T, (3.1.23)
wi(0) = a5, wi(T) =0,
we call Carasso’s method. Here Ry, ;5 := wy, (t)e FT=1),

Using the technique of Cauchy-Dunford integrals we obtain a solution
of (3.1.23).
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Theorem 3.1.4 Let A € Az, then

RA()‘) Ts d)‘v Y= 8G37

ek(T—1) e)\t(l _ 6%62,\@4))
Tl = =55 L 1— e T

s a twice continuously differentiable solution of the Dirichlet problem
(3.1.23). Here ¢ = e 2kT and 0G5 (that is b and a) are chosen so that
k= %ln(K/é) ¢ Gs. O

Now we show that the approximate solution

u.5(t) = e FTO (1) (3.1.24)
1 eM(1— 6%62,\@4))
= —— Ra(N)xsd)
27 L 1= e T aM)zs

converges to the exact solution u(t) as § — 0. We write the integral in
(3.1.24) as a sum of two integrals:

Tt = - LRA(AmdA
2mi ), 1 — ee?T ’
Tt 2X(T—t)
e T e

Je(t)? = Ra(\)zsd\

k(t) omi /Wl—seQAT A3

and choose v in a way that the lines Im\ = %m do not belong to it.
Therefore the denominator is not equal to zero as € — 0.

Comparing Ji(t)! and Ji(t)? with the solution obtained by the ABC
method, one can see that J(¢)! is a solution of the boundary value problem

V(1) = Av(r), 0<71<2T, v(0)—ev(2T) = ws, (3.1.25)

at 7 =t : Jp(t)! = v(t). Further, Ji(t)? is a solution of (3.1.25) at
7 = 2T — t multiplied by a small parameter:

Ju(t)? = 02T — t)e 7.
Thus, using the results for the ABC method we obtain convergence u;(t) to

u(t) as 0 — 0 and estimates for u(t) satisfying the condition ||u(2T)| < K
(or on the well-posedness class M = {u(t) | [|u(2T)| < K}):

lus(t) = u@)ll < [Je(t) —u@)ll + [ Je()*] < €67, 0<vy <1,

where ¢ = e 2FT = 42,
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3.2 Regularization and regularized
semigroups

The general theory of ill-posed problems usually treats them in the form of
the equation of the first kind

Uu=f, V:U—F, (3.2.1)

where, in general, operator ! either does not exist or is not bounded.
Main regularization methods for (3.2.1) are variational: Ivanov’s quasival-
ues method, the residual method, and Tikhonov’s method. In Section 3.1
we studied regularization methods for the ill-posed Cauchy problem

u'(t) = Au(t), 0<t<T, u(0)=uz, (LCP)

with operator A : D(A) C X — X that may have points of spectrum
anywhere in the half-plane Re A > w.

Those methods employ the differential nature of this problem and allow
the construction of a regularized solution of (LCP) without reducing it to
the form (3.2.1).

In this section, we will compare the obtained regularization methods for
(LCP) by the error estimates. We discuss connections between ‘differential’
methods and variational methods. Furthermore, we establish the connec-
tion between regularization methods for the ill-posed Cauchy problem and
the C-regularized semigroup method.

3.2.1 Comparison of the ABC and
the quasi-reversibility methods

The error estimates (3.1.12) for the regularizing operator R r in the quasi-
reversibility method:

AQ < L(;eT/le(lftanQﬁ) +L15,

and the error estimates (3.1.21) for the regularizing operator f{E,T in the
ABC method:

Ay < T
A(CQE +C3+C4T+7_

1 - )
In —) et + C(T)-

€ €
were obtained in Section 3.1 under the following assumption: operator A
belongs to class A; or As, respectively, and there exists an exact solution

u(T) of (LCP) with the property

[A*(T)]| <7 or [lu(T+7)| <r, r>0,
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respectively. For a comparison of these methods on the basis of the error
estimates, we introduce the following correctness classes:

M = {u(T) ( |A2u(T)|| < 7“} and My = {u(T) ‘ (T + )| < r},

and errors of a method on a class of operators A and on a correctness class
M:
A(A,M,e,6) = sup A(Au(T),e,0).
uw(T)eEM,ACA

We show that for the quasi-reversibility method there exists a class of op-
erators A, a correctness class M and a dependence between the error  and
the regularization parameter ¢, such that for

Ag(A,M,e,6) = sup Ag(A,u(T),e,9),
uw(T)EM,AEA

the exact by the order of ¢ logarithmic estimate holds. Here

Ag(A,u(T),e,06)
= Aqg= sup [Rerzs—u(T)|

lz—zs] <8
< |Rerz—u(D)||+ sup [[Rerxs — Reral
lz—zs] <6
= Ay, + A,
For the error in the ABC method
Ap(A, M e d) = sup Aa(Au(T),e,9),
u(T)eM,AcA

the exact by the order of § polynomial estimate holds, where

As(Aju(T),e,9)
= Ajp= sup Hf{e,Tﬂﬂé—U(T)H

lz—=zs||<d
< ue(T) —u(@)+  sup |[Repazs — ue(T)|
lz—=zsll<é
= Ay, +Aq,.

Definition 3.2.1 The error estimate A(A, M, ¢e,0) < ¢(g,9) is called ex-
act by the order of €,6 if
IC >0, Ac A uw(T)eM:

A(A,u(T),e,0) > Co(e,9).
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Theorem 3.2.1 For the quasi-reversibility method the exact by the order
of €,8 error estimate

Ag(A1, My, e,8) < SLeT/40-tan®5) 4 T o (3.2.2)

and the exact by the order of § error estimate
Ag | A1, M ¢ §) <C|ns|!
Q 1, 1 | In 5| ) >

hold. For the ABC method the corresponding estimates are

AA(AQ,MQ,&(S) (323)
0 T 1 1 -
< C1(T)g + (02€T+T +Cs5+ C4T g In E) eTHr

and

A(Ag, Ma,e,0) <Cr7, ~<

-
T+27"

Proof Since constants L and L; in the estimate (3.1.12) do not depend
on A € Ay and the solution u(T) is from My, the estimate (3.1.12) implies
(3.2.2). Similarly, (3.1.21) implies (3.2.3).

Now we show that (3.2.2) is exact by the order of ¢, d. From definitions
of A (both Ag and A,4) and A, Ay we have the inequalities

1
AL<SA M- ASA A< oA, (3.2.4)

Hence, it is sufficient to prove that the estimates for A and As are exact
by the order of £,5. We show that if the spectrum of operator A € A
contains sufficiently large (by the absolute value) points, then the error
estimate (3.1.7) for the quasi-reversibility method:

Ay = sup ||Va.(T)(z—zs)| < LeT/4e(1—tan® 8)
lz—xs]|<d

is exact by the order of £,J. An example of such an operator is

d2

e
dz?’

D(A) = {u e C[o,1] ] € C[0,1], u(0) = u(l) = o},
Let A, be the sequence of eigenvalues of operator A corresponding to
the eigenvectors «,, such that

lim Re\, =400 and lim Imin
n— oo n— oo e n

< 1.
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U

Then, for sufficiently large n, we have |arg A,| < 7, the sequence j,, =
An — X2 is the sequence of eigenvalues for operator A, = A —cA? ¢ >0,
and

Va. (T, = e Ta, = ePn=eX)T

If we take e(n) = 1/(2Re \,), then

||VAE(T)an|| = |e(>\n—8(n)>\i)T|HanH:eTRe(An—g(n))\i)

anH
TRe Xy —Te(n)[(Re An)Z—(Im Ap,)? [l |

— e FRAATOmAD? 1> QW%HO[”H.

Therefore, the estimate for As is exact by the order of e. Now consider the
estimate (3.1.10)

Alszpﬁmwﬂ—u@)Z‘AEVAAQMMTMSSLﬁ.

Since V_ 42(t) strongly converges to the identity operator as ¢ — 0, there
exist C' >0, A € A; and u(T) with A%u(T) # 0 such that

eT
A = ‘ / V_a2(s)A%u(T)ds|| > Ce. (3.2.5)
0

Hence, the estimate for A; is exact by the order of e. From (3.2.4) and the
obtained estimates for Ay, Ag with the dependence ¢ = C/|1n | we obtain
the exact by the order of § estimate

AQ (Al,Ml, > §C|ln(5|_l.

C
|1n5|’6

For the ABC method from the estimate (3.1.21) with the dependence ¢ =

T+T
§T+77 we obtain the polynomial estimate:

A(AQ,M2,€,5)
T T+T 04 P
< T+2r T+2r T+aor
(C1+ C5)dT27 + CrdT+7 + 27|1n6|6 +
T
< v .
SO V<7

Thus it is proved that the obtained estimates for the quasi-reversibility
and ABC methods hold on the class of operators A; and As, respectively.
To compare these methods we obtain for the quasi-reversibility method an
error estimate on A; N Ag, M N Ms.
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Theorem 3.2.2 The error estimate (3.2.12) for the quasi-reversibility
method is exact by the order of €,0 on the class of operators Ay N Ay and
the correctness class M1 N Mg = Ms.

Proof In the proof of the estimate (3.1.2) (Theorem 3.2.1) for an operator
A € Ay we can take )\, € R. Then A belongs to the class A, as well, and
the estimate of Ag is exact by the order of ,§ on this class. Hence, Ag
is exact by the order €, on the class of operators A; N Asy. Since in My
there exists u(T") such that A%u(T) # 0, the proof that the estimate for A,
is exact by the order ¢,§ is valid on the correctness class M; N Ms. The
equality M1 N My = My on the class of operators A; N Ay follows from
boundedness of operator A2V_4(7) for 7 > 0:

1A%u(T) || = [ A2V_a(r)u(T +7)|| < r[|A2V_a(1)]),

where constant r is from the definition of My. Thus, the estimate (3.2.12)
on A; N Az, My is exact by the order of £,6. O

We note here that if A € A3 NAs and u(T) € M it is preferable to use
the ABC method.

3.2.2 ‘Differential’ and variational
methods of regularization

The main variational methods for the regularization of the ill-posed problem
(3.2.1)
Vu=f, V:U—F,

are Ivanov’s quasivalues method, Tikhonov’s regularization method and the
residual method. As an approximate solution of (3.2.1) one takes a solution
u € U of one of the following variational problems:

inf { [Tu — f ‘ | Pul| < r} (Ivanov’s quasivalues method)
inf { [Wu — f|| +¢||Pul|, &> O} (Tikhonov’s regularization)
inf {||<I>uH ’ [Pu — f]| :< (5} (residual method)

It is proved in [129] that if ¥ : U — F, ® : U — V are closed linear
operators, D(¥) = U, and U, F' are reflexive spaces, V' is a Banach space,
then these methods are equivalent. That is there exists a relation between
positive parameters ¢, 4, and r such that solutions u(r),u(e) and u(d) of
these variational problems coincide.

Now, using the technique of Hilbert spaces, we establish that there
exists a connection between the regularization parameters such that the
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ABC method for ill-posed (LCP) coincides with the quasivalues method
for the corresponding equation (3.2.1).

By Hy we denote the class of self-adjoint operators whose eigenvectors
{ag}, corresponding to eigenvalues —oo < A\; < Ag < ..., form an orthonor-
mal basis. If A € H,, then A € A; N As. Consider the ill-posed Cauchy
problem (LCP) with operator A € H,. For (LCP) with such operators the
error estimates are obtained for both methods on correctness classes M
and My. If there exists a solution of (LCP), then it can be written in the
form of the Fourier series

u(t) = Ze’\ktxkak, xp = (z,01), 0 <t <T. (3.2.6)
k=1

The solution operators R, 7 and f{&T at t = T, corresponding to problems
obtained by the quasi-reversibility method (3.1.2):

ul 5(t) = (A —eA?)uc5(t) = Acucs(t), 0<t<T, >0,
e 5(0) = x5,
and by the ABC method (3.1.14):
al s(t) = At s(t), 0<t<T+71, 7>0, >0,
ﬂsz(;(O) + el (T + 7) = x5,

also can be written in the form of series:

> 2
Re,Tch = Ua,é(T) = Ze(kk_a)\k)T(.rg)kak, (x(;)k = (.7;5,04;07
k=1
_ ) o0 AT
RE,TI‘(S = UE,ﬁ(T) = kz_:l m(l‘(;)kak. (327)

On the other hand, the assumption A € H, guarantees that — A generates
a Cop-semigroup {U_4(t), t > 0} and the Cauchy problem

V'(t) = —Av(t), 0<t<T, v(0) =z, (3.2.8)

is uniformly well-posed. Its solution is v(-) = U_4(-)Z. Problem (3.2.8) is
equivalent to the inverse Cauchy problem

B(t) = Ab(t), 0<t<T, v(T)=2, o(t)=uv(T—t). (3.2.9)

Writing down the solution of (3.2.9) at t = T', with & = u(T), we reduce the
ill-posed Cauchy problem to the operator equation of the first kind (3.2.1):

Yy := Zuke_)"‘Tozk = f, (3.2.10)
k=1
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where u = u(T), ux = (w(T),ar), f =2 =u(0) =0(0), and ¥ is a compact
linear operator on H. Regularization of (3.2.10) by the quasivalues method
leads us to the following optimization problem

infueml|Wu — fsll, fs =5
on the compact set
M =

oo
u = ugay € H, u = (u, o) ‘ u<r lim :oo}.
{ ;_:M k k Z%k Hoo%

For ~, = )\i, set M coincides with the correctness class My, for v, =
eM(TH7) with M,. Using the Lagrange multipliers method:

inf [i(uke”\ﬂ — (fs)k)?+ A <r2 — iﬁ(u{ﬁﬂ ;

k=1 k=1

(fs)x = (x5, an),

we obtain the solution of the optimization problem

e)\kT
Zuw;c Z m(ﬁs)k% =t uxs(7). (3.2.11)

Comparing (3.2.11) and (3.2.7) we see that if ¢ = A and v, = e*T 7 = 3T,
then the quasivalues method coincides with the ABC method.

3.2.3 Regularizing operators and local C-regularized
semigroups

In this subsection, we establish a connection between the existence of reg-

ularizing operators for (LCP) and the existence of a C-regularized semi-

groups with the generator A and operator C' = C. depending on the regu-
larization parameter ¢.

Theorem 3.2.3 Suppose that operator —A generates a Cy-semigroup on a
Banach space X. Then the following statements are equivalent:

(I) A is the generator of a local Ce-regularized semigroup {S(t), 0 <t < T}
with operator Ce — <o I on D(A);

(II) for (LCP) there exists a bounded linear regularizing operator R ¢, 0 <
t <T. It is invertible and commutes with A.
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Proof (II) = (I). By U(t) we denote the (unbounded in general) solution
operator of (LCP), U(t)x := u(t). The assumption that —A generates a
Co-semigroup U_ 4(-) guarantees the uniform well-posedness of the Cauchy
problem (3.2.8) and the uniform well-posedness of the equivalent to (3.2.8)
inverse Cauchy problem (3.2.9). Since the problem (3.2.8) is well-posed,
there exists an inverse operator to U_4(t) and we have

U_a®)] " =U(®).

Commutativity of R.; with A implies commutativity of R.; with U_4(s)
for s > 0. We define

() == Re U_a(r—t) = Re UBU_a(H)U_alr — 1)

R
R, Ut)U_4(7), t<7<T,
and

Ce =5(0) =R, ,U_a(7).

We claim that S(t) satisfies relations (LC1) — (LC2) from Definition 1.4.5.
The equality

S(t+s)Ce =85(t)S(s), 0<t,s,t+s<T,

follows from the commutativity of R, with U_4(¢) and the semigroup
property of U_4(t):

St+s)C. = Re U_a(t—t—95)ReU_a(T)
= R U_a(T —t)R.;U_4a(T — 3)
S(t)S(s).

The operator R, ; is defined on the whole space X and is bounded. Fur-
thermore, U_ 4(7—t) is strongly continuous in ¢, where 7—¢ > 0. Therefore,
S(t)x = Re ;U_4(T —t)x is continuous in ¢ for 0 < ¢ < 7 and for all x € X.
Thus {S(¢),0 <t < T} is a local C.-regularized semigroup.

Now we show that operator C. converges strongly to the identity oper-
ator as € — 0. For z € D(A) we have

[Cex — 2] = [|ReU_a(r)z —U(T)U—a(7)z|]
IRe -y — U(T)yll, (3.2.12)

where y = U_4(7)x is the solution of (3.2.8) at ¢ = 7, corresponding to
the initial value z. Formula (3.2.12) and condition 2) from Definition 3.1.1
imply that |Cex — || —c—0 0 for z € D(A).

Now, we establish that for the complete infinitesimal generator G' and
the generator Z of the constructed C.-regularized semigroup the inclusion
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G C A C Z holds and implies A = Z. By definition of the complete
infinitesimal generator, for z € D(G) we have

— Yo b1 -1 I I T | _
Gr = }lbli%h [CT'S(h)z — ] %li%h [U(h)x — ]

= U'(0)z = AU(0)z = Ax,

therefore, D(G) € D(A) and A|p(g) = G. This and the closedness of A

imply G C A. Now we show that D(A) C D(Z) and that Z|p4) = A. For
x € D(A) we have

C.Ar = AC.x=AR.;U_a(T)r =R ;AU_4(7)x
= Re limt ™ [U_a(r —t) = U_a(7)]2

= limt ' [S(t)x — C.x] = C.Zx,

t—0

ie, x € D(Z) and Az = Zx for x € D(A). Hence A C Z. From the
definition of the generator and the complete infinitesimal generator for a
C-regularized semigroup it follows that C~'GCx = Zx for x € D(Z). This
and the inclusion G C A imply equalities

ACx = CZzx, C 'ACx = Zx, x¢€ D(Z).

Under the assumption p(A) # () (which holds for —A, the generator of a
Co-semigroup, and hence for A ), it follows A = Z.

(I) = (II). Suppose that for any 7 < T', A is the generator of a local
C.-regularized semigroup {S(t),t € [0, 7)} with C. strongly convergent to [
as € — 0. We show that R.; := S(¢), 0 < ¢ < T, is a regularizing operator
for (LCP). By our construction, the linear operator R.  is defined on the
whole X, is bounded, and therefore is continuous. Suppose that for some
x € D(A) there exists a solution of (LCP) u(-). For fixed t € (0,T) we
consider the error

IR..oz — ()] = |S()C: Cotr — u(t)]|.
Since C- ! and S(t) commute on R(C.), we have
S(t)C 1 Cex = O S(t)Ce.
Consider y = C.x € C.D(A). Then by Theorem 1.4.6,
v(t) = Regz = C71S(#)Cez = O S(t)y

is the unique solution of the Cauchy problem with the generator of a C.-
regularized semigroup:

V()= Av(t), 0<t<T, v(0)=y.
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On the other hand, C.u(t) is also a solution of (LCP) with the initial value
C.u(0) = Cex = y, therefore R,y = S(t) = C.u(t). Hence, if for an
initial value = there exists a solution w(-), then

IRetx — u(t)|| = ||Ceult) — u(®)| QO’ 0<t<T,
i.e., R, is a regularizing operator for (LCP). O

For A € H we now consider the regularizing operators obtained by the
modified quasi-reversibility and ABC methods:

RY oz = Z MmN T i ay, p>1, (3.2.13)
k=1
and
— & 6)\kt
p —
R87t$ = ; ml‘kak, P Z 1. (3214)

They are C.-regularized semigroups, where

o oo 1
—eXPT
Cox = E e T rpag, Cox = g 77 Tk,
k=1 o Leets

respectively. In [185] it is proved that the classes of regularizing op-
erators (3.2.13), (3.2.14) have error estimates similar to (3.2.2), (3.2.3),
respectively.

3.2.4 Regularization of ‘slightly’ ill-posed problems

In this subsection, we discuss the regularization of the Cauchy problem
(CP) in the cases when A is the generator of an integrated semigroup or of
a k-convoluted semigroup.

Let X be a Banach space. Consider the Cauchy problem

u'(t) = Au(t), t>0, u(0) ==z, (CP)

with a densely defined linear operator A generating an exponentially
bounded integrated semigroup {V'(t), ¢ > 0}. Suppose that for some ex-
actly given initial value x there exists a solution of (CP) u(-) and the initial
value x5 is given with an error § : ||xs — z|| < §. If @ € D(A?), then by
Theorem 1.2.4 the problem (CP) is (1,w)-well-posed and its solution

ult)=V't)r=V{t) Az +z, t>0, (3.2.15)

satisfies the estimate

lu®)ll < K e (|| Az]| + [l])-
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The solution operators V'(t) are defined and (in general) unbounded on
D(A). From the representation (3.2.15), it is clear that in order to regularize
V’(t), one has to neutralize the action of the unbounded operator A. An
obvious candidate for this role is the resolvent R4(\) : X — D(A). We
recall that if A is the generator of an exponentially bounded integrated
semigroup satisfying property (1.2.6), then

ARA(N)z ot € D(4), (3.2.16)
—00
(see Proposition 1.5.1). Now for ¢ > 0 and A > v > a = max{w,0} we

define the operator
R},t = )\V/(t)RA()\)

on X. From the relation
ARA(N)z = [A£ M|Ras(\)z = ARA(\)z — 2, z € X,

we have

R, =A\V(H) [)\RA()\) - I} FARAN).
Hence the operator R%7t is bounded on X for any ¢ > 0 and A > ~.

Theorem 3.2.4 Suppose that a densely defined operator A is the generator
of an exponentially bounded integrated semigroup {V(t), t > 0} satisfying
property (1.2.6). Then the operator

R., — é V() ARA(L/2) + Ra(1/6)], € (0,1/4], t >0,

is the reqularizing operator for (CP).

Proof Let u(-) be an exact solution of (CP) with the initial value z €
D(A?). Consider its approximation uy s(t) = Rixs, t >0, 25 € X,
where A = 1/e. We now estimate the error

urs(®) — u(®)]| = H)\V’(t)RA(/\)x5 V() + )\V’(t)RA(/\)xH

IN

HR%’t(xg - x)” + HV’(t) [ARA(N) — I]xH.
Since ||[Ra(A)|| < K and ||V (¢)]| < K e*!, we have

HRl +L

’ - H,\? HRAN)z — AV (t)z + ARA(A)xH < NK e x|
and
[V = 11a]| = [V ARAN) ~ 1] RAGO)|

- H (t)ARA(No) + RA(AO)] [/\RA()‘) B I]yH

IN

K e!|| [A\RA) = 1]y
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where y := Aoz — Az € D(A). Choosing A = o(6~*/?) with some v € (0,1),
we obtain that

HR%’tl}; — u(t)‘ QO.

Hence R, is the regularizing operator with the regularization parameter
e=1/A—0. O

If A is the generator of an exponentially bounded n-integrated semi-
group {V (), t > 0} satisfying property (1.2.6), then (3.2.16) holds for all
x € D(A™). In this case the operator

R := V(1) (%RA(l/s))n, e€(0,1/4], t >0,

is the regularizing operator for (CP).

We now consider the Cauchy problem (CP) with an operator A gen-
erating a k-convoluted semigroup {S,(t), t > 0}. By Definition 1.3.1, we
have that Sy (t)Az = AS,(t)x for x € D(A), and for x € X

Sk(t)r = A/Ot Si(s)xds + O(t)x, O(1):= /Ot k(s)ds, t>0.

We recall that if for some z there exists a solution u(-) of (CP), then
v = © % u is a solution of the corresponding convoluted Cauchy problem:

V'(t) = Av(t) + O(t)z, t>0, v(0)=0. (3.2.17)

Suppose now that we are given vs(t) = fg S, (s)xs, t >0, a solution of the
convoluted problem (3.2.17) with © = 25 € X. In order to find u, we need
to regularize the following convolution equation of the first kind:

Py :=0xu= /t Ot — s)u(s)ds = v(t) (3.2.18)
0

given vs such that ||v —vs|| < K. Let A be the region from Theorem 1.3.1.
Applying the Laplace transform to (3.2.18) we obtain

L(O,\) - L(u,\) =L(v,)), AeACC,

and Lo

W) _ T ty,
L(0,))
Note that the operator ¥~ is unbounded since £(0,\) — 0 as A — oo (see
Theorem 1.3.1). Using Tikhonov-Arsenin’s regularization [258] we define
the regularizing operator

P <£(v,)\)f()\,5),t)

w= L1
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for all z € X, € € (0,e0] and t > 0. Here f(\,&) —<_1 uniformly in
A€ A and
f()\,&?) =0 ('C(@a )‘))a €€ (0750]'

A—00

For example, one can take

£(O,))
(L2(O,N) + o)1z

f()‘ag) =

Finally, we note that the same procedure can be used in the case where
A is the generator of a C-regularized semigroup. In this case one has to
find a solution of the Cauchy problem

vh(t) = Avs(t), vs(0) = Cxs,

and then to regularize the operator equation of the first kind: Cu = v with
given vg.
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Bibliographic Remark

We would like to emphasize here that our book is not a survey in any
sense. Each of the three approaches (semigroups, distributions and reg-
ularizations) to treating the abstract Cauchy problem deserves a separate
volume in order to cover all aspects of the theory and the applications. Our
aim was to present a concept of some of the connections between these ap-
proaches. For this reason our bibliographic notes are very minimal, and we
indicate only the sources that were directly used in writing this book. The
Bibliography also includes publications that are closely related and can be
recommended for further reading.

Chapter 0 is inspired by R. Dautray and J.-L. Lions [51], R. Lattés and
J.-L. Lions [145], A. Pazy [219], E. Zeidler [284], H. R. Thieme [256].

Chapter 1

Section 1.1 is based on H. O. Fattorini [84], S. G. Krein [141], T. Kato
[130], E. B. Davies and M. M. H. Pang [52], A. V. Balakrishnan [14]. We
also recommend books by E. Hille and R. S. Phillips [120], K. Yosida [281],
R. Dautray and J.-L. Lions [51], A. Pazy [219], J. A. Goldstein [106], K.
Engel and R. Nagel [73].

Section 1.2 is based on W. Arendt [5], F. Neubrander [209], H. R. Thieme
[256], H. Kellerman and M. Hieber [131], N. Tanaka and N. Okazawa [255],
E. B. Davies and M. M. H. Pang [52], I. Cioranescu [36].

Section 1.3 is based on I. Cioranescu and G. Lumer [39, 38], I. V. Mel-
nikova, U. A. Anufrieva and A. Filinkov [177].

Section 1.4 is based on E. B. Davies and M. M. H. Pang [52], N. Tanaka
and N. Okazawa [255], I. Miyadera and N. Tanaka [201].

Section 1.5 is based on I. V. Melnikova and M. A. Alshansky [174, 176].

Section 1.6 is based on A. Yagi [280], I. V. Melnikova and A. V. Glad-
chenko [187], I. V. Melnikova [170, 171, 173], W. Arendt, O. El-Mennaoui
and V. Kéyantuo [9], H. R. Thieme [256], A. Favini and A. Yagi [102].
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Section 1.7 is based on I. V. Melnikova [171], I. V. Melnikova and A.
Filinkov [186, 182).

Chapter 2

Section 2.1 is based on H. O. Fattorini [84], J.-L. Lions [152], J. Chazarain
[30], I. V. Melnikova and M. A. Alshansky [175], I. V. Melnikova [169, 172].

Section 2.2 is based on I. V. Melnikova [169], I. V. Melnikova, U. A.
Anufrieva and V. Yu. Ushkov [178].

Section 2.3 is based on H. Komatsu [135], J. Chazarain [30], E. Magenes
and J.-L. Lions [153], I. V. Melnikova, U. A. Anufrieva and A. Filinkov
[177], V. K. Ivanov and 1. V. Melnikova [124], I. V. Melnikova [167], I. V.
Melnikova and A. Filinkov [185].

Chapter 3

Sections 3.1 and 3.2 are based on I. V. Melnikova [167, 165, 166], I. V.
Melnikova and A. Filinkov [185], R. Lattes and J.-L. Lions [145], V. K.
Ivanov, I. V. Melnikova and A. Filinkov [128], V. K. Ivanov, V. V. Vasin
and V. P. Tanana [129], M. M. Lavrentev [146], I. V. Melnikova and S. V.
Bochkareva [180], A. Carasso [23].
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Glossary of Notation

Generalities

ﬂ li

equality by definition

logical implication
A for all
3 there exist
1] the empty set
O the end of proof
v.p. Cauchy principal value (of an integral)

Sets, functions and numbers

{ze E|P}
E x F
E—F
Ip

fla

{ar}
E

OF
N,R,C

RN
2E

©2001 CRC Press LLC

the subset of E whose elements possess property P
the cartesian product of sets F and F

the set E' is contained in F' with continuous injection
the identity mapping in F

the restriction of function f : E — F to the

subset 2 of E

the sequence a, ...
the closure of
the boundary of E
the sets of natural numbers, real numbers and
complex numbers

the set of all real N-tupels (rq, ...
the set of all subsets of

s Ay v v e

iTn)

|f(x)] < const |g(x)| in a neighborhood of a

a function satisfying |o(x)/z| — 0 asx — 0
the real part of z € C

the imaginary part of z € C

the argument of z € C

the integer part of z € R



0 or (t) the Dirac distribution

0q oOr O(t — a) the Dirac distribution concentrated at a
H() the Heaviside function

f*g the convolution of f and g

supp f the support of f

Operators and spaces

XaY the direct sum of vector spaces X and Y
XY the quotient space of X by Y if Y € X
lz]|x or ||z]] norm of x € X

Ix the identity operator in X

D(A) the domain of an operator A: X — Y
ran A the range (image) of A

ker A the kernel of A

p(A) the resolvent set of A

pB(A) the B-resolvent set of A

o(A) the spectrum of A

At the inverse of A

A* the adjoint of A

A the closure of A

I A]| the norm of A

Alp the restriction of A to the subspace F' C X
Ra(X) the resolvent of A:

Ra(\) := (A — A)~! for A € p(A)
[D(A)] the Banach space
{D(4), llzlla = o] + 42}
[D(A™)] the Banach space
(DA™, fellan = llall + lAz] + ... + | A"z] }

L(X,Y) the set of all continuous (or bounded) linear mappings
of X with values in Y. If X and Y are Banach spaces,
then so is £(X,Y) equipped with the norm:

||AH1:(X,Y) = SUDP| || x (| Az||
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L(X) L(X) = L(X, X)

X' the dual of X, i.e. X' = L(X,C)
(x,y) the bracket of duality between z € X and y € X’
la the space of sequences {z;} C C

with Y72 | |zg]? < oo
Spaces of functions and distributions
Let Q be an open set in RY and K be a compact set in RY.

C(K) the space of functions continuous on K
with [|fllc(x) = sup;ex |f(1)]

Co(RY) the space of continuous functions on R
vanishing at infinity
C*(K) the space of k-times continuously differentiable

functions equipped with the norm:

k .
1fllox ) = 2 p1=0 1D flle ey »

where

Dj _ gnttiN
- ale 92N ?
10Ty

ljl=n+...+in

D(Q) the space of Schwartz test functions
D'(Q) the space of distributions on €, i.e.

Lr(Q) the space of classes of measurable functions
on ) equipped with the norm:

17l = (Jalr@par) ", 1<p <o
H5(Q) Sobolev space:
= {f € L*(Q) | D°f € L*(Q), Ya: |a| <k},
where

glal
a=(ar,...,an), ol =a1+ - +ay, D*f =5
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HE(Q) the closure of D(2) in H* ()

H Q) the dual space of HE (1)
Wkr(Q) ={feLr(Q) | D*feLP(), Va: |a| <k}
C {E , X} the space of functions continuous on F,

with values in a Banach space X

ok {E , X} the space of k-times continuously differentiable functions
on F, with values in a Banach space X

L2{E , X} the space of square integrable functions on FE,
with values in a Banach space X
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