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Preface

Many mathematical models in physics, engineering, finance, biology, etc.,
involve studying the Cauchy problem

u′(t) = Au(t) + F (t), t ∈ [0, T ), T ≤ ∞, u(0) = x,

where A is a linear operator on a Banach space X and F is an X-
valued function that represents the deterministic or stochastic influence of a
medium. The first and main step in solving such problems consists of study-
ing the homogeneous Cauchy problem

u′(t) = Au(t), t ∈ [0, T ), T ≤ ∞ , u(0) = x. (CP)

The problem (CP) has been comprehensively studied in the case when the
operator A generates a C0-semigroup. A C0-semigroup generated by a
bounded operator A is nothing but an exponential operator-function

eAt =
∞∑

k=1

Aktk

k!
.

In general, C0-semigroups inherit some main properties of exponential func-
tions. As it turns out, the generation of a C0-semigroup by the operator
A is closely related to the uniform well-posedness of the Cauchy problem
(CP). However, many operators that are important in applications do not
generate C0-semigroups.

The focus of this book is the Cauchy problem (CP) with operators A,
which do not generate C0-semigroups. We focus on three approaches to
treating such problems:

• semigroup methods

• abstract distribution methods

• regularization methods
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The strategic concept of the first two approaches is the relaxation of
the notion of ‘well-posedness’ so that a Cauchy problem that is not well-
posed in the classical sense becomes well-posed in some other sense. In
the first approach, using semigroups more general than C0-semigroups –
integrated, C-regularized, and κ-convoluted semigroups – one can construct
solution operators on some subsets of D(A). The corresponding solutions
are stable with respect to norms that are stronger than the norm of X.
Using distribution semigroups in the second approach, one can construct
a family of generalized solution operators on X. The essence of the third
approach is the following: assuming that for some x there exists a solution
u(·) of (CP), for given xδ (‖x− xδ‖ ≤ δ) we construct a solution uε(·) of a
well-posed (regularized) problem depending on a regularization parameter
ε and choose ε = ε(δ) in a way that uε → u as δ → 0. So uε(·) can be taken
as an approximate solution and the operator Rε,t defined by Rε,txδ := uε(t)
is a regularizing operator.

The motivation for writing this book was twofold: first, to give a self-
contained account of the above-mentioned three approaches, which is acces-
sible to nonspecialists. Second, to demonstrate the profound connections
between these seemingly quite different methods. In particular, we demon-
strate that integrated semigroups are primitives of generalized solution op-
erators, and many regularizing operators coincide with Cε-regularized semi-
groups.

The book’s three chapters are devoted respectively to semigroup meth-
ods, abstract distribution methods, and regularization methods. We dis-
cuss not only the Cauchy problem (CP), but also the following important
generalizations: the degenerate Cauchy problem, the Cauchy problem for
inclusion and the Cauchy problem for the second order equation.
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Intro duction

We aim to present semigroup methods, abstract distribution methods, and
regularization methods for the abstract Cauchy problem

u′(t) = Au(t), t ∈ [0, T ), T ≤ ∞, u(0) = x, (CP)

where A is a linear operator on a Banach space X, u(·) is an X-valued
function and x ∈ X. We also demonstrate the connections among these
methods.

In Chapter 0 we use Heat and Wave equations to illustrate some of the
main ideas, notions, and connections from the discussion below.

In Section 1.1 we give a brief account of the theory of C0-semigroups.
Here the reader will find a proof of the following fundamental result of this
theory.

Theorem 1.1.1 Suppose that A is a closed densely defined linear operator
on X. Then the following statements are equivalent:

(I) the Cauchy problem (CP) is uniformly well-posed on D(A): for any
x ∈ D(A) there exists a unique solution, which is uniformly stable
with respect to the initial data;

(II) the operator A is the generator of a C0-semigroup {U(t), t ≥ 0};
(III) Miyadera-Feller-Phillips-Hille-Yosida (MFPHY) condition holds for

the resolvent of operator A: there exist K > 0, ω ∈ R so that∥∥∥R(k)
A (λ)

∥∥∥ ≤ K k!
(Reλ− ω)k+1

,

for all λ ∈ C with Reλ > ω, and all k = 0, 1, . . . .

In this case the solution of (CP) has the form

u(·) = U(·)x, x ∈ D(A),

and supt∈[0,T ] ‖u(t)‖ ≤ K‖x‖ for some constant K = K(T ).
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Condition (III) is usually used as the criterion for the uniform well-
posedness of (CP).

Section 1.2 is devoted to n-times integrated semigroups connected with
the well-posedness of (CP) on subsets from D(An+1). Here is the main
result for exponentially bounded semigroups.

Theorem 1.2.4 Let A b e a densely defined linear op erator on X with
nonempty resolvent set. Then the following statements are equivalent:

(I) A is the generator of an exp onentially b ounded n-times integrated semi-
group {V (t), t ≥ 0};

(I I) the Cauchy problem (CP) is (n, ω)-well-p osed: for any x ∈ D(An+1)
there exists a unique solution such that

∃K > 0, ω ∈  R : ‖u(t)‖ ≤ Keωt‖x‖An ,

where ‖x‖An = ‖x‖ + ‖Ax‖ + . . .+ ‖Anx‖.
Statements (I), (II) of this theorem are equivalent to the MFPHY-type

condition ∥∥∥∥
[
RA(λ)
λn

](k ) ∥∥∥∥ ≤ K k!
(λ− ω)k +1

for all λ > ω, and k = 0, 1, . . . .
In the particular case when A generates a C0-semigroup U , the n-times

integrated semigroup generated by A is the n-th order primitive of U . In
general (and in contrast to C0-semigroups), integrated semigroups may be
not exponentially bounded, may be locally defined, degenerate, and their
generators may be not densely defined. In Section 1.2 we consider non-
degenerate exponentially bounded and local integrated semigroups, their
connections with the Cauchy problem, and discuss several examples. We
also show that an n-times integrated semigroup with a densely defined
generator A can be defined as a family of bounded linear operators V (t)
satisfying

V (t)x− tn

n!
x =

∫ t

0

V (s)Axds

=
∫ t

0

AV (s)xds, 0 ≤ t < T, x ∈ D(A),

and

V (t)x− tn

n!
x = A

∫ t

0

V (s)xds, x ∈ X.

Replacing function tn/n! by a continuously differentiable function Θ(t), one
arrives at the notion of κ-convoluted semigroup, where κ = Θ′.
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Definition 1.3.1 Let A b e a closed op erator and κ(t)  b e a continuous
function on [0, T ), T ≤ ∞. If there exists a strongly continuous op erator-
family {Sκ(t), 0 ≤ t < T} such that Sκ(t)Ax = ASκ(t)x  for x ∈ D(A),
t ∈ [0, T ), and for all x ∈ X

Sκ(t)x = A

∫ t

0

Sκ(s)xds+ Θ(t)x, 0 ≤ t < T,

where Θ(t) =
∫ t

0
κ(s)ds, then Sκ  is called a κ-convoluted semigroup gener-

ated by A, and A is called the generator of Sκ .
In the particular case Θ(t) = tn/n! , the κ-convoluted semigroup Sκ is

an n-times integrated semigroup. If A is the generator of a C0-semigroup
U , then

Sκ(t)x =
∫ t

0

(t− s)n−1

(n− 1)!
U(s)xds

is an n-times integrated semigroup and a κ-convoluted semigroup. This
is the reason that Sκ is called a κ-convoluted semigroup, but not a Θ-
convoluted semigroup.

The corresponding Cauchy problem

v′(t) = Av(t) + Θ(t)x, 0 ≤ t < T, v(0) = 0,

is called the Θ-convoluted Cauchy problem. If there exists a solution of the
Cauchy problem

u′(t) = Au(t), 0 ≤ t < T, u(0) = x,

then, as usual for a nonhomogeneous equation, we have v = Θ ∗ u.
The results of Section 1.3 connect the existence of a κ-convoluted semi-

group and well-posedness of a Θ-convoluted Cauchy problem with the be-
haviour of the resolvent RA(λ). In contrast to the case of an exponentially
bounded and local n-times integrated semigroup, where the resolvent has
polynomial estimates in a half-plane or in a logarithmic region respectively,
in the ‘convoluted’ case the resolvent exists in some smaller region and is
allowed to increase exponentially:

‖RA(λ)‖ ≤ KeM(λ).

Here a real-valued function M(λ), λ ∈ C, grows not faster than λ and is
defined by the order of decreasing of κ̃(λ), the Laplace transform of κ(t). In
Chapter 3 we demonstrate that a (CP) with a generator of a κ-convoluted
semigroup takes an intermediate place between ‘slightly’ ill-posed problems
(with a generator of an integrated semigroup) and ‘essentially’ ill-posed
problems (with −A generating a C0-semigroup).
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In Section 1.4 we consider the Cauchy problem (CP) with A being the
generator of an exponentially bounded C-regularized semigroup {S(t), t ≥
0}, where C is some bounded invertible operator on X. It is shown that
for x ∈ CD(A) there exists a solution of this problem:

u(·) = U(·)x = C−1S(·)x.

Solution operators U(t) are not necessarily bounded on X, therefore in
general the solution u(·) is not stable in X with respect to variation of
x. The well-posedness of the Cauchy problem can be restored in a certain
subspace ofX with a norm stronger than the norm ofX. Namely, if A is the
generator of a C-regularized semigroup, then for any x ∈ CD(A), u(·) =
C−1S(·)x is a unique solution of (CP), and

sup
0≤t≤T

‖u(t)‖ ≤ K‖C−1x‖

for some constant K. There are operators A (for example, those having ar-
bitrary large positive eigenvalues) that generate C-regularized semigroups,
defined only for t from some bounded subset of R. Such semigroups corre-
spond to the local C-well-posedness of the Cauchy problem, and are also
considered in Section 1.4.

In Section 1.5 we study degenerate C0-semigroups and integrated semi-
groups connected with the degenerate Cauchy problem

Bu′(t) = Au(t), t ≥ 0, u(0) = x, (DP)

where B,A : X → Y are linear operators in Banach spaces X, Y , and
kerB �= {0}. We assume that the set

ρB(A) :={
λ ∈ C

∣∣∣ R(λ) := (λB −A)−1B is a bounded operator on X
}

is not empty. This set is called the B-resolvent set of operator A and the
operator R(λ) is called the B-resolvent of operator A.

We prove the equivalence of the uniform well-posedness of (DP) on the
maximal correctness class, the existence of a degenerate C0-semigroup with
A and B being the pair of generators, and MFPHY-type estimates together
with the decomposition of X:

X = X1 ⊕ kerB, X1 := D1, D1 := R(λ)X, λ ∈ ρB(A).

This decomposition plays a role similar to the density condition for the
generator of a C0-semigroup. We also prove results about (n, ω)- and n-
well-posedness of the degenerate Cauchy problem.

©2001 CRC Press LLC

©2001 CRC Press LLC



Both degenerate Cauchy problems

Bu′(t) = Au(t), t ∈ [0, T ), T ≤ ∞, (DP)
u(0) = x, kerB �= {0}

and

d

dt
Bv(t) = Av(t), t ∈ [0, T ), T ≤ ∞, (DP1)

Bv(0) = x,

can be considered as particular cases of the Cauchy problem for an inclusion
with a multivalued linear operator A

u′(t) ∈ Au(t), t ∈ [0, T ), T ≤ ∞, u(0) = x. (IP)

If we set A = B−1A for problem (DP), or A = AB−1 and u(·) := Bv(·)
for (DP1), then u(·) is a solution of the Cauchy problem (IP). Conversely,
if u(·) is a solution of (IP) with A = B−1A or A = AB−1, then u(·) is the
solution of (DP) or any v(·) from the set Bv(·) = u(·) is the solution of
(DP1), respectively.

In Section 1.6 we use the technique of degenerate semigroups with
multivalued generators to study the uniform well-posedness and the (n, ω)-
well-posedness of the Cauchy problem (IP). As a consequence, we obtain
MFPHY-type necessary and sufficient conditions for the well-posedness of
(DP) and for the existence of a solution of (DP1).

Section 1.7 is devoted to semigroup methods for abstract Cauchy
problems

u′′(t) = Au′(t) +Bu(t), t ≥ 0, u(0) = x, u′(0) = y, (CP2)

where A,B : X → X, and

Qu′′(t) = Au′(t) +Bu(t), t ≥ 0, u(0) = x, u′(0) = y, (DP2)

where Q,A,B : X → Y are linear operators, kerQ �= {0}, and X,Y are
Banach spaces. In this section we use semigroup methods for studying
the well-posedness of these problems. First, we construct M,N -functions,
the solution operators for problem (CP2), which generalize semigroups and
cosine/sine operator-functions. Second, we study (CP2), (DP2) by reducing
them to a first order Cauchy problem in a product space. Using the results
of Sections 1.2 and 1.6 on integrated semigroups we obtain necessary and
sufficient conditions for the well-posedness of (CP2), (DP2) in terms of
resolvent operators

Rr(λ2) := (λ2I − λA−B)−1 and Rd(λ2) := (λQ2 − λA−B)−1,
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respectively.
The relation between the operators A,B plays a very important role

in studying well-posedness of second order problems. We show that for
the equivalence of the well-posedness of (CP2) and the existence of an
integrated semigroup for the Cauchy problem

v′(t) = Φv(t), t ≥ 0, v(0) = v0,

Φ =
(

0 I
B A

)
, v(t) =

(
u(t)
u′(t)

)
, v0 =

(
x
y

)
,

operators A,B have to be biclosed. With the help of the theory of integrated
semigroups we prove that the MFPHY-type condition:

∃K > 0, ω ≥ 0 :∥∥∥∥ dk

dλk
Rr(λ2)

∥∥∥∥,
∥∥∥∥ dk

dλk
Rr(λ2)

(
λI −A

)∥∥∥∥ ≤ K k!
(Reλ− ω)k +1

,

for all λ ∈  C with Reλ > ω and all k = 0, 1, . . . ,

is necessary and sufficient for well-posedness of (CP2) with biclosed op-
erators A,B. Using the M,N -functions theory, we obtain the following
MFPHY-type well-posedness condition

∃K > 0, ω ≥ 0 :∥∥∥∥ dk

dλk
Rr(λ2)

∥∥∥∥,
∥∥∥∥ dk

dλk

(
λI −A

)
Rr(λ2)

∥∥∥∥ ≤ K k!
(Reλ− ω)k +1

,

for all λ ∈  C with Reλ > ω and all k = 0, 1, . . . ,

for problem (CP2) with commuting operators A,B. Using the theory of
degenerate integrated semigroups we prove MFPHY-type necessary and
sufficient conditions for well-posedness of the degenerate Cauchy problem
(DP2).

Chapter 2 is devoted to the abstract distributions methods. In Section
2.1 for any x ∈ X, we consider the Cauchy problem (CP) with A : D(A) ⊂
X → X, in the space of (Schwartz) distributions. Our main aim here is to
obtain necessary and sufficient conditions for well-posedness in the space of
distributions in terms of the resolvent of A. We show that they are the same
as in the case when A is the generator of a local integrated semigroup. Thus,
only the Cauchy problem with a generator of such a semigroup can be well-
posed in the space of distributions. In this case, a distribution semigroup
is the solution operator distribution, and an integrated semigroup is the
continuous function whose existence is guaranteed by the abstract structure
theorem for this distribution.
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In Section 2.2, we prove the necessary and sufficient conditions for well-
posedness of (DP) and (IP) in spaces of distributions, generalizing the con-
ditions obtained in Section 2.1. Naturally, the semigroups connected with
these problems are degenerate. The important fact is that an n-times in-
tegrated semigroup with a pair of generators A,B or with the multivalued
generator A is degenerate on kerB = kerR(λ), but the corresponding so-
lution operator distribution and the distribution semigroup are degenerate
on kerRn+1 := kerRn+1(λ). Here R(λ) is the pseudoresolvent that is equal
to (λB−A)−1B or (λI−A)−1, respectively. In this section we assume that
X admits the decomposition

X = Xn+1 ⊕ kerRn+1, Xn+1 := Dn+1, Dn+1 := Rn+1(λ)X.

First, we describe the structure of kerRn+1, which is used in the main
theorem, where we discuss the structure of solution operator distributions
and distribution semigroups on kerRn+1. We prove that (DP) is well-
posed in the space of distributions if and only if Â (the part of operator A
in Xn+1) is the generator of a distribution semigroup, or equivalently, Â is
the generator of a local k-times integrated semigroup for some k. Finally,
we consider (DP) in the space of exponential distributions. The distinctive
feature of the exponential case is that the parameter k of the integrated
semigroup coincides with the parameter in the estimate for pseudoresolvent
R(λ).

Studying the Cauchy problem in the spaces of distributions we prove
that polynomial estimates for the resolvent of A (or for the pseudoresolvent
of a multivalued operator A) in a certain logarithmic region of a complex
plane is the criterion for well-posedness of the Cauchy problem with such an
operator A (or A, respectively) in the sense of distributions. This domain
and resolvent estimates are connected with the order of a corresponding
distribution semigroup and solution operator distribution.

In Section 2.3 we consider the Cauchy problem with operator A having
the resolvent in a certain region Λ smaller than logarithmic. We investigate
well-posedness of such (CP) in the space of (Beurling) ultradistributions.
Utradistributions are defined as elements of dual spaces for spaces of in-
finitely differentiable functions with a locally convex topology. In these
spaces well-posedness of the Cauchy problem is studied in a more general
sense than the spaces of Schwartz distributions. We show that the exis-
tence of a solution operator ultradistribution is equivalent to exponential
estimates for the resolvent in some domain Λ. As is proved in Section 1.3,
the latter fact is equivalent to the existence of a unique solution of the
convoluted equation

v(t)′ = Av(t) + Θ(t)x, t ≥ 0, v(0) = 0,

where function Θ(t) is defined by the resolvent of A.
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Spaces of test functions for ultradistributions are spaces of infinitely
differentiable functions defined in terms of estimates on their derivatives,
depending on some sequence Mn. The same sequence allows one to esti-
mate coefficients of differential operators of infinite order, which are called
ultradifferential operators. The spaces of ultradistributions are invariant
under ultradifferential operators just as spaces of distributions are invari-
ant under differential operators. In this section, firstly we discuss some
properties of ultradistributions. Then we investigate the well-posedness of
(CP) in the spaces of ultradistributions. The limit case for (CP) well-posed
in the spaces of ultradistributions is the case of the Cauchy problem with
operator A having no regular points in a right semiplane. For example, the
reversed Cauchy problem for the heat equation is equivalent to the local
Cauchy problem (CP) with A = −d2/dx2 in the corresponding space X.
It is proved that such a (CP) is well-posed in spaces of new distributions.
Spaces of test elements x ∈ X for construction of spaces of new distribu-
tions are defined in terms of the behaviour of Anx for any n, and their
dual spaces of new distributions are subspaces of X∗. Section 2.3, together
with Section 1.6 on κ-convoluted semigroups, demonstrates the transition
from uniformly well-posed problems to ‘essentially’ ill-posed problems via
‘slightly’ ill-posed problems.

Thus, in Chapters 1 and 2 we investigate Cauchy problems that are
not uniformly well-posed. The technique of integrated, κ-convoluted, and
C-regularized semigroups presented in Chapter 1 allows one to construct
a solution of (CP) and local (CP) for initial values x from various subsets
of D(A), stable in X with respect to x in corresponding graph-norms.
The technique of distributions, ultradistributions, and new distributions
presented in Chapter 2 allows the construction of a generalized solution for
any x ∈ X, stable in a space of distributions.

In Chapter 3 we consider regularizing operators which allow one to
construct an approximate solution of (CP), which is stable in X for concor-
dant parameters of regularization and error. The general theory of ill-posed
problems usually treats ill-posed problems in the form of the equation of
the first kind

Ψu = f, Ψ : U → F, (OP)

where, in general, operator Ψ−1 either does not exist or is not bounded.
The main regularization methods for (OP) are variational:

(a) Ivanov’s quasivalues method,
(b) the residual method,
(c) Tikhonov’s method.

In Section 3.1 we study regularization methods for the ill-posed local
Cauchy problem

u′(t) = Au(t), 0 ≤ t < T, T <∞, u(0) = x,
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with operator −A : D(A) ⊂ X → X generating a C0-semigroup or satisfy-
ing some similar conditions.

These methods employ the differential nature of this problem and allow
us to construct a regularized solution of local (CP) as a solution of a well-
posed regularized problem, without reducing it to the form (OP). They are
the following:

1) the quasi-reversibility metho d, where the regularized solution is a
solution of the Cauchy problem

u′ε(t) = (A− εA2)uε(t), 0 < t ≤ T,
uε(0) = x, ε > 0;

2) the auxiliary b oundary conditions metho d, where the regularized
solution is a solution of the boundary value problem

ũ′ε(t) = Aũε(t), 0 < t < T + τ, τ > 0,
ũε(0) + εũε(T + τ) = x, ε > 0;

3) Carasso’s metho d of reducing an ill-posed problem to a well-posed
Dirichlet problem.

In Section 3.2, we obtain error estimates for these regularization meth-
ods and compare them. We discuss connections between ‘differential’ meth-
ods and variational methods. Furthermore, we establish the connection
between regularization methods for the ill-posed Cauchy problem and the
C-regularized semigroup method.
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Chapter 0

Illustration and
Motivation

In this chapter we use very basic model examples to illustrate some of the
main ideas, notions, and connections from the discussion above.

0.1 Heat equation

For simplicity, let Ω = (0, 1). In general, Ω can be an open set from R
n.

Consider the Cauchy-Dirichlet problem on X = L2(Ω):

∂u(x, t)
∂t

− ∂2u(x, t)
∂x2

= 0, t ∈ [0, T ], x ∈ Ω, (0.1.1)

u(0, t) = u(1, t) = 0,
u(x, 0) = u0(x).

Note that L2(Ω) is a separable Hilbert space. Consider operator A = d2

dx2

in L2(Ω) with the domain

D(A) = H2(Ω) ∩H1
0 (Ω),

where H2(Ω) and H1
0 (Ω) are the following classical Sobolev spaces

H1
0 (Ω) =

{
u ∈ L2(Ω)

∣∣∣ ∂u

∂x
∈ L2(Ω), u(0, t) = u(1, t) = 0

}
,

H2(Ω) =
{
u ∈ L2(Ω)

∣∣∣ ∂2u

∂x2
∈ L2(Ω)

}
.

The operator −A has a self-adjoint compact inverse and therefore its spec-
trum consists of discrete eigenvalues. Eigenfunctions and eigenvalues of −A
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can be obtained by solving

d2ek
dx2

= −µkek, ek(0) = ek(1) = 0, k ∈ N,

which gives
µk = k2π2 > 0, ek =

√
2 sin kπx, k ∈ N.

Since {ek}∞k=1 forms an orthonormal basis in L2(Ω), any f ∈ L2(Ω) can be
written in the form

f =
∞∑
k=1

fkek, where fk = (f, ek)L2(Ω),

and we have

‖f‖L2(Ω) =
( ∞∑
k=1

|fk|2
)1/2

.

Assuming that u0 ∈ L2(Ω) and u(t) ∈ L2(Ω) for each t ∈ [0, T ], we write

u(t) =
∞∑
k=1

uk(t)ek, and u0 =
∞∑
k=1

u0
kek.

Then the equation in (0.1.1) becomes

∞∑
k=1

(duk
dt

+ µkuk

)
ek = 0.

By uniqueness of expansions in L2(Ω), we deduce

duk
dt

+ µkuk = 0, k ∈ N,

uk(0) = u0
k,

and the unique solution of this problem is

uk(t) = u0
ke

−µkt.

Now we show that the unique solution of (0.1.1) is given by

u(t) =
∞∑
k=1

uk(t)ek =
∞∑
k=1

e−µktu0
kek. (0.1.2)

Since we assumed that u0 ∈ L2(Ω), we have

∞∑
k=1

|uk(t)|2 =
∞∑
k=1

|u0
k|2e−2µkt ≤

∞∑
k=1

|u0
k|2 <∞, (0.1.3)
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that is for any t ∈ [0, T ], u(t) ∈ L2(Ω). Moreover we have some regularity
with respect to t, namely u ∈ C

{
[0, T ], L2(Ω)

}
, the Banach space of

continuous functions over [0, T ] with values in L2(Ω) equipped with the
norm

‖f‖
C
{

[0,T ], L2(Ω)
} = sup

t∈[0,T ]

(∫ 1

0

|f(x, t)|2dx
)1/2

.

To verify this we note that the estimate

sup
t∈[0,T ]

(m+p∑
k=m

|uk(t)|2
)1/2

≤
(m+p∑
k=m

|u0
k|2

)1/2

, ∀m ≥ 1, p > 0,

implies that the sequence of partial sums of the series
∑∞

k=1 uk(t) is a
Cauchy sequence in C

{
[0, T ], L2(Ω)

}
. Now we have to find out in what

sense the Cauchy problem (0.1.1) is satisfied. First, since

|uk(t)− u0
k|2 ≤ |u0

k|2
(
1− e−µkt

)2
,

we can write

∞∑
k=1

|uk(t)− u0
k|2 ≤

(
1− e−µN t

)2 N∑
k=1

|u0
k|2 +

∞∑
k=N+1

|u0
k|2,

where N is large enough. This implies that

lim
t→0

(u(t)− u0) = 0 in L2(Ω),

and therefore u(0) = u0 in L2(Ω).
Secondly, we demonstrate that u ∈ L2

{
[0, T ], H1

0 (Ω)
}
, which clearly

implies that the boundary condition u(0, t) = u(1, t) = 0 is satisfied almost
everywhere in t ∈ [0, T ]. It is well-known that v ∈ H1

0 (Ω) if and only if

∞∑
k=1

µk|vk|2 <∞, where vk = (v, ek).

Since
|uk(t)|2 ≤ |u0

k|2e−2µkt, k ∈ N,

then ∫ T

0

|uk(t)|2dt ≤ 1
µk
|u0

k|2,

which implies∫ T

0

(m+p∑
k=m

µk|uk(t)|2
)
dt ≤

m+p∑
k=m

|u0
k|2, ∀m ≥ 1, p > 0,
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and therefore ∫ T

0

( ∞∑
k=1

µk|uk(t)|2
)
dt <∞,

that is u ∈ L2
{
[0, T ], H1

0 (Ω)
}
for any u0 ∈ L2(Ω).

Note that if u0 ∈ H1
0 (Ω), then the series

∑∞
k=1 µk|u0

k|2 is convergent,
and since

sup
t∈[0,T ]

(m+p∑
k=m

µk|uk(t)|2
)1/2

≤
(m+p∑
k=m

µk|u0
k|2

)1/2

, ∀m ≥ 1, p > 0,

we have u ∈ C
{
[0, T ], H1

0 (Ω)
}
.

Finally, we discuss in what sense the equation in (0.1.1) is satisfied. We
set

a(u, v) =
∫

Ω

du

dx

dv

dx
dx, u, v ∈ H1

0 (Ω),

Um(t) =
m∑
k=1

uk(t)ek, U ′
m(t) =

m∑
k=1

duk
dt

ek.

Then, since
duk
dt

+ µkuk = 0, k ∈ N,

we have (
U ′
m(t), ek

)
+ a

(
Um(t), ek

)
= 0, 1 ≤ k ≤ m. (0.1.4)

Now fix k < m and let φ ∈ D(0, T ) (the space of Schwartz test functions).
Multiplying (0.1.4) by φ, and integrating by parts, we obtain

−
∫ T

0

(
Um(t), ek

)
φ′(t)dt+

∫ T

0

a
(
Um(t), ek

)
φ(t)dt = 0.

As Um −→m→∞ U uniformly over [0, T ], we have that the function t →(
Um(t), ek

)
φ′(t) converges to the function t→ (

u(t), ek
)
φ′(t), and therefore

lim
m→∞

∫ T

0

(
Um(t), ek

)
φ′(t)dt =

∫ T

0

(
u(t), ek

)
φ′(t)dt.

Since u ∈ L2
{
[0, T ], H1

0 (Ω)
}
and∣∣∣∣ ∫ T

0

a
(
Um(t)− u(t), ek

)
φ(t)dt

∣∣∣∣ ≤ K

∫ T

0

‖Um(t)− u(t)‖2dt,

we have

lim
m→∞

∫ T

0

a
(
Um(t), ek

)
φ(t)dt =

∫ T

0

a(u(t), ek)φ(t)dt.
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Thus, for any ek, we have

−
∫ T

0

(u(t), ek)φ′(t)dt+
∫ T

0

a(u(t), ek)φ(t)dt = 0,

and since the system {ek}∞k=1 is dense in H1
0 (Ω), we obtain

−
∫ T

0

(u(t), v)φ′(t)dt+
∫ T

0

a(u(t), v)φ(t)dt = 0, (0.1.5)

for all v ∈ H1
0 (Ω) and φ ∈ D(0, T ).

So we conclude that for any u0 ∈ L2(Ω), the function u, defined by
formula (0.1.2), satisfies the equation in (0.1.1) in the following weak sense

d

dt

(
u(·), v)+ a

(
u(·), v) = 0, for all v ∈ H1

0 (Ω), (0.1.6)

in the sense of the distributions from D′(0, T ), where the distribution(
u(·), v) ∈ D′(0, T ) is defined by

〈(
u(·), v), φ〉 :=

∫ T

0

(
u(t), v

)
φ(t)dt, for any φ ∈ D(0, T ),

and similarly〈
a
(
u(·), v), φ〉 :=

∫ T

0

a
(
u(t), v

)
φ(t)dt, for any φ ∈ D(0, T ).

Also, we can rewrite the variational equation (0.1.6) in terms of distribu-
tions both in temporal and spatial variables. Since D(Ω) is dense in H1

0 (Ω),
we can choose v ∈ D(Ω) , and (0.1.6) is equivalent to

−
∫

ΩT

u(x, t)v(x)φ′(t)d(x, t)−
∫

ΩT

u(x, t)v′′(x)φ(t)d(x, t) = 0, (0.1.7)

where ΩT = Ω× (0, T ) and d(x, t) = dx dt. Set ψ = v⊗φ := v(x)φ(t), then
ψ ∈ D(ΩT ) and (0.1.7) becomes

−
∫

ΩT

u
∂ψ

∂t
d(x, t)−

∫
ΩT

u
∂2ψ

∂x2
d(x, t) = 0, (0.1.8)

for all ψ ∈ D(ΩT ) with v ∈ D(Ω), φ ∈ D(0, T ). As the set of linear combi-
nations of functions v ⊗ φ with v ∈ D(Ω), φ ∈ D(0, T ), is dense in D(ΩT ),
we have that (0.1.8) holds for all ψ ∈ D(ΩT ):〈∂u

∂t
− ∂2u

∂x2
, ψ

〉
= 0, ∀ψ ∈ D(ΩT ), (0.1.9)
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that is the equation in (0.1.1) is satisfied in the sense of distributions in ΩT .
Thus, we have demonstrated that the variational formula (0.1.6) implies the
distributional formula (0.1.9). The converse is not true in general, but it is
true in this example since we know that u had values in H1

0 (Ω).
Now if we assume some regularity for u0, say u0 ∈ H1

0 (Ω) (or D(A)),
then

∂u

∂t
∈ L2

{
[0, T ], L2(Ω)

}
and Au ∈ L2(Ω).

Therefore, in this case the equation in (0.1.1)

∂u

∂t
= Au

is satisfied in L2
{
[0, T ], L2(Ω)

}
and we say that u is a strong solution of

the Cauchy problem (0.1.1).
Next, we rephrase this discussion using the semigroup terminology.

Firstly, we rewrite (0.1.1) in the following abstract form on X = L2(Ω):

u′(t) = Au(t), t ∈ [0, T ], u(0) = u0, (0.1.10)

where, as before

A =
d2

dx2
with D(A) = H2(Ω) ∩H1

0 (Ω),

is an unbounded linear operator on L2(Ω). Note that v ∈ D(A) if and only
if
∑∞

k=1 µ
2
k|vk|2 < ∞, where vk = (v, ek). For each t ≥ 0, define a linear

operator on L2(Ω) by

U(t)v :=
∞∑
k=1

e−µktvkek, v ∈ L2(Ω).

We note that, due to (0.1.3), U(t) is a bounded operator for each t ≥ 0.
Furthermore, since we have

∥∥U(t)v
∥∥2

L2(Ω)
=

∞∑
k=1

∣∣e−µktvk
∣∣2 ≤ ∞∑

k=1

∣∣vk∣∣2 = ‖v‖2,

then
∥∥U(t)v

∥∥
L2(Ω)

≤ 1 for each t ≥ 0. Now we show that the semigroup
property

U(t)U(s) = U(t+ s)

is satisfied for all t, s ≥ 0. Let v ∈ X. Then, using the self-adjointness of
U(t), we obtain

U(t)U(s)v = U(t)
(
U(s)v

)
=

∞∑
k=1

e−µkt
(
U(s)v, ek

)
ek
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=
∞∑
k=1

e−µkt
(
v, U(s)ek

)
ek

=
∞∑
k=1

e−µkt
(
v, e−µksek

)
ek =

∞∑
k=1

e−µk(t+s)
(
v, ek

)
ek

= U(t+ s)v.

Thus, U is a C0-semigroup of contractions. Now we consider

u(t) := U(t)u0, t ≥ 0, u0 ∈ X.

The estimate (0.1.3) implies that u is continuous in t ≥ 0 and u(0) = u0 in
X. Let u0 ∈ D(A). Then

∞∑
k=1

|µke−µktu0
k|2 ≤

∞∑
k=1

|µku0
k|2 <∞

implies that

u′(t) = −
∞∑
k=1

µke
−µktu0

kek

exists for all t ≥ 0 and is continuous in t ≥ 0. Furthermore,
∞∑
k=1

|µk
(
U(t)u0, ek

)|2 =
∞∑
k=1

|µke−µktu0
k|2 <∞

for all t ≥ 0, hence u(t) ∈ D(A) and

−Au(t) =
∞∑
k=1

µk
(
U(t)u0, ek

)
ek =

∞∑
k=1

µke
−µktu0

kek = −u′(t).

Therefore, if u0 ∈ D(A), then the function u(·) = U(·)u0 is a (strong)
solution of the Cauchy problem (0.1.10). Also it is not difficult to show
that

A = lim
h→0+

U(h)− I

h
,

which means that the operator A is the generator of the semigroup U .
Now again let u0 ∈ D(A) and consider a (Schwartz) distribution U from

D′ defined by

U(φ) := 〈u(·)H(·), φ〉 =
∫ ∞

0

u(t)φ(t)dt, φ ∈ D ≡ D(−∞, T ),

where u is defined by (0.1.2) and

H(t) =
{

1, t ≥ 0
0, t < 0
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is the Heaviside function. Then U satisfies the equation in (0.1.1) in the
follwing sense

U ′ −AU = δ ⊗ u0,

where δ is the Dirac distribution (delta function), or

〈U ′, φ〉 − 〈AU , φ〉 = 〈δ ⊗ u0, φ〉, φ ∈ D,

The operator-valued distribution S defined by

S(φ)u0 ≡ 〈S, φ〉u0 := 〈U , φ〉

=
∫ T

0

u(t)φ(t)dt =
∫ T

0

φ(t)
∞∑
k=1

e−µktu0
kekdt

is a distribution semigroup.

0.2 The reversed Cauchy problem for the
Heat equation

In the same setting as above, we consider the ill-posed Cauchy problem

∂u(x, t)
∂t

+
∂2u(x, t)

∂x2
= 0, t ∈ [0, T ], x ∈ Ω,

u(0, t) = u(1, t) = 0,
u(x, 0) = u0(x),

which can be written in the abstract form

u′(t) = Bu(t), t ∈ [0, T ], u(0) = u0 (0.2.11)

with B = −A. Formally, we can write the solution of (0.2.11) at t = T as

u(T ) = U(T )u0 =
∞∑
k=1

eµkTu0
kek,

where operators U(t), t ≥ 0, are in general unbounded, and therefore they
do not form a C0-semigroup. A solution to problem (0.2.11) can be found
using the quasi-reversibility method, which consists of solving the following
well-posed Cauchy problem

u′
ε(t) = (B − εB2)uε(t), t ∈ [0, T ], ε > 0, (0.2.12)

uε(0) = u0,
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and then showing that uε(T ) −→ u(T ) in some sense. The unique solution
of (0.2.12) is given by

uε(T ) = Uε(T )u0 =
∞∑
k=1

e(µk−εµ2
k)Tu0

kek,

and here Uε is a C-regularized semigroup with the operator C defined by

Cv =
∞∑
k=1

e−εµ2
kT vkek, v ∈ X.

Alternatively, one can use the auxiliary boundary conditions method, which
consists of solving the well-posed boundary value problem

u′
ε(t) = Buε(t), t ∈ [0, T + τ ], ε > 0, τ > 0,

uε(0) + εuε(T + τ) = u0,

The solution to this problem is given by

uε(T ) = Uε(T )u0 =
∞∑
k=1

eµkT

1 + εeµk(T+τ)
u0
kek,

where again Uε is a C-regularized semigroup with the operator C defined
by

Cv =
∞∑
k=1

1
1 + εeµk(T+τ)

vkek, v ∈ X.

0.3 Wave equation

Consider the problem

∂2u(x, t)
∂t2

− ∂2u(x, t)
∂x2

= 0, t ∈ [0, T ], x ∈ Ω = (0, 1),

(0.3.13)
u(0, t) = u(1, t) = 0,

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x),

in L2(Ω). Let

u0 =
∞∑
k=1

u0
kek, u1 =

∞∑
k=1

u1
kek,
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where {ek}∞k=1 is an orthonormal basis in L2(Ω) consisting of eigenvectors
ek =

√
2 sin kπx, k ∈ N, of the operator A = d2

dx2 with the domain

D(A) = H2(Ω) ∩H1
0 (Ω) ⊂ L2(Ω).

We are looking for a L2(Ω) solution of (0.3.13) by setting

u(t) =
∞∑
k=1

uk(t)ek.

The unique solution of each problem

d2uk
dt2

+ µkuk = 0, k ∈ N, (0.3.14)

uk(0) = u0
k, u′

k(0) = u1
k,

is

uk(t) = u0
k cos (

√
µkt) + u1

k

sin (
√
µkt)√

µk
, k ∈ N. (0.3.15)

Thus, we can formally write

u(t) =
∞∑
k=1

uk(t)ek (0.3.16)

=
∞∑
k=1

cos (
√
µkt)u0

kek +
∞∑
k=1

sin (
√
µkt)√

µk
u1
kek.

Now we investigate the convergence of the series in (0.3.16).

Case 1. u0 ∈ L2(Ω), u1 ∈ H−1(Ω).

Here H−1(Ω) = L(H1
0 (Ω),R) is the dual space of H1

0 (Ω), and we have the
following continuous injections

H1
0 (Ω) ↪→ L2(Ω) ↪→ H−1(Ω).

Recall that u0 ∈ L2(Ω) and u1 ∈ H−1(Ω) if and only if

∞∑
k=1

|u0
k|2 <∞ and

∞∑
k=1

|u1
k|2
µk

<∞,

respectively. Under these assumptions, the sequence

Um(·) =
m∑
k=1

uk(·)ek
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is a Cauchy sequence in C
{
[0, T ], L2(Ω)

}
since

sup
t∈[0,T ]

|uk(t)|2 ≤ 2

(
|u0

k|2 +
|u1

k|2
µk

)
, k ∈ N.

Further, since

u′
k(t) = −

√
µku

0
k sin (

√
µkt) + u1

k cos (
√
µkt),

we have

1
µk

sup
t∈[0,T ]

|u′
k(t)|2 ≤ 2

(
|u0

k|2 +
|u1

k|2
µk

)
, k ∈ N,

therefore, for all m ∈ N and all p ≥ 0

sup
t∈[0,T ]

∥∥∥U ′
m+p(t)− U ′

m(t)
∥∥∥2

H−1(Ω)
= sup

t∈[0,T ]

m+p∑
k=m+1

|u′
k(t)|2
µk

≤ 2
m+p∑

k=m+1

(
|u0

k|2 +
|u1

k|2
µk

)
,

and

U ′
m(·) =

m∑
k=1

u′
k(·)ek

is a Cauchy sequence in C
{
[0, T ], H−1(Ω)

}
. Thus we have shown that Um

and U ′
m converge to

u ∈ C
{
[0, T ], L2(Ω)

}
and

∂u

∂t
∈ C

{
[0, T ], H−1(Ω)

}
,

respectively. Also taking into account

Um(0) =
m∑
k=1

u0
kek, U ′

m(0) =
m∑
k=1

u1
kek,

we have
u(0) = u0 and

∂u

∂t
(0) = u1.

So, if u0 ∈ L2(Ω), u1 ∈ H−1(Ω), then the function u defined by (0.3.16),
can satisfy the equation in (0.3.13) in some ‘very’ weak sense, which we will
discuss after the next case.

Case 2. u0 ∈ H1
0 (Ω), u1 ∈ L2(Ω).
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In this case we have
∞∑
k=1

µk|u0
k|2 <∞,

∞∑
k=1

|u1
k|2 <∞,

and

sup
t∈[0,T ]

µk|uk(t)|2 ≤ 2
(
µk|u0

k|2 + |u1
k|2

)
, k ∈ N,

sup
t∈[0,T ]

|u′
k(t)|2 ≤ 2

(
µk|u0

k|2 + |u1
k|2

)
, k ∈ N,

which implies that

u ∈ C
{
[0, T ], H1

0 (Ω)
}

and
∂u

∂t
∈ C

{
[0, T ], L2(Ω)

}
,

with u(0) = u0, ∂u
∂t (0) = u1. Note that

∂2u

∂t2
∈ C

{
[0, T ], H−1(Ω)

}
,

as

1
µk

sup
t∈[0,T ]

|u′′
k(t)|2 ≤ µk sup

t∈[0,T ]

|uk(t)|2

(0.3.17)

≤ 2

(
µk|u0

k|2 + |u1
k|2

)
, k ∈ N.

In a fashion similar to the Heat equation (see (0.1.4)), from (0.3.14) we
write (

U ′′
m(t), ek

)
+ a

(
Um(t), ek

)
= 0, 1 ≤ k ≤ m.

Now let φ ∈ D(0, T ), then for any fixed k < m, we have

−
∫ T

0

(
U ′
m(t), ek

)
φ′(t)dt+

∫ T

0

a
(
Um(t), ek

)
φ(t)dt = 0.

The uniform convergence of Um to u in C
{
[0, T ], H1

0 (Ω)
}
implies that

lim
m→∞

∫ T

0

a
(
Um(t), ek

)
φ(t)dt =

∫ T

0

a(u(t), ek)φ(t)dt,

and uniform convergence of U ′
m to ∂u

∂t in C
{
[0, T ], L2(Ω)

}
gives

lim
m→∞

∫ T

0

(
U ′
m(t), ek

)
φ′(t)dt =

∫ T

0

(
∂u

∂t
(t), ek

)
φ′(t)dt.
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We conclude that u satisfies the equation in (0.3.13) in the following sense

−
∫ T

0

(
∂u

∂t
(t), v)φ′(t)dt+

∫ T

0

a(u(t), v)φ(t)dt = 0,

for all v ∈ H1
0 (Ω) and φ ∈ D(0, T ). In other words, the equation

d

dt

(∂u
∂t

(·), v)+ a
(
u(·), v) = 0 (0.3.18)

is satisfied in D′(0, T ) for all v ∈ H1
0 (Ω).

Now we return to the Case 1. From (0.3.14) we obtain∫ T

0

(
Um(t), ek

)
φ′′(t)dt−

∫ T

0

(
Um(t), Aek

)
φ(t)dt = 0,

for all fixed k < m and for all φ ∈ D(0, T ), therefore∫ T

0

(u(t), ek)φ′′(t)dt−
∫ T

0

(u(t), Aek)φ(t)dt = 0,

for any k ∈ N and for all φ ∈ D(0, T ). Since {ek}∞k=1 forms a Hilbert basis
in D(A), we obtain∫ T

0

(u(t), v)φ′′(t)dt−
∫ T

0

(u(t), Av)φ(t)dt = 0,

for all v ∈ D(A), φ ∈ D(0, T ), or in other words, the equation

d2

dt2
(
u(·), v) = (

u(·), Av
)

(0.3.19)

is satisfied in D′(0, T ) for all v ∈ D(A).

Case 3. u0 ∈ D(A), u1 ∈ H1
0 (Ω).

Here we have
∞∑
k=1

µ2
k|u0

k|2 <∞,
∞∑
k=1

µk|u1
k|2 <∞.

Therefore (0.3.17) implies the uniform convergence of U ′′
m to ∂2u

∂t2 , and of
AUm to Au, in the space C

{
[0, T ], L2(Ω)

}
. Thus, the function u defined

by (0.3.16), satisfies the equation

∂2u

∂t2
= Au(t)
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in L2(Ω).
Now we describe these three cases using the semigroup terminology.

Problem (0.3.13) can be written in the abstract form

u′′(t) = Au(t), t ∈ [0, T ], (0.3.20)
u(0) = u0, u′(0) = u1,

where

A =
d2

dx2
with D(A) = H2(Ω) ∩H1

0 (Ω) ⊂ L2(Ω) ≡ X

is an unbounded linear operator on L2(Ω). Taking into account the dis-
cussion of Case 1, we define the following bounded linear operators on
X:

C(t)v :=
∞∑
k=1

cos (
√
µkt) vkek, S(t)v :=

∞∑
k=1

sin (
√
µkt)√

µk
vkek,

which are the cos- and sin-operator-functions corresponding to our prob-
lem. The unique solution of (0.3.13) is given by

u(t) = C(t)u0 + S(t)u1,

where the equation in (0.3.13) is satisfied as described in Cases 1–3 ac-
cording to the choice of the initial data.

Now we write the problem (0.3.20) in the form of the first order equation
in a product space

w′(t) = Φw(t), t ∈ [0, T ], w(0) =
(

u0

u1

)
, (0.3.21)

where

w(t) =
(

u(t)
u′(t)

)
∈ L2(Ω)× L2(Ω),

Φ =
(

0 I
A 0

)
, D(Φ) = D(A)× L2(Ω).

The solution operator of (0.3.21) can be formally written as

w(t) = U(t)
(

u0

u1

)
:=

( C(t) S(t)
C′(t) S ′(t)

)(
u0

u1

)

=
( C(t)u0 + S(t)u1

C′(t)u0 + S ′(t)u1

)
, t ≥ 0, u0, u1 ∈ L2(Ω),
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and noting that for any v ∈ L2(Ω), S ′(t)v = C(t)v, we write U in the form

U(t) =
( C(t) S(t)
C′(t) C(t)

)
, t ≥ 0.

From the definition of C it is clear that C is not necessarily differentiable
in t on L2(Ω), implying that the operators U(t) are in general unbounded
on L2(Ω)× L2(Ω), and therefore they do not form a C0-semigroup on this
space.

Let us consider a smaller space H1
0 (Ω)× L2(Ω), and let

Ψ =
(

0 I
A 0

)
, with D(Ψ) = D(A)×H1

0 (Ω).

From the calculations in Case 2 we deduce that the operators U(t) are
bounded on H1

0 (Ω) × L2(Ω), and they form a C0-semigroup generated by
Ψ. Further, if u0 ∈ D(A), u1 ∈ H1

0 (Ω), then U gives the unique strong
solution of (0.3.21), and if u0 ∈ H1

0 (Ω), u1 ∈ L2(Ω), then U gives the
unique solution of (0.3.21) in the variational sense.

On the initial space L2(Ω) × L2(Ω) we consider the integral of the
operator-function U(·):

V (t) =
(

S(t) ∫ t

0
S(s)ds

C(t)− I S(t)
)

, t ≥ 0.

The operators V (t) are bounded and strongly continuous on L2(Ω)×L2(Ω).
Moreover, they form an integrated semigroup generated by Φ, which gives
the unique solution of the integrated problem (0.3.21):

v(t)− t

(
u0

u1

)
=
∫ t

0

Φv(s)ds, t ∈ [0, T ], (0.3.22)

v =
(

v1

v2

)
, u0, u1 ∈ L2(Ω),

which is equivalent to

v1(t)− tu0 =
∫ t

0

v2(s)ds,

v2(t)− tu1 =
∫ t

0

Av1(s)ds.

This solution is equivalent to the solution obtained in Case 1 in the
following sense: a function v(·) is a solution of (0.3.22) if and only if
u(·) = v2(·) + u0 is a solution of (0.3.19) in D′(0, T ) for all v ∈ D(A).
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Note that in this case v1(t) =
∫ t

0
u(s)ds. Also if we take

(
u0

u1

)
∈ D(Φ2),

then V (·)
(

u0

u1

)
is differentiable in t, and V ′(·)

(
u0

u1

)
is the unique

solution of (0.3.21).
Finally, we note here that the operator Φ is the generator of the distri-

bution semigroup V defined by

V(φ)v = −
∫ ∞

0

φ′(t)V (t)vdt, φ ∈ D, v ∈ L2(Ω)× L2(Ω),

which can be regarded as the distributional derivative of the integrated
semigroup V .
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Chapter 1

Semigroup Methods

1.1 C0-semigroups

We begin with a brief summary of very basic notions and results from the
theory of C0-semigroups.

1.1.1 Definitions and main properties

Let X be a Banach space.

Definition 1.1.1 A one-parameter family of bounded linear operators
{U(t), t ≥ 0} is called a C0-semigroup (or semigroup of class C0) if the
following conditions hold

(U1) U(t+ h) = U(t)U(h), t, h ≥ 0;

(U2) U(0) = I;

(U3) U(t) is strongly continuous with respect to t ≥ 0.

Definition 1.1.2 The operator defined by

U ′(0)x := lim
h→0

h−1(U(h)− I)x,

D(U ′(0)) =
{
x ∈ X

∣∣∣ ∃ lim
h→0

U(h)− I

h
x

}
,

is called the (infinitesimal) generator of the semigroup U .

The properties of C0-semigroups are established in the following
proposition.
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Proposition 1.1.1 Let {U(t), t ≥ 0} be a C0-semigroup and A be its
generator. Then

1) U(t)U(h) = U(h)U(t) for all t, h ≥ 0;

2) U is exponentially bounded:
∃K > 0, ω ∈ R : ∀t ≥ 0,

‖U(t)‖ ≤ Keωt; (1.1.1)

3) D(A) = X and operator A is closed;

4) U ′(t)x = U(t)Ax = AU(t)x for all x ∈ D(A);

5) ∀λ ∈ C : Reλ > ω, ∃(λI −A)−1 =: RA(λ) and

RA(λ)x =
∫ ∞

0

e−λtU(t)xdt, x ∈ X. (1.1.2)

Proof 1) The commutativity of U(t) and U(h), t, h ≥ 0, follows from
property (U1).

2) An arbitrary t > 0 can be written in the form t = n + τ , where
n ∈ N, 0 ≤ τ < 1. Then we have U(t) = Un(1)U(τ), and

‖U(t)‖ ≤ ‖U(1)‖nK = Ken ln ‖U(1)‖ ,

where K = sup0≤τ≤1 ‖U(τ)‖ <∞.

If ln ‖U(1)‖ ≤ 0, then ‖U(t)‖ ≤ K, that is (1.1.1) holds for ω = 0. If
ln ‖U(1)‖ > 0, then

‖U(t)‖ ≤ Ke(n+τ) ln ‖U(1)‖) = Ket ln ‖U(1)‖ = Keωt,

where ω = ln ‖U(1)‖.
3) To prove that D(A) = X, we consider the set

U :=

{
va,b =

∫ b

a

U(τ)udτ, x ∈ X, b > a > 0

}
.

We show that U ⊂ D(A):

h−1
[
U(h)− I

]
va,b = h−1

∫ b

a

[U(h+ τ)− U(τ)]xdτ

= h−1

[∫ b+h

a+h

U(t)xdt−
∫ b

a

U(τ)xdτ

]

= h−1

[∫ b+h

b

U(τ)xdτ −
∫ a

a+h

U(τ)xdτ

]
→

[
U(b)− U(a)

]
x as h→ 0.
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Now we will show that U = X. Suppose that there exists f ∈ X∗ such that
f(U) = 0, f �≡ 0. Then

∀b > a > 0, f(va,b) =
∫ b

a

f(U(τ)x)dτ = 0.

Hence
∀x ∈ X, f(U(τ)x) = 0, τ > 0,

and f(U(τ)x)→τ→0 f(x) = 0, that is f ≡ 0. This contradiction proves the
equality U = X, therefore D(A) = X.

To prove the closedness of the generator A, we take a sequence {xn} ⊂
D(A) such that xn → x and Axn → v. We show that Ax exists and is
equal to v :

h−1

∫ h

0

U(τ)U ′(0)xndτ = h−1

∫ h

0

dU(τ)xn
dτ

dτ = h−1
[
U(h)− I

]
xn.

Let n→∞, then we have

h−1

∫ h

0

U(τ)vdτ = h−1
[
U(h)− I

]
x.

Let h→ 0, then the left-hand side converges to v, that is x ∈ D(U ′(0)) and
v = U ′(0)x = Ax.

4) For x ∈ D(A) it follows from Definition 1.1.2 that

U(t)Ax = U(t) lim
h→0

h−1
[
U(h)− I

]
x

= lim
h→0

h−1
[
U(h)− I

]
U(t)x = AU(t)x,

U ′(t)x = lim
h→0

h−1
[
U(t+ h)− U(t)

]
x

= lim
h→0

h−1
[
U(t)U(h)− U(t)

]
x

= U(t) lim
h→0

h−1
[
U(h)− I

]
x = U(t)Ax = AU(t)x.

5) In view of estimate (1.1.1) the integral in the right-hand side of
(1.1.2): ∫ ∞

0

e−λtU(t)xdt,

exists for all x ∈ X and λ ∈ C with Reλ > ω. Integrating by parts and
taking into account the fact that A is closed, we have for x ∈ D(A)∫ ∞

0

e−λtU(t)Axdt = A

∫ ∞

0

e−λtU(t)xdt =
∫ ∞

0

e−λtU ′(t)xdt

= −x+ λ

∫ ∞

0

e−λtU(t)xdt.
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After extending the equality by continuity to X = D(A) we obtain

(λI −A)
∫ ∞

0

e−λtU(t)xdt = x, x ∈ X. (1.1.3)

On the other hand,∫ ∞

0

e−λtU(t)(λI −A)xdt = x, x ∈ D(A). (1.1.4)

Equalities (1.1.3), (1.1.4) imply the existence of a bounded on X operator
RA(λ) = (λI −A)−1 and relation (1.1.2). ✷

Proposition 1.1.2 Let U be a strongly continuous operator-function such
that

∃K > 0, ω ∈ R : ‖U(t)‖ ≤ Keωt, t ≥ 0.

Let
R(λ) :=

∫ ∞

0

e−λtU(t)dt , Reλ > ω.

Then R(λ) satisfies the resolvent identity

(µ− λ)R(λ)R(µ) = R(λ)−R(µ), Reλ, Reµ > ω, (1.1.5)

if and only if U satisfies (U1).

Proof Let Reλ, Reµ > ω. The result follows from the uniqueness theorem
for Laplace transforms given the following observations

R(µ)R(λ) =
∫ ∞

0

e−µt

∫ ∞

0

e−λtU(s)U(t)dsdt,

and

R(λ)−R(µ)
µ− λ

=
∫ ∞

0

e(λ−µ)tR(λ)dt−
∫ ∞

0

(µ− λ)−1e(λ−µ)te−λtU(t)dt

=
∫ ∞

0

e(λ−µ)t

∫ ∞

0

e−λsU(s)dsdt−
∫ ∞

0

e(λ−µ)t

∫ t

0

e−λsU(s)dsdt

=
∫ ∞

0

e(λ−µ)t

∫ ∞

t

e−λsU(s)dsdt

=
∫ ∞

0

e−µt

∫ ∞

t

e−λ(s−t)U(s)dsdt

=
∫ ∞

0

e−µt

∫ ∞

0

e−λsU(s+ t)dsdt. ✷
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1.1.2 The Cauchy problem

Consider the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (CP)

where A is a linear operator with D(A) ⊆ X.

Definition 1.1.3 A function

u(·) ∈ C1
{
[0,∞), X

} ∩ C
{
[0,∞), D(A)

}
is called a solution of the Cauchy problem (CP) if u(t) satisfies the equation
for t ≥ 0 and the initial condition for t = 0.

Definition 1.1.4 The Cauchy problem (CP) is said to be uniformly well-
posed on E ⊂ X, (where E = X) if

(a) a solution exists for any x ∈ E;

(b) the solution is unique and for any T > 0 is uniformly stable for
t ∈ [0, T ] with respect to the initial data.

Remark 1.1.1 According to Hadamard’s definition of correctness, Defi-
nition 1.1.4 includes the condition of stability of a solution with respect
to the initial data. Now we show that the Cauchy problem (CP) has the
following special property.

Lemma 1.1.1 If for any x ∈ D(A) there exists a unique solution of (CP)
and the resolvent set ρ(A) is not empty, then this solution is stable with
respect to the initial data.

Proof Let u(t) = U(t)x, t ≥ 0, be a unique solution of the Cauchy problem
with initial value x ∈ D(A), where

U(·) : [D(A)]→ C
{
[0, T ], [D(A)]

}
are the solution operators for any T > 0. Here [D(A)] is the Banach space{

D(A), ‖x‖A = ‖x‖+ ‖Ax‖
}
.

We show that all U(t) are closed. Suppose xn → x in [D(A)] and U(t)xn =
un(t) → v(t) in C

{
[0, T ], [D(A)]

}
. Then u′

n(t) = Aun(t) → Av(t) in X
uniformly in t, therefore from

un(t) = xn +
∫ t

o

u′
n(τ)dτ
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we obtain

v(t) = x+
∫ t

o

Av(τ)dτ,

that is v is a solution of the Cauchy problem with initial value x, continu-
ously differentiable on [0, T ]. Since a solution is unique, v(t) = U(t)x, t ≥ 0.
Thus, operators U(t) are everywhere defined on [D(A)] and closed, there-
fore by the Banach theorem the operator-function U(·) is continuous and

sup
t∈[0,T ]

‖u(t)‖A ≤ K‖x‖A, (1.1.6)

which implies that the Cauchy problem is uniformly well-posed in the space
[D(A)].

Since the resolvent set ρ(A) of operator A is not empty, consider
λ0 ∈ ρ(A), x ∈ D(A) and y = R(λ0)x, then we have y ∈ D(A2) and

U(t)x = −U(t)Ay + λ0U(t)y = −AU(t)y + λ0U(t)y,

therefore

‖U(t)x‖ ≤ ‖AU(t)y‖+ |λ0|‖U(t)y‖ ≤ K0‖U(t)y‖A.
From (1.1.6) we obtain

‖U(t)x‖ ≤ K1‖y‖A = K1

(
‖y‖+ ‖Ay‖

)
= K1

(
‖y‖+ ‖x− λ0y‖

)
≤ K2

(
‖x‖+ ‖y‖

)
≤ K2

(
‖x‖+ ‖R(λ0)‖ ‖x‖

)
≤ K‖x‖, t ∈ [0, T ],

that is (CP) is uniformly well-posed in the space X. ✷

Theorem 1.1.1 Suppose that A is a closed densely defined linear operator
on X. Then the following statements are equivalent:

(I) the Cauchy problem (CP) is uniformly well-posed on D(A);

(II) the operator A is the generator of a C0-semigroup {U(t), t ≥ 0};
(III) Miyadera-Feller-Phillips-Hille-Yosida (MFPHY) condition holds for

the resolvent of operator A: there exist K > 0, ω ∈ R so that∥∥∥R(k)
A (λ)

∥∥∥ ≤ K k!
(Reλ− ω)k+1

, (1.1.7)

for all λ ∈ C with Reλ > ω, and all k = 0, 1, . . . .
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In this case the solution of (CP) has the form

u(·) = U(·)x, x ∈ D(A).

Proof (I) =⇒ (II). The solution u(t), t ≥ 0, of the Cauchy problem (CP)
exists and is unique for any x ∈ D(A). Denote it by U(·)x. Since for any
T > 0 the solution is uniformly stable with respect to t ∈ [0, T ], defined
in such a way linear operators U(t) are uniformly bounded with respect to
t ∈ [0, T ] on D(A). In view of the condition D(A) = X, this implies that
U(t) can be extended by continuity to the whole space with preservation
of the norm estimate. We show that the obtained family of linear bounded
operators {U(t), t ≥ 0} is a C0-semigroup.

Since U(t)x satisfies the equation U ′(t)x = AU(t)x for all x ∈ D(A)
and t ≥ 0, we have U(t)x ∈ D(A) whenever x ∈ D(A). For x ∈ D(A)
the functions U(t + h)x and U(t)U(h)x are solutions of (CP) with initial
condition U(h)x. The uniqueness of the solution gives us the equality

∀x ∈ D(A), U(t+ h)x = U(t)U(h)x, t, h ≥ 0,

which can be extended to the whole X.
Thus (U1) is proved, and (U2) follows from the initial condition. Since

‖U(t)‖ is uniformly bounded with respect to t ∈ [0, T ], and U(t)x is continu-
ous with respect to t ≥ 0 on D(A) (D(A) = X), then the operator-function
U(·) is strongly continuous with respect to t ≥ 0 , so (U3) holds true.
Furthermore for x ∈ D(A) we have

lim
h→0

h−1
[
U(h)− I

]
x = U ′(0)x = AU(0)x = Ax,

that is D(A) ⊆ D(U ′(0)) = D, and U ′(0) = A on D(A). To prove that
D ⊂ D(A), we show that the resolvent

RU ′(0)(λ) =
∫ ∞

0

e−λtU(t)dt, Reλ > ω,

is equal to the resolvent of operator A. For x ∈ D(A) ⊂ D we have

(λI −A)RU ′(0)(λ)x = (λI −A)
∫ ∞

0

e−λtU(t)xdt

= −
∫ ∞

0

e−λtAU(t)xdt+ λ

∫ ∞

0

e−λtU(t)xdt

= x.

Since A is closed, this equality can be extended to the whole X. The oper-
ator RU ′(0)(λ) maps X on D, therefore D ⊂ D(A), and A is the generator
of the C0-semigroup {U(t), t ≥ 0}.
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(II) =⇒ (III). The estimates (1.1.7) follow from (1.1.2) and (1.1.1). In
fact,

‖RA(λ)‖ =
∥∥∥∥∫ ∞

0

e−λtU(t)dt
∥∥∥∥ ≤ ∫ ∞

0

| e−λt | ‖U(t)‖dt

≤ K

∫ ∞

0

e−[Reλ−ω]tdt =
K

Reλ− ω
,

∥∥∥∥ d

dλ
RA(λ)

∥∥∥∥ =
∥∥∥∥∫ ∞

0

−te−λtU(t)dt
∥∥∥∥ ≤ K

∫ ∞

0

te−[Reλ−ω]tdt

=
K 1!

(Reλ− ω)2

and so on∥∥∥∥ dk

dλk
RA(λ)

∥∥∥∥ =
∥∥∥∥∫ ∞

0

tke−λtU(t)dt
∥∥∥∥ ≤ K

∫ ∞

0

tke−[Reλ−ω]tdt

=
K k!

(Reλ− ω)k+1
.

(III) =⇒ (I). First we construct the solution of (CP) for sufficiently
smooth initial data. Noting that D(A3) = X, let x ∈ D(A3) and
σ > max{ω, 0}. Define

û(t, x) = x+tAx+
t2

2
A2x+

1
2πi

∫ σ+i∞

σ−i∞
λ−3eλtRA(λ)A3xdλ, t ≥ 0. (1.1.8)

The integral in (1.1.8) vanishes for t = 0, consequently û(0, x) = x. It
is obvious that ‖û(t, x)‖=t→∞O(eσt). The possibility of differentiation
under the integral sign implies the existence of a continuous derivative of
û(t, x), t ≥ 0. On the other hand, in view of the closedness of operator A,
û(t, x) ∈ D(A) and

û′(t, x)−Aû(t, x)

= − t2

2
A3x+

1
2πi

∫ σ+i∞

σ−i∞
λ−3eλt(λI −A)RA(λ)A3xdλ = 0,

for t ≥ 0. Hence, û(t, x), t ≥ 0, x ∈ D(A3), is a solution of (CP). In the
way similar to that in the proof of equality (1.1.2) in Proposition 1.1.1, we
have ∫ ∞

0

e−λtû(t, x)dt = RA(λ)x. (1.1.9)

Using the Widder-Post inversion formula for Laplace transform, we obtain

û(t, x) = lim
n→∞

(−1)n
n!

(n

t

)n+1 dn

dλn
RA(λ)x

∣∣∣∣
λ= n

t

, (1.1.10)
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therefore, taking into account inequalities (1.1.7) we have

‖û(t, x)‖ ≤ K‖x‖ lim
n→∞

(
1− ωt

n

)−(n+1)

= Keωt‖x‖, (1.1.11)

for t ≥ 0. Denote

Û(t)x ≡ û(t, x), x ∈ D(A3), t ≥ 0.

In view of (1.1.11) we can extend Û(·)x and equality (1.1.9) by continuity
to the whole of X so that the extension U(·) is strongly continuous with
respect to t ≥ 0 and

‖U(t)‖ ≤ Keωt, t ≥ 0.

To complete the proof we show that any solution u(·) of (CP) can be rep-
resented in the form

u(·) = U(·)u(0). (1.1.12)

In fact, it follows from the definition of U that for x ∈ D(A3) we have the
equality RA(λ)U(t)x = RA(λ)Û(t)x = Û(t)RA(λ)x, t ≥ 0, which can be
extended to whole X. Therefore

U(t)Ax = AU(t)x, x ∈ D(A), t ≥ 0,

function U(·)x is differentiable for x ∈ D(A), and for any solution u(·) of
(CP) we have

d

ds
U(t− s)u(s) = −AU(t− s)u(s) + U(t− s)Au(s) = 0, 0 ≤ s ≤ t.

Hence
U(0)u(t) = U(t)u(0) = u(t), t ≥ 0. ✷

Remark 1.1.2 Since we proved in Proposition 1.1.1 that the generator of
a C0-semigroup is densely defined, we could include the assumption of the
density of D(A) in statements (I) and (III) only.

Remark 1.1.3 Using the equality

dk

dλk
RA(λ)x = (−1)kk!Rk+1

A (λ)x, x ∈ X, (1.1.13)

we can rewrite the MFPHY condition (1.1.7) in the following form:
∃K > 0, ω ∈ R :

‖Rk
A(λ)‖ ≤

K

(Reλ− ω)k
, (1.1.14)
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for all λ ∈ C with Reλ > ω, and all k = 1, 2 . . . .

Remark 1.1.4 The proof of the implication (III) =⇒ (I) (via (II)) is given
in Theorem 1.1.1 due to Fattorini [84] and is based on the inversion formula
for Laplace transform. Now we outline alternative proofs of the implication
(III) =⇒ (II), which exploit some different ideas used in various generaliza-
tions of C0-semigroups. We refer to these later on.

First, we note that the right-hand side of (1.1.10) (the inversion formula
for Laplace transform) can be rewritten in the form

lim
n→∞

(
t

n

)n

Rn
A

(
t

n

)
= lim

n→∞

(
I − t

n
A
)−n

,

and (1.1.10) is an operator generalization of the formula

eta = lim
n→∞

(
1− t

n
a
)−n

for the numerical exponential function.
Using this formula one can construct a semigroup U generated by an

operator A as a strong limit of the following functions

Un(t) =
(
I − t

n
A
)−n

, t ≥ 0, n = 1, 2, . . . .

See [130] for one of the possible proofs.
Now we give another important alternative proof. Consider

bounded operators
An = −λnI + λ2

nRA(λn),

where λn ∈ R and λn → ∞. We show that limn→∞ Anx = Ax for any
x ∈ D(A). Consider x ∈ D(A), then

Anx = λnRA(λn)Ax.

Noting that limn→∞ λnRA(λn)x = x for any x ∈ X, we obtain

Anx→ Ax, x ∈ D(A).

Since operators An are bounded, we can define a semigroup generated by
each operator An in the form of the following series

etAn = e−λnt+λ2
nRA(λn)t = e−λnt

∞∑
k=0

(λ2
nt)

kRA(λn)k

k!
,

where

‖etAn‖ ≤ e−λnt
∞∑
k=0

λ2k
n tkK

k!(λn − ω)k
= Ke−λnte

λ2
nt

λn−ω

= Ke
tλnω
λn−ω ≤ Ke2ωt, λn > 2ω. (1.1.15)
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Consider the identity

etAn − etAm =
∫ t

0

e(t−s)An(An −Am)esAmds,

then, for x ∈ D(A), we have

‖etAnx− etAmx‖ ≤
∫ t

0

‖e(t−s)An‖ ‖esAm‖ ‖(An −Am)x‖ds,

therefore, in view of (1.1.15), functions etAnx converge uniformly in
t ∈ [0, T ]. Taking into account density of D(A) and uniform boundness
of etAn on [0, T ], we obtain that etAnx converge uniformly in t ∈ [0, T ] for
any x ∈ X. We denote

U(t)x := lim
n→∞ etAnx,

then U is obviously a C0-semigroup with the estimate ‖U(t)‖ ≤ Ke2ωt,
which follows from the inequality (1.1.15) by a passage to the limit as
n→∞.

Let us prove that the operator A is the generator of this semigroup.
The identity

etAnx− x =
∫ t

0

esAnAnxds, x ∈ D(A),

implies that

U(t)x− x =
∫ t

0

U(s)Axds, x ∈ D(A),

and hence U ′(0)x = Ax, that is U ′(0) ⊃ A, and[
λI − U ′(0)

]
RA(λ) =

[
λI −A

]
RA(λ) = I.

In view of Proposition 1.1.1 the operator U ′(0) has a resolvent for λ ∈ C

with Reλ > ω, therefore RA(λ) = RU ′(0)(λ) and U ′(0) = A. ✷

We also note that this construction of a C0-semigroup implies that the
condition
∃K > 0, ω ∈ R: ∥∥∥R(k)

A (λ)
∥∥∥ ≤ K k!

(λ− ω)k+1
,

for all λ > ω and all k = 0, 1, . . . ,

is equivalent to condition (1.1.7) and is also referred to as the MFPHY
condition.
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Remark 1.1.5 It follows from the equality (1.1.13) that the condition

∃ ω ≥ 0 : ‖RA(λ)‖ ≤ 1
Reλ− ω

, Reλ > ω

or
∃ ω ≥ 0 : ‖RA(λ)‖ ≤ 1

λ− ω
, λ > ω,

which is called the ‘Hille-Yosida condition’, is sufficient for condition (1.1.7)
to hold with K = 1, and therefore for uniform well-posedness of (CP).

In general, the following sufficient condition for the unique solvability
of (CP) holds.

Theorem 1.1.2 Suppose that for a linear operator A the following condi-
tion holds

∃K > 0, ω ≥ 0 : ‖RA(λ)‖ ≤ K(1 + |λ|)γ , Reλ > ω, (1.1.16)

for some γ ≥ −1. Then for any x ∈ D(A[[γ]]+3) the function

Ĵ(t) =
{

J(t) = v.p. 1
2πi

∫ σ+i∞
σ−i∞ eλtRA(λ)xdλ, t > 0, σ > ω

J(+0), t = 0

yields the unique solution of (CP).

Proof Any x ∈ D(A[[γ]]+3) we can write in the form

x = RA(µ)[[γ]]+3x1,

where x1 = (µI − A)[[γ]]+3x. Then, using the resolvent identity (1.1.5), we
obtain

RA(λ)x =

[
RA(λ)−RA(µ)

]
RA(µ)[[γ]]+2

µ− λ
x1

=
RA(λ)

(µ− λ)[[γ]]+3
x1 − RA(µ)[[γ]]+3

µ− λ
x1

−RA(µ)[[γ]]+2

(µ− λ)2
x1 − . . .− RA(µ)

(µ− λ)[[γ]]+3
x1

for Reλ, Reµ > ω, λ �= µ. By Jordan’s lemma we have

J(t)x = v.p.
1
2πi

∫ σ+i∞

σ−i∞
eλtRA(λ)xdλ

= v.p.
1
2πi

∫ σ+i∞

σ−i∞
eλt

RA(λ)
(µ− λ)[[γ]]+3

x1dλ, t > 0.
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It follows from (1.1.16) that the latter integral converges absolutely and
uniformly in t ≥ 0. After differentiating under the integral sign we obtain
the integral

v.p.
1
2πi

∫ σ+i∞

σ−i∞
eλt

λRA(λ)
(µ− λ)[[γ]]+3

x1dλ,

which also converges absolutely and uniformly in t ≥ 0, and therefore is
equal to J ′(t) for t > 0. It is not difficult to check that J(t) satisfies the
equation in (CP) for t > 0. The existence of limt→0 J

′(t) := Ĵ ′(0) and the
closedness of A imply that Ĵ ′(0) = AĴ(0). By the Cauchy theorem we have

Ĵ(0) = RA(µ)[[γ]]+3x1 = x,

i.e., Ĵ(t) is a solution of the Cauchy problem (CP).
Now we show the uniqueness of the solution. Suppose that u(·) is a solu-

tion of (CP). Since u(·) is continuously differentiable in t ≥ 0,
∫ t

0
e−λτu(τ)dτ

can be integrated by parts∫ t

0

e−λτu(τ)dτ = λ−1
[
u(0)− u(t)e−λt

]
+ λ−1

∫ t

0

e−λτAu(τ)dτ.

Suppose u(0) = 0, then taking into account closedness of A, we have

(A− λI)
∫ t

0

e−λτu(τ)dτ = u(t)e−λt,

therefore

−
∫ t

0

eλ(t−τ)u(τ)dτ = RA(λ)u(t),

which, together with the condition (1.1.16), implies that u(τ) = 0 in [0, t],
i.e. the solution is unique. ✷

Remark 1.1.6 The following result guarantees the uniqueness of the solu-
tion of (CP) under weaker than (1.1.16) conditions on operator A. It can
be proved similar to the uniqueness in the theorem above.

Lyubich’s Uniqueness Theorem Suppose that a linear operator A has
a resolvent for all λ > ω and

lim sup
λ→+∞

ln ‖RA(λ)‖
λ

= 0,

then the Cauchy problem (CP) has at most one weak solution (that is a solu-
tion that is defined and continuous for t ≥ 0 and continuously differentiable
for t > 0).
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In Section 1.2, using the technique of integrated semigroups, we show
that conditions of the type (1.1.16) on the resolvent of A, are necessary and
sufficient for the existence of the solution and its stability with respect to
small variations of initial data measured in the graph-norm of An, where n
depends on γ.

Remark 1.1.7 Another important class of operators closely related to a
well-posed (CP) is the generators of analytic semigroups. Let A be a densely
defined operator, 0 ≤ ϕ ≤ π

2 . Then A is the generator of a semigroup
analytic in {

ζ ∈ C

∣∣∣ |arg ζ| ≤ ϕ, ζ �= 0
}

and strongly continuous in{
ζ ∈ C

∣∣∣ |arg ζ| ≤ ϕ
}

if and only if for every 0 < ϕ′ < ϕ there exists a real number α = α(ϕ′)
such that

‖RA(λ)‖ ≤ K

|λ− α| (1.1.17)

for λ from the region{
λ ∈ C

∣∣∣ |arg (λ− α)| ≤ ϕ′ +
π

2
, λ �= α

}
with K = Kϕ′ .

We note that the estimate (1.1.17) need be assumed only in the half-
plane Reλ > α. (For proofs see [84] Section 4.2)

Remark 1.1.8 One of the remarkable advantages of using semigroup meth-
ods for treating differential equations in applications is the presence of the
following perturbation result.

Let A (closed densely defined linear operator) be the generator of a
C0-semigroup U and let B be a closed densely defined operator such that
D(B) ⊃ D(A) and

‖BU(t)x‖ ≤ α(t)‖x‖, x ∈ D(A), t > 0,

where α is a finite, measurable function from L1(0, 1). Then the operator
A + B with domain D(A + B) = D(A) is also the generator of a C0-
semigroup.

In particular, if B is everywhere defined and bounded, then A + B
generates a C0-semigroup U1 with

‖U1(t)‖ ≤ Ke(ω+‖B‖)t, t ≥ 0,
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given that
‖U(t)‖ ≤ Keωt, t ≥ 0.

For proofs see [84] Chapter 5 and [130] Chapter 9, where one can also
find perturbation results for m-dissipative operators, essentially self-adjoint
operators and operators generating analytic semigroups.

1.1.3 Examples

Example 1.1.1

In Chapter 0 we used the Fourier method to construct various semi-
groups related to the Heat and Wave equations. Now we use a very simple
first-order equation to illustrate the semigroup methods.

Consider the Cauchy problem

∂u(x, t)
∂t

+
∂u(x, t)

∂x
= 0, t ≥ 0, x ∈ R, (1.1.18)

u(x, 0) = f(x)

on the space X = L2(R). We can write it in the abstract form

u′(t) = Au(t), t ≥ 0, u(0) = f,

where A = −d/dx with the domain

D(A) =
{
u ∈ L2(R)

∣∣∣ u′ ∈ L2(R)
}
,

To find the resolvent of A, we solve the equation

(λI −A)g = λg + g′ = f, g ∈ D(A), (1.1.19)

assuming that f ∈ X is given. If λ > 0 then the solution is

g(x) = (RA(λ)f) (x) =
∫ x

−∞
e−λ(x−s)f(s)ds, x ∈ R.

Using Fourier transforms, it is not difficult to verify that the Hille-Yosida
condition:

‖RA(λ)‖ ≤ 1
λ
,

holds for λ > 0. Hence (1.1.18) is uniformly well-posed on D(A). Further-
more, A is the generator of a C0-semigroup defined by

(U(t)f)(x) := f(x− t), x ∈ R, t ≥ 0,
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and for any f ∈ D(A), the function

u(x, t) = (U(t)f)(x), t ≥ 0, x ∈ R

is the unique solution of (1.1.18), which is stable with respect to f .
Now we consider the Cauchy problem (1.1.18) on the space

X = L2[0,∞). In this case,

D(A) =
{
u ∈ L2[0,∞)

∣∣∣ u′ ∈ L2[0,∞), u(0) = 0
}
,

and
(RA(λ)f) (x) =

∫ x

0

e−λ(x−s)f(s)ds, λ > 0, x ∈ [0,∞).

The C0-semigroup generated by A is defined by

(U(t)f)(x) =
{

f(x− t) , x ≥ t
0 , 0 ≤ x ≤ t

.

Finally, if X = L2(−∞, 0] and

D(A) =
{
u ∈ L2(−∞, 0]

∣∣∣ u′ ∈ L2(−∞, 0], u(0) = 0
}
,

then all λ > 0 do not belong to the resolvent set of A. In this case, (1.1.18)
is solvable only for f ≡ 0.

Note that these results agree with the well-known geometric interpre-
tation: the solution is constant on the characteristics x = t + C, C ∈ R.

Example 1.1.2 (A class of operators generating C0-semigroups)

Let

X =
{
Lp(R)× Lp(R), ‖u‖ = ‖u1‖Lp + ‖u2‖Lp

}
, where u =

(
u1

u2

)
.

Consider the operator A defined by

Au =
( −g −f

0 −g

)
u

with

D(A) =
{(

u1

u2

)
∈ X

∣∣∣∣ gu1 + fu2 ∈ Lp(R), gu2 ∈ Lp(R)
}

,

where g(x) = 1 + |x|, f(x) = |x|γ , γ > 0.
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We show that if γ ∈ (0, 1], then A generates a C0-semigroup on X. For
the formally defined operator-function

U(t) := eAt = I + tA+
t2A2

2!
+ . . .

we can write

U(t)u = e−tg

(
1 −tf
0 1

)
u

and

‖U(t)‖ = max
x∈R

[
(1 + t|x|γ)e−t(1+|x|)

]
= (1 + γγt1−γ)e−t(1+ γ

t ) =
t→0
O(t1−γ).

Let γ ∈ (0, 1], then U(t) is bounded as t → 0. Now we show that the
operator (λI−A)−1, λ > 0, is the resolvent of A and we verify the MFPHY
condition for RA(λ). Since[

(λI −A)−1
]k

u =
1

(λ+ g)2k

(
(λ+ g)k −k(λ+ g)k−1f

0 (λ+ g)k

)
u

for k = 1, 2, . . ., then

‖(λI −A)−ku‖ ≤ ‖(λ+ g)−ku1‖Lp + ‖ − k(λ+ g)−(k+1)fu2‖Lp

+ ‖(λ+ g)−ku2‖Lp .

If λ > 0 then we have the following estimates

‖(λ+ g)−kui‖Lp =

(∫ ∞

0

|λ|−kp

∣∣∣∣1 + g

λ

∣∣∣∣−kp

|ui|pdx
)1/p

≤ 1
λk
‖ui‖Lp , i = 1, 2,

and

‖k(λ+ g)−k+1fu2‖Lp =
(∫ ∞

−∞

∣∣∣∣ kfu2

(λ+ g)k+1

∣∣∣∣pdx)1/p

≤ 1
|λ|k

(∫ ∞

−∞

kp

|1 + g
λ |kp

∣∣∣∣ f

λ+ g

∣∣∣∣p|u2|pdx
)1/p

≤ 1
|λ|k

(∫ ∞

−∞

|f |p|u2|p
|g|p dx

)1/p

≤ 1
λk
‖u2‖Lp .
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Therefore (λI −A)−1 = RA(λ) and

‖Rk
A(λ)u‖ ≤

1
|λ|k ‖u1‖Lp +

K + 1
|λ|k ‖u2‖Lp ≤ K1

λk
‖u‖

for any γ ∈ (0, 1] and λ > 0. Thus, if γ ∈ (0, 1], then A is the generator of
a C0-semigroup U . In general, we have

(λI −A)−1u =
1

(λ+ g)2

(
(λ+ g) −f

0 (λ+ g)

)
u.

If 1 < γ ≤ 2, then the operator (λI−A)−1, λ > 0, is bounded and therefore

‖(λI −A)−1‖ = ‖RA(λ)‖ ≤ K, λ > 0,

but the resolvent RA(λ) does not satisfy the MFPHY condition. If γ > 2,
then the operator (λI −A)−1 is unbounded.

1.2 Integrated semigroups

In Section 1.1 it was proved that the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (CP)

with A being the generator of a C0-semigroup, is uniformly well-posed.
Now we begin to consider families of bounded operators connected with
problems (CP) that are not uniformly well-posed. The first of these families
are n-times integrated semigroups. They are related to (CP) well-posed on
D(An+1). If A generates a C0-semigroup U , then the n-times integrated
semigroup generated by A is the n-th order primitive of U . In contrast to
C0-semigroups, integrated semigroups may be not exponentially bounded,
may be locally defined, and their generators may be not densely defined.
In this section we consider nondegenerate exponentially bounded and local
integrated semigroups, and their connection with the Cauchy problem.

1.2.1 Exponentially bounded integrated semigroups

Definition 1.2.1 Let n ∈ N. A one-parameter family of bounded linear
operators {V (t), t ≥ 0} is called an exponentially bounded n-times inte-
grated semigroup if the following conditions hold

(V1) V (t)V (s) =

1
(n− 1)!

∫ s

0

[
(s− r)n−1V (t+ r)− (t+ s− r)n−1V (r)

]
dr,

for s, t ≥ 0;
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(V2) V (t) is strongly continuous with respect to t ≥ 0;

(V3) ∃K > 0, ω ∈ R : ‖V (t)‖ ≤ Keωt, t ≥ 0.

Semigroup V is called nondegenerate if

(V4) if V (t)x = 0 for all t ≥ 0, then x = 0.

A C0-semigroup is called 0-times integrated semigroup.

It follows from (V1), (V4) that V (0) = 0.
Suppose U is a C0-semigroup. Consider the integrals

V1(t) =
∫ t

0

U(s) ds , . . .

Vn(t) =
∫ t

0

Vn−1(s)ds =
∫ t

0

(t− s)n−1

(n− 1)!
U(s)ds , t ≥ 0.

For the generator A we have

λ−1RA(λ) =
∫ ∞

0

e−λtV1(t)dt , . . .

λ−nRA(λ) =
∫ ∞

0

e−λtVn(t)dt , Reλ > ω

or

RA(λ) =
∫ ∞

0

λne−λtVn(t)dt .

We show that the operator RA(λ), which is defined by this equality, satisfies
the resolvent identity if and only if Vn satisfies (V1).

Proposition 1.2.1 Let n ∈ N and V be a strongly continuous operator-
function such that

∃K > 0, ω ∈ R : ‖V (t)‖ ≤ Keωt, t ≥ 0.

Let

R(λ) :=
∫ ∞

0

λne−λtV (t)dt , Reλ > ω.

Then R(λ) satisfies the resolvent identity

(µ− λ)R(λ)R(µ) = R(λ)−R(µ)

for λ, µ ∈ C with Reλ, Reµ > ω, if and only if V satisfies (V1).
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Proof Let Reµ > Reλ > ω. From the resolvent identity we have

λ−nR(λ)µ−nR(µ) =
R(λ)−R(µ)
(µ− λ)λnµn

(1.2.1)

≡ λ−nR(λ)− µ−nR(µ)
(µ− λ)µn

− R(µ)(µ−n − λ−n)
(λ− µ)µn

.

The result follows from the uniqueness theorem for Laplace transforms and
from the following observations:

λ−nR(λ)µ−nR(µ) =
∫ ∞

0

e−λt

∫ ∞

0

e−µsV (t)V (s)dsdt

and

λ−nR(λ)− µ−nR(µ)
λ− µ

= −
∫ ∞

0

e(µ−λ)tµ−nR(µ)dt+
∫ ∞

0

(µ− λ)−1e−λtV (t)dt

=
∫ ∞

0

e(µ−λ)t

∫ ∞

0

e−µsV (s)dsdt−
∫ ∞

0

e(µ−λ)t

∫ t

0

e−µsV (s)dsdt

=
∫ ∞

0

e(µ−λ)t

∫ ∞

t

e−µsV (s)dsdt

=
∫ ∞

0

e−λt

∫ ∞

t

e−µ(s−t)V (s)dsdt

=
∫ ∞

0

e−λt

∫ ∞

0

e−µsV (t+ s)dsdt .

Integrating n times by parts we obtain the first term on the right-hand side
of (1.2.1):

λ−nR(λ)− µ−nR(µ)
(λ− µ)µn

= −
∫ ∞

0

e−λt

∫ ∞

0

e−µs

∫ s

0

1
(n− 1)!

(s− r)n−1V (r + t)drdsdt .

The second term:

R(µ)(µ−n − λ−n)
(λ− µ)µn

=

(
n−1∑
k=o

1
λk+1µn−k

)
R(µ)
µn

=
n−1∑
k=0

λ−(k+1)

∫ ∞

0

µk−ne−µsV (s)ds

=
n−1∑
k=0

λ−(k+1)

∫ ∞

0

e−µs

∫ s

0

(s− r)n−k−1

(n− k − 1)!
V (r)drds
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=
n−1∑
k=0

∫ ∞

0

e−λttk

k!
dt

∫ ∞

0

e−µs

∫ s

0

(s− r)n−k−1

(n− k − 1)!
V (r)drds

=
∫ ∞

0

e−λt

∫ ∞

0

e−µs

∫ s

0

1
(n− 1)!

×[
n−1∑
k=0

(
n− 1

k

)
(s− r)n−k−1tk

]
V (r)drds

=
∫ ∞

0

e−λt

∫ ∞

0

e−µs 1
(n− 1)!

∫ s

0

(t+ s− r)n−1V (r)drdsdt . ✷

If the semigroup {V (t), t ≥ 0} is nondegenerate, then the operator
R(λ) is invertible. It follows from the resolvent identity that λI − R(λ)−1

is independent of λ, that is there exists a unique operator A such that
R(λ)−1 = (λI−A) for Reλ > ω. This operator A := λI−R(λ)−1 is called
the generator of n-times integrated semigroup {V (t), t ≥ 0}.

It follows from Proposition 1.1.2 that for a C0-semigroup this definition
of generator coincides with the generally accepted definition by means of
the semigroup’s derivative at zero.

Now we clarify the connection between integrated semigroups and the
Cauchy problem (CP).

Proposition 1.2.2 Let A be the generator of n-times integrated semigroup
{V (t), t ≥ 0} (where n ∈ N ∪ {0}). Then

1) for x ∈ D(A), t ≥ 0

V (t)x ∈ D(A), AV (t)x = V (t)Ax,

and

V (t)x =
tn

n!
x+

∫ t

0

V (s)Ax ds; (1.2.2)

2) for x ∈ D(A), t ≥ 0 ∫ t

0

V (s)xds ∈ D(A),

and

A

∫ t

0

V (s)xds = V (t)x− tn

n!
x; (1.2.3)

3) for x ∈ D(An), n ∈ N

V (n)(t)x = V (t)Anx+
n−1∑
k=0

tk

k!
Akx; (1.2.4)
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4) for x ∈ D(An+1)

d

dt
V (n)(t)x = AV (n)(t)x = V (n)Ax. (1.2.5)

Proof Let µ ∈ ρ(A) , then for Reλ > ω, x ∈ X we have∫ ∞

0

e−λtV (t)RA(µ)xdt = λ−nRA(λ)RA(µ)x = λ−nRA(µ)RA(λ)x

=
∫ ∞

0

e−λtRA(µ)V (t)xdt.

Hence RA(µ)V (t) = V (t)RA(µ), that implies AV (t) = V (t)A, x ∈ D(A).
Let x ∈ D(A), then for Reλ > ω we have

λn+1

n!

∫ ∞

0

e−λttnxdt

= x = λRA(λ)−RA(λ)Ax

=
∫ ∞

0

λn+1e−λtV (t)xdt−
∫ ∞

0

λne−λtV (t)Axdt

=
∫ ∞

0

λn+1e−λtV (t)xdt−
∫ ∞

0

λn+1e−λt

∫ t

0

V (s)Axdsdt,

from where (1.2.2) follows by the uniqueness theorem for Laplace trans-
forms. Since A is closed, (1.2.3) follows from (1.2.2); differentiation of
(1.2.2) gives (1.2.4); (1.2.5) follows from (1.2.4). ✷

Theorem 1.2.1 (Arendt-Widder) Let a ≥ 0 and r : (a,∞)→ X be an
infinitely differentiable function. For K > 0, ω ∈ (−∞, a ] the following
statements are equivalent:

(I)

‖r(k)(λ)‖ ≤ K k!
(λ− ω)k+1

, λ > a, k = 0, 1, . . . ;

(II) there exists a function V : [0,∞)→ X satisfying V (0) = 0 and

lim
δ→0

sup
h≤δ

h−1‖V (t+ h)− V (t)‖ ≤ Keωt, t ≥ 0, (1.2.6)

such that
r(λ) =

∫ ∞

0

λe−λtV (t)dt, λ > a.

Moreover, r(λ) has an analytic extension to{
λ ∈ C

∣∣∣ Reλ > ω
}
.
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The Arendt-Widder theorem and Proposition 1.2.1 imply

Theorem 1.2.2 Let n ∈ {0}∪N, ω ∈ R, K > 0. A linear operator A is the
generator of an (n + 1)-times integrated semigroup V satisfying condition
(1.2.6) if and only if there exists a ≥ max{ω, 0} such that (a,∞) ⊂ ρ(A)
and ∥∥∥∥[RA(λ)

λn

](k)∥∥∥∥ ≤ K k!
(λ− ω)k+1

(1.2.7)

for all λ > a, and k = 0, 1, . . . . In this case

RA(λ) =
∫ ∞

0

λn+1e−λtV (t)dt, λ > a. ✷

Hence, for n = 0 we have the equivalence of existence of an integrated
semigroup and MFPHY-type condition. At first sight, this equivalence is
weaker than in Theorem 1.1.1, but the fact is that integrated semigroups,
in contrast to C0-semigroups, may have not densely defined generators. If
D(A) = X, then the following extension of Theorem 1.1.1 holds.

Theorem 1.2.3 Let A be a densely defined linear operator with (a,∞) ⊂
ρ(A), where a ≥ 0, K > 0, ω ∈ (−∞, a]. Then condition (1.2.7) is
equivalent to the statement: A is the generator of an n-times integrated
semigroup {V (t), t ≥ 0}, such that

‖V (t)‖ ≤ Keωt.

Proof Suppose that condition (1.2.7) is fulfilled, then A is the generator of
an (n+ 1)-times integrated semigroup {Vn+1(t), t ≥ 0}. In view of (1.2.6)
for Vn+1, the set F1 of all x ∈ X such that Vn+1(·)x ∈ C1{(0,∞), X} is
closed. By Proposition 1.2.2, D(A) ⊂ F1, hence D(A) = X ⊂ F1 and
F1 = X. Then the relation V (t)x = V ′

n+1(t)x, x ∈ X, defines an n-times
integrated semigroup {V (t), t ≥ 0} generated by A. ✷

1.2.2 (n, ω)-well-posedness of the Cauchy problem

We consider the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (CP)

where A is a linear closed densely defined operator on a Banach space X.
We denote by [D(An) ] the Banach space{

D(An), ‖x‖An = ‖x‖+ ‖Ax‖+ . . .+ ‖Anx‖
}
.

Definition 1.2.2 Let n ∈ N. The Cauchy problem (CP) is said to be
(n, ω)-well-posed on E if for any x ∈ E ⊆ D(An+1)
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(a) there exists a unique solution

u(·) ∈ C
{
[0,∞], D(A)

} ∩ C1
{
[0,∞], X

}
;

(b) ∃K > 0, ω ∈ R : ‖u(t)‖ ≤ Keωt‖x‖An .

If E = D(An+1), then we say that the problem (CP) is (n, ω)-well-posed.

Theorem 1.2.4 Let A be a densely defined linear operator on X with
nonempty resolvent set. Then the following statements are equivalent:

(I) A is the generator of an n-times integrated semigroup {V (t), t ≥ 0};
(II) the Cauchy problem (CP) is (n, ω)-well-posed.

Proof (I) =⇒ (II). Let x ∈ D(An+1), consider the function V (·)x. By
Proposition 1.2.2, it is (n+1)-times continuously differentiable, V (n)(t)x ∈
D(A), and

V (n)(t)x = V (t)Anx+
n−1∑
k=0

tk

k!
Akx,

d

dt
V (n)(t)x = AV (n)(t)x.

Let u(t) := V (n)(t)x, then u(0) = x and u(t) ∈ D(A) for t ≥ 0. Further-
more, ‖u(t)‖ ≤ Keωt‖x‖An , and u′(t) = Au(t).

We now show that u(·) is unique. Let v(·) be a solution of (CP), then for
λ ∈ ρ(A), Rn

A(λ)v(·) is the solution of (CP) with the initial value Rn(λ)x ∈
D(An+1). As in the proof of uniqueness in Theorem 1.1.1, we have

d

ds
V n(t− s)Rn

A(λ)v(s)

= −AV n(t− s)Rn
A(λ)v(s) + V n(t− s)ARn

A(λ)v(s) = 0,

for 0 ≤ s ≤ t. Hence

V n(0)Rn
A(λ)v(t) = Rn

A(λ)V
n(0)v(t) = Rn

A(λ)V
n(t)v(0),

and v(·) = V n(·)x.
(II) =⇒ (I). Let x ∈ D(An+1), then there exists a unique solution

u(·) of (CP) such that ‖u(t)‖ ≤ Keωt‖x‖An . For µ ∈ ρ(A) the function
w(·) := RA(µ)u(·) is the solution of the Cauchy problem with the initial
value RA(µ)x and with the estimate ‖w(t)‖ ≤ K1e

ωt‖x‖An−1 . Let

u1(t) =
∫ t

0

u(s)ds,
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then

u1(t) = w(t)− µ

∫ t

0

w(s)ds−RA(µ)x.

Therefore, ‖u1(t)‖ ≤ K2e
ωt‖x‖An−1 . By induction we obtain an n-times

integrated solution

un(t) =
∫ t

0

1
(n− 1)!

(t− s)n−1u(s)ds, t ≥ 0,

which is exponentially bounded. For t ≥ 0 we define an operator-function
V (t) : D(An+1) → X by the relation V (t)x = un(t), where un(t) is
the unique n-times integrated solution of (CP) with the initial value
x ∈ D(An+1). Since D(A) = D(An+1) = X, we can extend V to the
whole X. The operator-function V (t), t ≥ 0, is exponentially bounded
and for x ∈ D(An+1), V (t)x is continuous in t, therefore V (·) is strongly
continuous. In addition, it is not difficult to show that the operator
R(µ) =

∫∞
0

µne−µtV (t)dt coincides with the resolvent RA(µ) of operator A.
Hence {V (t), t ≥ 0} is an n-times integrated semigroup with the generator
A. ✷

Remark 1.2.1 If we do not assume that D(A) = X, then after con-
structing u1(t), ..., un(t) in the proof of the implication (II) =⇒ (I), we can
extend u1(t) to D(An), ... , un(t) to D(A), and as a result, construct an
(n+ 1)-times integrated semigroup V (t)x := un+1(t) on X.

1.2.3 Local integrated semigroups

Definition 1.2.3 Let n ∈ N, T ∈ (0, ∞). A one-parameter family of
bounded linear operators {V (t), 0 ≤ t < T} is called a local n-times inte-
grated semigroup in X if (V1) in Definition 1.2.1 is fulfilled for t, s ∈ [0, T )
such that s+ t ∈ [0, T ), and (V2) holds for t ∈ [0, T ).

If {V (t), t ≥ 0} is an exponentially bounded n-times integrated semigroup
then its generator A is defined from the equality

(λI −A)−1
x =

∫ ∞

0

λne−λtV (t)x dt, x ∈ X, λ > ω. (1.2.8)

For a local n-times integrated semigroup {V (t), t ∈ [0, T )} this integral
may not exist. For this reason the infinitesimal generator A0 of a local
semigroup V (t) is defined in the following way

A0x := lim
t→0

t−1
[
V (n)(t)x− x

]
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D(A0) =

{
x ∈

⋃
0<δ<T

Cn(δ)
∣∣∣∣ lim
t→0

t−1
[
V (n)(t)x− x

]
exists

}
,

where

Cn(δ) =
{
x ∈ X such that

V (t)x : [0, δ)→ X is n-times continuously differentiable
}
.

It is proved in [138] that A0 is closable and we call A0 the complete infinites-
imal generator or the generator of a local n-times integrated semigroup
{V (t), t ∈ [0, T )}. For a densely defined operator, this definition of the
complete infinitesimal generator of an exponentially bounded semigroup is
equivalent to the definition of a generator via formula (1.2.8).

We list below the main properties of local integrated semigroups which
are similar to those in Proposition 1.2.2.

Proposition 1.2.3 Let n ∈ N and let A be the generator of a local n-times
integrated semigroup {V (t), t ∈ [0, T )}, then

1) for x ∈ D(A), t ∈ [0, T )

V (t)x ∈ D(A) and AV (t)x = V (t)Ax;

2) for x ∈ D(A), t ∈ [0, T )

V (t)x =
tn

n!
x+

∫ t

0

V (s)Axds; (1.2.9)

3) if D(A) = X, then for x ∈ X, t ∈ [0, T )∫ t

0

V (s)xds ∈ D(A), A

∫ t

0

V (s)xds = V (t)x− tn

n!
x;

4) D(A) = X if and only if Cn(T ) = X.

Definition 1.2.4 The local Cauchy problem

u′(t) = Au(t), t ∈ [0, T ), u(0) = x, (CP)

is said to be n-well-posed if for any x ∈ D(An+1) there exists a unique
solution satisfying

sup
t∈[0,τ ]⊂[0,T )

‖u(t, x)‖ ≤ Kτ‖x‖An (1.2.10)

for some constant Kτ .
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The following result is similar to Lemma 1.1.1.

Lemma 1.2.1 If for any x ∈ D(An+1) there exists a unique solution of
local (CP) and ρ(A) �= ∅, then this solution satisfies (1.2.10).

Proof Let us consider the solution operator

S : [D(An+1)]→ C
{
[0, τ ], [D(A)]

}
which is defined everywhere on [D(An+1)] by

Sx = u, x ∈ [D(An+1)],

and is closed. Let xj → x and uj(t)→ y, then we have

u′
j(t) = Auj(t)→ Ay(t) and uj(t)− xj → y(t)− x =

∫ t

0

Ay(t)dt,

hence y′(t) = Ay(t), y(0) = x. By the Banach theorem, the operator S is
continuous, that is

sup
t∈[0,τ ]

‖u(t)‖A ≤ Kτ‖x‖An+1 .

Furthermore, as in the proof of Lemma 1.1.1, we have

sup
t∈[0,τ ]

‖u(t)‖ ≤ Kτ‖x‖An .

Thus, this solution is stable with respect to the initial data in the corre-
sponding n-norm. ✷

Proposition 1.2.4 If A is the generator of a local n-times integrated semi-
group {V (t), t ∈ [0, T )}, then local (CP) is n-well-posed.

Proof Let k ∈ N with 1 ≤ k ≤ n. Then, from (1.2.9) we have

V (k)(t) =
k∑

i=1

tn−i

(n− i)!
Ak−ix+ V (t)Akx

for x ∈ D(Ak) and 0 ≤ t < T . Now for x ∈ D(An+1) we define u(t) :=
V n(t)x, t ∈ [0, T ). Using (1.2.9) one can easily show that u(·) is a solution
of local (CP). In Theorem 1.2.4 it is proved that every solution of this
problem has the form V n(·)x. ✷

Theorem 1.2.5 Let A be the generator of a local n-times integrated semi-
group {V (t), t ∈ [0, T )} and D(A) = X. Then there exists region

Λ =
{
λ ∈ C

∣∣∣ Reλ >
n

τ
log(1 + |λ|) + 1

τ
log

C

γ

}
⊂ ρ(A),
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τ ∈ (0, T ), C > 0, 0 < γ < 1,

such that

∃K > 0 : ∀λ ∈ Λ, ‖RA(λ)‖ ≤ K |λ|n
log(1 + |λ|) .

Proof If A is the generator of a local n-times integrated semigroup {V (t),
0 ≤ t < T}, then the function

R(λ, τ) =
∫ τ

0

λne−λtV (t)dt

is defined for any τ ∈ (0, T ). Taking into account (1.2.9), for x ∈ D(A) we
have

R(λ, τ)Ax

= λne−λτ

∫ τ

0

V (s)Axds +
∫ τ

0

λn+1e−λt

∫ t

0

V (s)Axdsdt

= λne−λτ

(
V (τ)x− τn

n!
x

)
+

∫ τ

0

λn+1e−λt

(
V (t)x− tn

n!
x

)
dt,

R(λ, τ)(λI −A)x

=
∫ τ

0

λn+1e−λtV (t)xdt− λne−λτ

(
V (τ)x− τn

n!
x

)
−
∫ τ

0

λn+1e−λt

(
V (t)x− tn

n!
x

)
dt

= −λne−λτV (τ)x+ λne−λτ τ
n

n!
x +

∫ τ

0

λn+1e−λt t
n

n!
xdt.

Since∫ τ

0

λn+1e−λt t
n

n!
xdt = −λne−λτ τ

n

n!
x +

∫ τ

0

λne−λt tn−1

(n− 1)!
xdt

= . . . = −
n∑

k=0

(λτ)k

k!
e−λτx+ x,

then

R(λ, τ)(λI −A)x = (λI −A)R(λ, τ)x = (I −G(λ))x, x ∈ D(A),

where

G(λ)x = λne−λτV (τ)x+
n−1∑
k=0

(λτ)k

k!
e−λτx,
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and
‖G(λ)‖ ≤ C(1 + |λ|)ne−τReλ, C = C(τ, n).

We also have that G(λ) commutes with R(λ, τ) on X and with A on D(A).
Using this estimate for ‖G(λ)‖, we can find a region Λ ⊂ C such that
‖G(λ)‖ < 1 for any λ ∈ Λ. After taking logarithms of the inequality

C(1 + |λ|)ne−τReλ < γ < 1,

we obtain that the estimates

‖G(λ)‖ < γ,
∥∥(I −G(λ))−1

∥∥ <
1

1− γ

hold in the region

Λ =
{
λ ∈ C

∣∣∣ Reλ >
n

τ
log(1 + |λ|) + 1

τ
log

C

γ

}
.

Therefore, there exists the operator (λI − A)−1, which is bounded on
D(A) = X, and

∃K > 0 : ∀λ ∈ Λ, ‖(λI −A)−1‖ ≤ K |λ|n
log(1 + |λ|) .

Since D(A) = X, we have (λI −A)−1 = RA(λ). ✷

Remark 1.2.2 The converse result that polynomial estimates on the resol-
vent of operator A in some region Λ imply that A is the generator of some
local integrated semigroup is proved later in Theorem 2.1.5.

The following necessary and sufficient condition in terms of estimates
on powers of the resolvent is the generalization of (1.1.14).

Theorem 1.2.6 If for an operator A

∃ ω : ∀τ ∈ (0, T ),

sup
{∥∥λkRk

A(λ)x
∥∥ ∣∣∣∣ 0 ≤ k

λ
≤ τ, λ > ω, k = 0, 1, . . .

}
≤ Cτ‖x‖An (1.2.11)

for some constant Cτ , then A is the generator of a local n-times integrated
semigroup {V (t), t ∈ [0, T )}. Conversely, if A is the generator of a local n-
times integrated semigroup {V (t), t ∈ [0, T )} and D(A) = X or ρ(A) �= ∅,
then (1.2.11) holds.
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Proof If A is the generator of a local n-times integrated semigroup {V (t),
t ∈ [0, T )}, then by Proposition 1.2.4 for any x ∈ D(An+1) there exists a
unique solution of the local Cauchy problem (CP):

u(·) = V (n)(·)x =: U(·)x
such that

‖U(t)x‖ ≤ Kτ‖x‖An , 0 ≤ t ≤ τ < T. (1.2.12)

For U(t)x we have

A

∫ τ

0

e−λtU(t)x dt = e−λτU(τ)x− x+ λ

∫ τ

0

e−λtU(t)x dt.

Hence by Theorem 1.2.5,

RA(λ)x =
∫ τ

0

e−λtU(t)x dt+ e−λτRA(λ)U(τ)x, λ ∈ ρ(A).

By the Cauchy’s integral formula

λk [RA(λ)]
k
x =

(−1)k−1λk

(k − 1)!
R

(k−1)
A (λ)x

=
λk

(k − 1)!

∫ τ

0

e−λttk−1U(t)x dt

+
1
2πi

∫
γ

e−ξτ

(
1− ξ

λ

)−k

RA(ξ)U(τ)x dξ

≡ I1 + I2,

for some contour γ, which is described in [226]. The following estimates are
obtained in [226] for these integrals

‖I1‖ ≤ C1‖x‖An , x ∈ D(An), λ > 0,

∃ω : ‖I2‖ ≤ C2‖x‖An , x ∈ D(An),
k

λ
∈ [0, τ ], λ > ω.

This and (1.2.12) imply (1.2.11).
Conversely, it is proved in [213] that if (1.2.11) is fulfilled for operator

A, then

U(t)x := lim
k→∞

(
I − t

k
A

)−k

x, t ∈ [0, T ),

is defined for x ∈ D(An). For x ∈ D(An+1), u(·) = U(·)x is the unique
solution of the local Cauchy problem with the stability property (1.2.12).
In this case (see [255]) A is the generator of a local n-times integrated
semigroup {V (t), 0 ≤ t < T}. ✷
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Remark 1.2.3 We showed that if A is the generator of an n-times inte-
grated semigroup {V (t), 0 ≤ t < T}, T ≤ ∞ (defined as the closure of
operator V (n+1)(0)), then we have (1.2.9):

V (t)x− tn

n!
x

=
∫ t

0

V (s)Axds =
∫ t

0

AV (s)xds, 0 ≤ t < T, x ∈ D(A),

and if A is densely defined, then

V (t)x− tn

n!
x = A

∫ t

0

V (s)xds, x ∈ X. (1.2.13)

Now we prove that if A and a family of bounded linear operators
{V (t), 0 ≤ t < T} satisfy (1.2.9), (1.2.13), then V satisfies the ‘semi-
group relation’ (V1) from the definition of an n-times integrated semigroup.
Hence, an n-times integrated semigroup with a densely defined generator
A may be equivalently defined as follows:

Definition 1.2.5 A family of bounded linear operators {V (t), 0 ≤ t < T}
is called a local n-times integrated semigroup generated by operator A, if
for x ∈ D(A), AV (t)x = V (t)Ax, and

A

∫ t

0

V (s)xds = V (t)x− tn

n!
x, x ∈ X.

The operator A is called the generator of V .

If A is the generator of V then

D(A) = D :=
{
x ∈ X

∣∣∣ ∃y : V (t)x =
tn

n!
x+

∫ t

0

V (s)yds, t ∈ [0, T )
}
,

where y = Ax. In fact, let x ∈ D(A), then x ∈ D and y = Ax. Conversely,
if x ∈ D, then for λ ∈ ρ(A)

V (t)RA(λ)x− tn

n!
RA(λ)x =

∫ t

0

V (s)RA(λ)yds =
∫ t

0

V (s)ARA(λ)x.

Hence x ∈ D(A) and y = Ax. Note that it was proved in Theorem 1.2.5,
that for such a family ρ(A) �= ∅.
Lemma 1.2.2 Let τ > 0 and A be the generator of a local n-times inte-
grated semigroup {V (t), 0 ≤ t < T} in the sense of Definition 1.2.5. Then
for any continuous function H : [0, τ)→ C and for any x ∈ X

A

∫ t

0

(H ∗ V )(s)xds = (H ∗ V )(t)x− (H ∗ F )(t)x, 0 ≤ t < τ.
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Moreover, if H ∈ C1{[0, τ), C}, then for any x ∈ X and 0 ≤ t < τ

A(H ∗ V )(t)x = (H
′ ∗ V )(t)x− (H

′ ∗ F )(t)x+H(0)
[
V (t)x− F (t)x

]
,

where

(H ∗ V )(t)x :=
∫ t

0

H(s)V (t− s)xds, F (t) :=
tn

n!
.

Proof Since operator A is closed, we have∫ t

0

(H ∗ V )(s)xds ∈ D(A), x ∈ X , 0 ≤ t < τ.

From Definition 1.2.5 we obtain

A

∫ t

0

(H ∗ V )(s)xds = A

∫ t

0

(∫ s

0

H(r)V (s− r)xdr
)

ds

=
∫ t

0

H(r)
(
A

∫ t

r

V (s− r)xds
)

dr =
∫ t

0

H(r)
(
A

∫ t−r

0

V (s)xds
)

dr

=
∫ t

0

H(r) [V (t− r)x− F (t− r)x] dr = (H ∗ V )(t)x− (H ∗ F )(t)x,

x ∈ X.

Since

(H ∗ V )(t)x =
∫ t

0

H(s)V (t− s)xds =
∫ t

0

H(t− s)V (s)xds, x ∈ X,

then the second statement of the lemma follows from the first one after
integration by parts. ✷

Lemma 1.2.3 Let τ > 0 and A be the generator of a local n-times inte-
grated semigroup {V (t) , 0 ≤ t < τ} in the sense of Definition 1.2.5. Then
for any x ∈ X and 0 ≤ t, s < τ

V (t)V (s)x

=
∫ t+s

s

(t+ s− r)n−1

(n− 1)!
V (r)xdr −

∫ t

0

(t+ s− r)n−1

(n− 1)!
V (r)xdr.

Proof Let h > 0, define

Eh(t) := E(t+ h), where E(t) =
tn−1

(n− 1)!
.

For 0 ≤ s < τ and fixed x, define

w(t) :=
∫ t+s

s

E(t+ s− r)V (r)xdr −
∫ t

0

E(t+ s− r)V (r)xdr,
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where x ∈ X, 0 ≤ t < τ . We have

w(t) =
∫ t+s

0

E(t+ s− r)V (r)xdr

−
∫ t

0

E(t+ s− r)V (r)xdr −
∫ s

0

E(t+ s− r)V (r)xdr

= (E ∗ V )(t+ s)x− (Es ∗ V )(t)x− (Et ∗ V )(s)x, x ∈ X.

Using Lemma 1.2.2, we obtain

A

∫ t

0

w(r)dr

= A

∫ t

0

(E ∗ V )(s+ r)xdr −A

∫ t

0

(Es ∗ V )(r)xdr

−A

∫ t

0

(Er ∗ V )(s)xdr

= A

∫ t+s

0

(E ∗ V )(r)xdr −A

∫ s

0

(E ∗ V )(r)xdr

−A

∫ t

0

(Es ∗ V )(r)xdr −A
[
(Ft ∗ V )(s)− (F ∗ V )(s)

]
= (E ∗ V )(t+ s)x− (E ∗ F )(t+ s)x− (E ∗ V )(s)x+ (E ∗ F )(s)x

−(Es ∗ V )(t)x+ (Es ∗ F )(t)x− (Et ∗ V )(s)x+ (Et ∗ F )(s)x
−F (t)V (s)x+ F (t)F (s)x+ (E ∗ V )(s)x− (E ∗ F )(s)x

= (E ∗ V )(t+ s)x− (Es ∗ V )(t)x− (Et ∗ V )(s)x− F (t)V (s)x

+
[
F (t)F (s)− (E ∗ F )(t+ s) + (Es ∗ F )(t) + (Et ∗ F )(s)

]
x

= w(t)− F (t)V (s)x, x ∈ X,

where

F (t) =
∫ t

0

E(s)ds =
tn

n!
.

Here we used the following relation

F (t)F (s)x
= (E ∗ F )(t+ s)x− (Es ∗ F )(t)x− (Et ∗ V )(s)x

=
∫ t+s

s

E(t+ s− r)F (r)xdr −
∫ t

0

E(t+ s− r)F (r)xdr
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for x ∈ X, which can be easily proved using integration by parts. Therefore
v(·) = w(·) is a solution of the problem

v′(t) = Av(t) + F (t)V (s)x, 0 ≤ t < τ , (1.2.14)

v(0) = 0 , v ∈ C
{
[0, τ), D(A) ∩ C1{[0, τ), X}

}
.

Since V (t)V (s)x, t, s ∈ [0, τ), is also a solution of this problem, then by
uniqueness we obtain that w(t) = V (t)V (s)x, t, s ∈ [0, τ). ✷

1.2.4 Examples

Example 1.2.1 (An integrated semigroup with the generator that is non-
densely defined)

Consider the operator A = −d/dx on X = C[0,∞) with

D(A) =
{
u ∈ C[0,∞)

∣∣∣ u′ ∈ C[0,∞), u(0) = 0
}
.

Since D(A) �= X then A cannot be a generator of a C0-semigroup (compare
this with Example 1.1.1). In this case A is the generator of the 1-times
integrated semigroup V defined by

(V (t)f)(x) =

 − ∫ x−t

x
f(s) ds, x ≥ t∫ o

x
f(s) ds, 0 ≤ x ≤ t

.

Note that A is the generator of a C0-semigroup in the space C0[0,∞) of
continuous on [0,∞) functions vanishing at zero.

Example 1.2.2 (A class of operators generating integrated semigroups)

As in Example 1.1.2 let

X =
{
Lp(R)× Lp(R), ‖u‖ = ‖u1‖Lp + ‖u2‖Lp

}
, where u =

(
u1

u2

)
.

Consider the operator A defined by

Au =
( −h −f

0 −h

)
u

with

D(A) =
{(

u1

u2

)
∈ X

∣∣∣∣ hu1 + fu2 ∈ Lp(R), hu2 ∈ Lp(R)
}

,
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where h(x) = 1 + |x|, f(x) = |x|γ , γ > 0. For the formally defined
operator-function

V (t) =
∫ t

0

eAsds, t ≥ 0,

we can write

V (t)u =
1
h

(
1− e−ht tfe−ht + (e−ht − 1)f/h
0 1− e−ht

)
u, u ∈ X.

If γ ∈ (1, 2], then the family of bounded linear operators {V (t), t ≥ 0}
satisfies conditions (V1) – (V4) for a 1-time integrated semigroup. The
operator A is the generator of this semigroup since

λI −R(λ)−1 = λI −
(∫ ∞

0

λe−λtV (t)dt
)−1

= λI −
(

1
λ+h − f

(λ+h)2

0 1
λ+h

)−1

= A.

Furthermore, if γ ≤ 2, then the operator-functions Vk(t), t ≥ 0, defined by

Vk(t)u =
∫ t

0

Vk−1(s)uds, u ∈ X, k ≥ 2, V1 = V,

form k-times integrated semigroups on X. In particular,

V2(t)u =
∫ t

0

V (s)uds

=
1
h

(
t− 1−e−ht

h −tfe−ht + (1−e−ht)f
h + (1−e−ht)f

h2 − tf
h

0 t− 1−e−ht

h

)
u,

u ∈ X,

defines a 2-times integrated semigroup V2 on X. We also note that if γ > 2,
then (see Example 1.1.2) all λ > 0 do not belong to the resolvent set of
A, and therefore for any n, the operator A cannot generate an n-times
integrated semigroup on X.

Example 1.2.3

The differential operator

A =
∑
|α|≤k

aαD
α,

where

Dα =
(

∂

∂x1

)α1

. . .

(
∂

∂xn

)αn

, |α| =
n∑

j=1

αj , max |α| > n/2,
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and its symbol
p(x) =

∑
|α|≤k

aα(ix)α

is an elliptic polynomial with Re p(x) <∞, is the generator of ([[n/2]] + 2)-
times integrated semigroup in the spaces C0(Rn), Lp(Rn), 1 ≤ p ≤ ∞.

Example 1.2.4 (An integrated semigroup associated with the second order
Cauchy problem)

This example generalizes the Cauchy problem for Wave equation which
was discussed in Chapter 0. Consider the second order Cauchy problem

u′′(t) = Bu(t), t ≥ 0, u(0) = x, u′(0) = y (1.2.15)

in a Banach space X, with linear operator B generating cosine and sine
operator-functions C(·) and S(·). In Section 1.7 we study the properties of
M,N -functions, which in particular give the properties of C,S-functions.
The unique solution of (1.2.15) has the form

u(t) = C(t)x+ S(t)y.

The problem (1.2.15) can be reduced to the Cauchy problem for the first
order system

w′(t) = Φw(t), w(0) =
(

x
y

)
,

where

Φ =
(

0 I
B 0

)
, w(t) =

(
u(t)
u′(t)

)
.

Using cosine and sine operator-functions, we can rewrite w in the following
form

w(t) =
( C(t)x+ S(t)y
C′(t)x+ C(t)y

)
≡ U(t)

(
x
y

)
,

where operator U(t) is not defined everywhere on X × X for all t ≥ 0,
because function C(·) is not necessarily differentiable on X.

The operator Φ is the generator of the integrated semigroup

V (t) =
(
S(t) ∫ t

0
S(τ)dτ

C(t)− I S(t)
)

.

Conditions (V1) – (V4) are satisfied due to the properties of C,S-functions.

Example 1.2.5 (An integrated semigroup that is not exponentially
bounded)
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Let X = l2 and

Ax := {amxm}∞m=1, am = m+ i{e2m2 −m2}1/2, α > 1,

then the operators
U(t)x = {eamtxm}∞m=1

form an unbounded semigroup. The operators

V (t)x =
∫ t

0

U(s)xds =
{(

eamt

am
− 1

)
xm

}
≡ {bmxm}

are bounded for any t ≥ 0 since

‖V (t)‖ = sup
m
|bm| = sup

m
{emt−m2} = et

2/4,

and form an integrated semigroup that is not exponentially bounded.

Example 1.2.6 (Local n-times integrated semigroup)

Let X = l2, T > 0,

Ax := {amxm}∞m=1 , am =
m

T
+ i

{
e2m

m2
− m2

T 2

}1/2

,

D(A) =
{
x ∈ l2

∣∣∣ Ax ∈ l2

}
.

For operator A we have

σ(A) =
{
λ ∈ C

∣∣∣ λ = am, m ∈ N

}
and since Re am = m

T , then for any ω ∈ R there exists λ ∈ σ(A) such
that Reλ > ω. The operators T (t)x := {eamtxm}∞m=1 form an unbounded
semigroup. Integrating eamt we obtain the factor me−m, which on the n-th
step makes the product bounded for t < nT , and, as a result, we obtain a
local n-times integrated semigroup Vn(t) :

Vn(t)x =
{∫ t

0

(t− s)n−1

(n− 1)!
eamsxmds

}∞

m=1

=

{[
a−n
m eamt −

n∑
p=1

(am)−p tn−p

(n− p)!

]
xm

}
.
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Since |eamt| = e
mt
T and |am| = em

m , it follows that

mnem( t
T −n) −

n∑
p=1

mpe−pm tn−p

(n− p)!

≤ |
∫ t

0

(t− s)n−1

(n− 1)!
eamsds|

≤ mnem( t
T −n) +

n∑
p=1

mpe−pm tn−p

(n− p)!
,

therefore

‖Vn(t)‖ = sup
m∈N

{∣∣∣ ∫ t

0

(t− s)n−1

(n− 1)!
eamsds

∣∣∣}
is bounded if and only if 0 ≤ t < nT.

1.3 κ-convoluted semigroups

In the previous section we showed that an n-times integrated semigroup
with the densely defined generator A can be defined as a family of bounded
linear operators {V (t), t ∈ [0, T )} satisfying

V (t)x− tn

n!
x =

∫ t

0

V (s)Axds =
∫ t

0

AV (s)xds,

0 ≤ t < T, x ∈ D(A),

and

V (t)x− tn

n!
x = A

∫ t

0

V (s)xds, x ∈ X.

A similar approach is used in this section for κ-convoluted semigroups.

1.3.1 Generators of κ-convoluted semigroups

Definition 1.3.1 Let A be a closed operator and κ(·) be a continuous func-
tion on [0, T ), T ≤ ∞. If there exists a strongly continuous operator-family
{Sκ(t), t ∈ [0, T )} such that Sκ(t)Ax = ASκ(t)x for x ∈ D(A), t ∈ [0, T ),
and for all x ∈ X ∫ t

0

Sκ(s)xds ∈ D(A)

and

Sκ(t)x = A

∫ t

0

Sκ(s)xds+Θ(t)x, 0 ≤ t < T, (1.3.1)
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where Θ(t) =
∫ t

0
κ(s)ds, then Sκ is called a κ-convoluted semigroup gener-

ated by A, and A is called the generator of Sκ.

In the particular case Θ(t) = tn/n! , the κ-convoluted semigroup Sκ is
an n-times integrated semigroup. If A is the generator of a C0-semigroup
U , then

Sκ(t)x =
∫ t

0

(t− s)n−1

(n− 1)!
U(s)xds

is an n-times integrated semigroup and a κ-convoluted semigroup. This
is the reason that Sκ is called a κ-convoluted semigroup, but not a Θ-
convoluted semigroup.

The corresponding Cauchy problem

v′(t) = Av(t) + Θ(t)x, 0 ≤ t < T, v(0) = 0 (1.3.2)

is called the Θ-convoluted Cauchy problem. If there exists a solution of the
Cauchy problem

u′(t) = Au(t), 0 ≤ t < T, u(0) = x, (1.3.3)

then, as usual for a nonhomogeneous equation, we have v = Θ ∗ u.
The following results connect the existence of a κ-convoluted semigroup

and the well-posedness of a Θ-convoluted Cauchy problem with the be-
haviour of the resolvent RA(λ). In contrast to the case of an exponentially
bounded and local n-times integrated semigroup, where the resolvent has
polynomial estimates in a half-plane or in a logarithmic region, respectively,
in the ‘convoluted’ case the resolvent exists in some smaller region and is
allowed to increase exponentially:

‖RA(λ)‖ ≤ KeM(λ).

Here, a real-valued function M(λ), λ ∈ C, grows not faster than λ and is
defined by the order of decreasing of κ̃(λ), the Laplace transform of κ(t).

Theorem 1.3.1 Let κ(·) be an exponentially bounded function such that

|κ̃(λ)| =
|λ|→∞

O
(
e−M(λ)

)
.

Suppose that A is the generator of a κ-convoluted semigroup {Sκ(t),
0 ≤ t < T}, then there exists a region

Λ =
{
λ ∈ C

∣∣∣ Reλ >
M(λ)
T

+ β
}

such that ‖RA(λ)‖ ≤ KeM(λ) for any λ ∈ Λ and some K > 0.
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Proof Let |κ(t)| ≤ Keωt. Consider the operator

R(λ, t) := κ̃−1

∫ t

0

e−λsSκ(s) ds,

where κ̃−1 = 1/κ̃(λ). As in the case of integrated semigroups (Theorem
1.2.6) we now show that R(λ, t) is ‘nearly’ the resolvent of A:

RA(λ) = R(λ, t)
[
I −Bt(λ)

]−1

, λ ∈ Λ,

where Bt(λ) are linear operators such that ‖Bt(λ)‖ ≤ δ < 1 for t ∈ [0, T )
and λ ∈ Λ. Since

∫ t

0
e−λsSκ(s) dsx ∈ D(A) for any x ∈ X, we can apply

operator (λI −A) to R(λ, t)x

(λI −A)R(λ, t)x =

λκ̃−1

[∫ t

0

e−λsSκ(s) ds−A

∫ t

0

e−λsSκ(s) ds
]
x, x ∈ X.

Using the equation for the κ-convoluted semigroup for the first term in the
right-hand side and integrating by parts the second term, we obtain

(λI −A)R(λ, t)

= κ̃−1

(
λ

∫ t

0

e−λs
[
A

∫ s

0

Sκ(τ) dτ +Θ(s)I
]
ds

−Aλ

∫ t

0

e−λs

∫ s

0

Sκ(τ)dτ ds−Ae−λt

∫ t

0

Sκ(τ)dτ
)

= κ̃−1

[
λ

∫ t

0

e−λsΘ(s)Ids− e−λtA

∫ t

0

Sκ(s)ds
]

= κ̃−1

[∫ t

0

e−λsκ(s)I ds− e−λtSκ(t)
]

= I − κ̃−1

[
e−λtSκ(t) +

∫ ∞

t

e−λsκ(s)I ds

]
=: I −Bt(λ).

We estimate norms of operators Bt(λ) for Reλ ≥ ω1 > ω:

‖Bt(λ)‖ ≤ |κ̃−1|
(
e−Reλt‖Sκ(t)‖+

∫ ∞

t

e−Reλs|κ(s)| ds
)

≤ K|κ̃−1|
(
e−Reλt +

∫ ∞

t

eωs−Reλs ds

)
≤ K|κ̃−1| e(ω−Reλ)t

(
1 +

1
ω1 − ω

)
≤ KeM(λ)−(Reλ−ω)t.
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Let KeM(λ)−(Reλ−ω)t ≤ δ < 1, then

M(λ)− (Reλ− ω)t− ln
δ

K
≤ 0.

For t = T we obtain

Reλ ≥ M(λ)− ln δ
K

T
+ ω =:

M(λ)
T

+ β,

and for these λ
‖Bt(λ)‖ ≤ δ.

Since for x ∈ D(A) we have

(λI −A)R(λ, t)x = R(λ, t)(λI −A)x = (I −Bt(λ))x,

then the operator (λI −A)−1 = RA(λ) exists in the region

Λ =
{
λ ∈ C

∣∣∣ Reλ ≥ M(λ)
T

+ β

}
,

and for these λ

‖R(λ)‖ ≤ |κ̃−1|
∣∣∣∣∫ t

0

e−λsSκ(s) ds
∣∣∣∣ 1
1− δ

≤ KeM(λ) .✷

Remark 1.3.1 If, instead of the condition

|κ̃(λ)| =
|λ|→∞

O
(
e−M(λ)

)
we take

|κ̃(λ)| =
|λ|→∞

O
(
e−M(αλ)

)
for some α, then for any

λ ∈ ΛT,α,β :=
{
λ ∈ C

∣∣∣ Reλ >
M(αλ)

T
+ β

}
we have

‖RA(λ)‖ ≤ KeM(αλ) . ✷

Remark 1.3.2 Note that the equality (1.3.1) is considered on X, not on
D(A). This is the reason that, in contrast to Theorem 1.2.5 for integrated
semigroups, here we do not assume that D(A) = X.
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Theorem 1.3.2 Suppose

∀λ ∈ Λγ,α,β , ‖RA(λ)‖ ≤ KeM(αλ) (1.3.4)

for some K, γ, α, β > 0, and

|κ̃(λ)| =
|λ|→∞

O
(
e−M(ςλ)

)
(1.3.5)

with some ς > 0 such that (ς/α − 1) > 0. Then A is the generator of a
κ-convoluted semigroup on [0, T1) = [0, γ( ςα − 1)).

Proof Let RA(λ) satisfy (1.3.4) and κ(·) satisfy (1.3.5) with some ς >
0 such that (ς/α − 1) > 0. Consider the inverse Laplace transform of
κ̃(λ)RA(λ)

S1
κ(t) :=

∫
Γ

eλtκ̃(λ)RA(λ) dλ,

where Γ = ∂Λγ,α,β is the boundary of Λγ,α,β . Then

‖S1
κ(t)‖ ≤

∫
Γ

KeReλt+M(αλ)−M(ςλ) |dλ|.

Since
eReλt+M(αλ)−M(ςλ) = e(t+γ−γ ς

α )Reλ

on Γ, the operators S1
κ(t) are defined for

t+ γ − γ
ς

α
< 0 or t < γ

( ς

α
− 1

)
=: T1.

Now we show that operators S1
κ(t) satisfy the equation (1.3.1) for the κ-

convoluted semigroup:

S1
κ(t)x = A

∫ t

0

S1
κ(s)x ds+Θ(t)x, x ∈ X.

We have

A

∫ t

0

S1
κ(s)x ds

= (A± λI)
∫ t

0

∫
Γ

eλsRA(λ)κ̃(λ)x dλds

= λ

∫ t

0

∫
Γ

eλsRA(λ)κ̃(λ)xdλds−
∫ t

0

∫
Γ

eλsκ̃(λ)x dλds

=
∫

Γ

RA(λ)κ̃(λ)λ
∫ t

0

eλsx dsdλ−
∫ t

0

κ(s)x ds

= S1
κ(t)x−

∫
Γ

RA(λ)κ̃(λ)x dλ−Θ(t)x.
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Since on Γ we have

‖RA(λ)κ̃(λ)‖ ≤ KeM(αλ)−M(ςλ) = Keγ(1− ς
α )Reλ,

and (1− ς
α ) < 0, then the integral

∫
Γ
RA(λ)κ̃(λ)x dλ is equal to zero. Hence

for any x ∈ X, we have

A

∫ t

0

S1
κ(s)xds = S1

κ(t)x−Θ(t)x. ✷

Combining these results we obtain the necessary and sufficient condi-
tions for A to be the generator of a κ-convoluted semigroup. They are also
sufficient for well-posedness of the Θ-convoluted Cauchy problem (1.3.2).

1.3.2 Θ-convoluted Cauchy problem

Theorem 1.3.3 Let M(λ), λ ∈ C, be a real-valued function growing at
infinity not faster than λp, p < 1. Then the following conditions are equiv-
alent:

(K) A is the generator of a κ-convoluted semigroup on [0, T ) for some
T > 0, with κ such that

|κ̃(λ)| =
|λ|→∞

O
(
e−M(ςλ)

)
for some ς > 0;

(R)
∃γ, α, β > 0 : ∀λ ∈ Λγ,α,β , ‖RA(λ)‖ ≤ KeM(αλ);

(K1) for any T > 0, A is the generator of a κ-convoluted semigroup on
[0, T ) with κ such that

|κ̃(λ)| =
|λ|→∞

O
(
e−M(ςλ)

)
for some ς > 0;

(R1)
∀γ > 0 ∃α, β > 0 : ∀λ ∈ Λγ,α,β , ‖RA(λ)‖ ≤ KeM(αλ).

In this case the Θ-convoluted Cauchy problem has the unique solution
v(t) =

∫ t

0
Sκ(s)xds, t ∈ [0, T ).

Proof From Theorem 1.3.1 and Remark 1.3.1 we have (K) =⇒ (R) with
γ = T, α = ς and (K1) =⇒ (R1) with γ = T, α = ς. From Theorem 1.3.2
we have (R) =⇒ (K1) with ς defined from the equality T = γ( ςα − 1), and
(R1) =⇒ (K) with T = γ, ς = α. ✷

It follows from the definition of a κ-convoluted semigroup that v(t) =∫ t

0
Sκ(s)xds, x ∈ X, t ∈ [0, T ), is a solution of (1.3.2). By the Lyubich’s
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theorem (Remark 1.1.6), the uniqueness of this solution follows from the
condition on M(λ) and the estimate (1.3.4):

lim
λ→∞

ln ‖RA(λ)‖
|λ| ≤ lim

λ→∞
|λp|
|λ| = 0.

Using the uniqueness of a solution of the Θ-convoluted Cauchy problem we
can obtain for a κ-convoluted semigroup its ‘semigroup’ relation:

Sκ(t)Sκ(s) = Sκ(s)Sκ(t) (1.3.6)

=
∫ t+s

s

κ(t+ s− r)Sκ(r)dr −
∫ t

s

κ(t+ s− r)Sκ(r)dr.

Note that (V1) from Definition 1.2.1 is the particular case of (1.3.6) with
κ(t) = tn−1/(n− 1)! , and (1.3.6) was proved in Lemma 1.2.3 .

Theorem 1.3.4 Let {Sκ(t), 0 ≤ t < T} be a κ-convoluted semigroup, then
for any 0 ≤ t < T the equality (1.3.6) holds.

Pro of See the proof of Lemma 1.2.3 with E(t) = κ(t). ✷

In the Section 2.3, devoted to Cauchy problems in the spaces of (ab-
stract) ultradistributions, we show that the well-posedness of the Cauchy
problem in a space of ultradistributions is equivalent to the condition (R),
where M(λ) is the function associated with a sequence Mn that defines the
space of ultradistributions. Hence, any of the conditions (K), (K1), (R1)
with such function M(λ) are equivalent to well-posedness of the Cauchy
problem in the space of ultradistributions.

1.4 C-regularized semigroups

We continue the study of families of bounded operators connected with
Cauchy problems that are not uniformly well-posed. C-regularized semi-
groups are related to problems that are C-well-posed (see Definition 1.4.4)
on CD(A) for some bounded invertible operator C.

1.4.1 Generators of C-regularized semigroups

Suppose C is an injective, bounded operator on a Banach space X.

Definition 1.4.1 A one-parameter family of bounded linear operators
{S(t), t ≥ 0} is called an exponentially bounded C-regularized semigroup if

(C1) S(t+ h)C = S(t)S(h), t, h ≥ 0, S(0) = C;

(C2) S(t) is strongly continuous with respect to t ≥ 0;
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(C3) ∃K > 0, ω ∈ R : ‖S(t)‖ ≤ Keωt, t ≥ 0.

It follows from (C1) at t = 0 that S(h) commutes with C for all h ≥ 0:

(C4) S(h)C = CS(h), h ≥ 0.

If C = I, then the C-regularized semigroup is a C0-semigroup.
Define the operator

L(λ)x =
∫ ∞

0

e−λtS(t)xdt, x ∈ X. (1.4.1)

If C = I, then L(λ) = RA(λ), where A is the generator of the corresponding
C0-semigroup.

Property (C3) implies that L(λ) is a bounded operator for all λ ∈ C

with Reλ > ω. We show that this operator, called the C-resolvent, is
invertible and satisfies the ‘regularized’ resolvent identity.

Proposition 1.4.1 Let {S(t), t ≥ 0} be an exponentially bounded
C-regularized semigroup. Then for all λ, µ ∈ C with Reλ,Reµ > ω

(λ− µ)L(λ)L(µ) = L(µ)C − L(λ)C, (1.4.2)

and there exists a closed operator Z defined by

Zx :=
(
λI − L(λ)−1C

)
x, (1.4.3)

D(Z) =
{
x ∈ X

∣∣∣ Cx ∈ ranL(λ)
}
.

Proof Let x ∈ X and consider λ, µ ∈ C with Reλ,Reµ > ω. Then

L(λ)L(µ)x

=
∫ ∞

0

∫ ∞

0

e−(λs+µt)S(s+ t)Cxdtds

=
∫ ∞

0

∫ τ

0

e−(λ(τ−t)+µt)S(τ)Cxdtdτ

= (µ− λ)−1

[ ∫ ∞

0

e−λτS(τ)Cxdτ −
∫ ∞

0

e−µτS(τ)Cxdτ

]
= (µ− λ)−1

[
L(λ)Cx− L(µ)Cx

]
,

i.e. (1.4.2) holds. We now show that L(λ) is injective for Reλ > ω. It
follows from (1.4.2) that if L(λ) = 0, then CL(µ)x = 0 and L(µ)x = 0,
that is kerL(λ) = kerL(µ). From the definition of L(λ) and the uniqueness
theorem for Laplace transform we obtain that if L(λ)x = 0, then S(0)x =
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Cx = 0 and x = 0. Hence the operator L(λ) is invertible for Reλ > ω. Let
Cx ∈ ranL(λ). From (1.4.2) we have

L(µ) [λL(λ)− C ]x = L(λ) [µL(µ)− C ]x, Reλ,Reµ > ω,

and
L(λ)−1 [λL(λ)− C ]x = L(µ)−1 [µL(µ)− C ]x.

Therefore, the operator Z defined by

Zx := L(λ)−1 [λL(λ)− C ]x = [λI − L(λ)−1C ]x

is independent of λ and is closed. Then we have

(λI − Z)−1 = C−1L(λ), (1.4.4)

D
(
(λI − Z)−1

)
=
{
x ∈ X

∣∣∣ L(λ)x ∈ ranC
}

and
L(λ)x = C(λI − Z)−1x, x ∈ D

(
(λI − Z)−1

)
. ✷

Definition 1.4.2 The operator Z defined by (1.4.3) is called the generator
of a C-regularized semigroup {S(t), t ≥ 0}.

Along with the generator Z we introduce the infinitesimal generators A
and G by

Ax := C−1 lim
t→0

t−1 [S(t)x− Cx] ,

D(A) =
{
x ∈ X

∣∣∣ ∃ lim
t→0

t−1 [S(t)x− Cx] ∈ ranC
}

and

Gx := lim
t→0

t−1
[
C−1(S(t)x− Cx)

]
, (1.4.5)

D(G) =
{
x ∈ ranC

∣∣∣ ∃ lim
t→0

t−1
[
C−1(S(t)x− Cx)

]}
.

Proposition 1.4.2 Let {S(t), t ≥ 0} be a C-regularized semigroup. Then
for operators G,A,Z the following relation holds

G ⊂ A = Z. (1.4.6)

If ranC = X, then D(G) = X.

Proof Let x ∈ D(G), then

C lim
t→0

C−1S(t)x− Cx

t
= lim

t→0

S(t)x− Cx

t
∈ ranC
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and

Ax = C−1 lim
t→0

S(t)x− Cx

t
= lim

t→0

C−1S(t)x− x

t
= Gx.

Hence D(G) ⊂ D(A) and G ⊂ A. In order to show A ⊂ Z, let x ∈ D(A).
Then

dS(t)Cx

dt
= lim

h→0

S(t)(S(h)− C)x
h

= S(t) lim
h→0

S(h)x− Cx

h
= S(t)CAx,

and

CL(λ)(λI −A)x = L(λ)C(λI −A)x

= λL(λ)Cx−
∫ ∞

0

e−λtS(t)CAx dt

= λL(λ)Cx−
∫ ∞

0

e−λt dS(t)Cx

dt
dt = C2x.

Hence L(λ)(λI −A)x = Cx, i.e. Cx ∈ ranL and

Zx =
[
λI − L−1(λ)C

]
x = Ax.

Now let x ∈ D(Z), then there exists y such that Cx = L(λ)y. We consider

S(h)x− Cx
h

=
S(h)C−1L(λ)y − L(λ)y

h

=
1
h

[
C−1S(h)

∫ ∞

0

e−λtS(t)ydt−
∫ ∞

0

e−λtS(t)ydt
]

=
1
h

[ ∫ ∞

0

e−λtS(t+ h)ydt−
∫ ∞

0

e−λtS(t)ydt
]

=
eλh − 1

h

∫ ∞

h

e−λtS(t)ydt− 1
h

∫ h

0

e−λtS(t)ydt

−→h→0 λL(λ)y − Cy = C(λx− y) ∈ ranC.

Hence x ∈ D(A), D(A) = D(Z) and Ax = Zx.
Now suppose ranC = X. Taking into account that C is injective,

we obtain that ranC2 is also dense in X. Therefore, in order to prove
D(G) = X, we show that

∀x ∈ ranC2, ∀ε > 0, ∃xε ∈ D(G) : ‖x− xε‖ < ε.
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It follows from properties of C-regularized semigroups that the operators

U(t) := C−1S(t), t ≥ 0

with
D(U(t)) =

{
x ∈ X

∣∣∣ S(t)x ∈ ranC
}
,

form a C0-semigroup on ranC2. Put x = C2y and

x(t) :=
∫ t

0

U(τ)xdτ = C

∫ t

0

S(τ)ydτ ∈ ranC.

We have ‖x(t)− x‖→t→0 0. Let us show that x(t) ∈ D(G). Since

U(h)x(t) = U(h)C
∫ t

0

S(τ)ydτ =
∫ t

0

S(h+ τ)Cydτ,

we obtain

h−1 [U(h)x(t)− x(t)]

= h−1

∫ t

0

S(h+ τ)Cydτ − h−1

∫ t

0

S(τ)Cydτ

= h−1

∫ t+h

h

S(τ)Cydτ − h−1

∫ t

0

S(τ)Cydτ

= h−1

∫ t+h

t

S(τ)Cydτ − h−1

∫ h

0

S(τ)Cydτ

−→h→0 S(t)Cy − C2y.

Hence, x(t) ∈ D(G), Gx(t) = S(t)Cy − C2y, and D(G) = X. ✷

Definition 1.4.3 The closure of operator G defined by (1.4.5) is called
the complete infinitesimal generator of the C-regularized semigroup {S(t),
t ≥ 0}.
For the complete infinitesimal generator we have the inclusion G ⊂ Z = A.

Proposition 1.4.3 Let {S(t), t ≥ 0} be a C-regularized semigroup. If
ρ(G) �= ∅, then G = A = Z.

Proof Let us show the equality

Ax = C−1GCx = C−1GCx, x ∈ D(A), (1.4.7)

which together with the assumption ρ(G) �= ∅ implies that G = A. Take
x ∈ D(A), then Cx ∈ D(G) :

GCx = lim
h→0

h−1
[
C−1S(h)Cx− Cx

]
= lim

h→0
h−1 [S(h)x− Cx] = CAx.
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Therefore GCx = CAx for all x ∈ D(A). Applying C−1 to both sides of
this equality, we obtain (1.4.7).

Let λ ∈ ρ(G) and x ∈ D(A), put y = (λI − A)x, z = (λI −G)−1y.
Then z ∈ D(G) and (λI −G)z = (λI − A)z = y = (λI − A)x. In view of
invertibility of (λI −G), the operator

(λI −A) = C−1(λI −G)C

is also invertible. Hence z = x ∈ D(G) andD(A) ⊂ D(G), that is A = G. ✷
The following theorem makes clear the connection between a generator

of a C-regularized semigroup and the Cauchy problem (CP).

Theorem 1.4.1 Let Z be the generator of an exponentially bounded C-
regularized semigroup {S(t), t ≥ 0}. Then
for x ∈ X

S(t)x− Cx = Z

∫ t

0

S(τ)xdτ ; (1.4.8)

for x ∈ D(Z)

S(t)x− Cx =
∫ t

0

S(τ)Zxdτ, (1.4.9)

dS(t)
dt

x = S(t)Zx = ZS(t)x, S(0)x = Cx; (1.4.10)

for x ∈ CD(Z) we have

dU(t)
dt

x = ZU(t)x, U(0)x = x, (1.4.11)

where U(t)x := C−1S(t)x.

Proof Keeping in mind that A = Z, we prove that if x ∈ X, then∫ t

0
S(τ)xdτ ∈ D(A) and (1.4.8) holds true. Let x ∈ X, then

S(h)
∫ t

0
S(τ)xdτ − C

∫ t

0
S(τ)xdτ

h

=

∫ t

0
S(τ + h)Cxdτ − C

∫ t

0
S(τ)xdτ

h

=
C
∫ t+h

0
S(τ)xdτ − ∫ h

0
S(τ)Cxdτ

h
−→
h→0

C [S(t)− C]x.

Thus

A

∫ t

0

S(τ)xdτ = S(t)x− Cx.
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Since the operator A = Z is closed, we have (1.4.9):∫ t

0

S(τ)Axdτ =
∫ t

0

S(τ)Zxdτ = S(t)x− Cx

which implies (1.4.10) – (1.4.11). ✷

Now we can summarize all properties of the generator of a C-regularized
semigroup.

Theorem 1.4.2 Let Z be the generator of an exponentially bounded C-
regularized semigroup {S(t), t ≥ 0}, then Z is closed. If, in addition,
ranC = X, then Z is densely defined. For all λ ∈ C with Reλ > ω the
following conditions hold

(Z1) (λI − Z)−1Cx = C(λI − Z)−1x for all x ∈ ran (λI − Z);

(Z2) ∃K > 0,

‖(λI − Z)−mC‖ ≤ K

(Reλ− ω)m
, m = 1, 2, . . . .

Proof In Proposition 1.4.1 we proved that the operator

(λI − Z)−1 = C−1L(λ)

exists on
ran (λI − Z) =

{
x ∈ X

∣∣∣ L(λ)x ∈ ranC
}
.

Hence C(λI − Z)−1x = L(λ)x for x ∈ ran (λI − Z). On the other hand,
for all x ∈ X we have L(λ)Cx = CL(λ)x, therefore (Z1) holds. Let us
show that ranC ⊂ D((λI − Z)−m), m = 1, 2, . . . . If x ∈ X, then
L(λ)Cx = CL(λ)x ∈ ranC and the following operators are defined

(λI − Z)−1Cx = C−1L(λ)Cx = C−1

∫ ∞

0

e−λt1S(t1)Cxdt1

=
∫ ∞

0

e−λt1C−1S(t1)Cxdt1 =
∫ ∞

0

e−λt1S(t1)xdt1,

(λI − Z)−2Cx =
∫ ∞

0

C−1e−λt2S(t2)
∫ ∞

0

e−λt1C−1S(t1)Cxdt1dt2

=
∫ ∞

0

∫ ∞

0

e−λ(t1+t2)S(t1 + t2)xdt1dt2

and so on. Hence we obtain the estimates (Z2):

‖(λI − Z)−mCx‖ = ‖(C−1L(λ)) . . . (C−1L(λ))Cx‖
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≤
∫ ∞

0

. . .

∫ ∞

0

e−Reλ(t1+...+tm)Keω(t1+...+tm)‖x‖dt1 . . . dtm

≤ K

(Reλ− ω)m
‖x‖. ✷

Property (Z2) generalizes the MFPHY condition to the case of C-
regularized semigroups, and Theorem 1.4.2 indicates that the MFPHY-type
condition on the C-resolvent is necessary for operator Z to be the generator
of a C-regularized semigroup. The next theorem gives sufficient conditions
for operator Z to be the generator of a C-regularized semigroup. Theorem
1.4.2 together with Theorem 1.4.3 are the generalization of the MFPHY
theorem to the case of C-regularized semigroups with ranC = X.

Theorem 1.4.3 Let Z be a densely defined closed linear operator satisfying
(Z1), (Z2) for λ ∈ C with Reλ > ω. Then there exists an exponentially
bounded C-regularized semigroup {S(t), t ≥ 0} with the generator Z.

This theorem can be proved in a fashion similar to the proof in Remark
1.1.4. First we define operators

Pλx = λ2(λI − Z)−1x− λx, x ∈ ran (λI − Z),

such that limλ→∞ PλCx = ZCx. Next define

Sλ(t)x := e−λt
∞∑
n=1

tnλ2n

n!
(λI − Z)−nCx, x ∈ X.

These operators are bounded and have all the properties of C-regularized
semigroups. Finally, we set

S(t)x = lim
λ→∞

Sλ(t)x, x ∈ X. ✷

1.4.2 C-well-posedness of the Cauchy problem

We consider the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (CP)

where A is the generator of an exponentially bounded C-regularized semi-
group {S(t), t ≥ 0}. It is shown in Theorem 1.4.1 that for x ∈ CD(A)
there exists a solution to this problem: u(t) = U(t)x = C−1S(t)x, t ≥ 0.
The semigroup U is not necessarily bounded on X, therefore, in general,
the solution u(·) is not stable in X with respect to variation of x. We now
show that the well-posedness of the Cauchy problem can be restored in a
certain subspace of X with a norm stronger than the norm of X.
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Theorem 1.4.4 Let {S(t), t ≥ 0} be an exponentially bounded
C-regularized semigroup. Then the following statements are equivalent:

(I) A is the generator of {S(t), t ≥ 0};

(II) a) A is a closed operator and it commutes with C:

ACx = CAx, x ∈ D(A);

b) there exists a Banach space Σ with the norm ‖ · ‖Σ such that
ranC ⊂ Σ ⊂ X, and the following estimates hold

∃K1 > 0 : ∀x ∈ Σ, ‖x‖ ≤ K1‖x‖Σ,

∃K2 > 0 : ∀x ∈ ranC, ‖x‖Σ ≤ K2‖C−1x‖.

Furthermore, the part of the operator A in Σ is the generator of
a C0-semigroup.

Proof (I) =⇒ (II). Let {S(t), t ≥ 0} be an exponentially bounded C-
regularized semigroup satisfying (C1) – (C3), then a) holds by virtue of
(Z1). Let b > ω, define in X the linear manifold

Σ =
{
x ∈ X

∣∣∣ C−1S(t)x is continuous with respect to t ≥ 0,

and lim
t→∞ e−bt‖C−1S(t)x‖ = 0

}
with the norm

‖x‖Σ = sup
t≥0

e−bt‖C−1S(t)x‖.

Taking into account that C−1S(t)S(h)x = S(t+h)x, we have ranS(h) ⊂ Σ
for h ≥ 0. If x ∈ ranC = ranS(0), then

‖x‖Σ ≤ sup
t≥0

Ke(ω−b)t‖C−1x‖ = K‖C−1x‖.

For x ∈ Σ we have

‖x‖ = (
e−bt‖C−1S(t)x‖)

t=0
≤ ‖x‖Σ.

It is not difficult to show that Σ with the norm ‖ · ‖Σ is a Banach space. It
is invariant with respect to operators C−1S(t) as

C−1S(τ)C−1S(t)x = C−1S(τ + t)x, x ∈ Σ.
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Therefore, the operators U(t) = C−1S(t) map Σ into Σ. Let us show
that AΣ (the part of operator A in Σ) is the generator of a C0-semigroup
{U(t), t ≥ 0} in Σ. We have U(t+τ) = U(t)U(τ) and U(0) = I. Moreover,

‖U(t)x‖Σ = sup
τ≥0

e−bτ‖C−1S(τ + t)x‖

≤ sup
τ≥0

e−b(τ+t)ebt‖C−1S(τ + t)x‖

= ebt sup
τ≥t

e−bt‖C−1S(τ)x‖

≤ ebt‖x‖Σ
and

‖U(h)x− x‖Σ
= sup

t≥0
e−bt‖C−1S(t+ h)x− C−1S(t)x‖

≤ max
{

sup
t∈[0,T ]

e−bt‖C−1S(t+ h)x− C−1S(t)x‖,

sup
t≥T

e−bt‖C−1S(t)x‖+ ebh sup
t≥T

e−b(t+h)‖C−1S(t+ h)x‖
}

≡ max{aT (h), cT (h)}.
By definition of Σ we have

∀ε > 0, ∃T0 : ∀h ≥ 0, cT0(h) <
ε

2
.

Also, since the continuous function C−1S(·)x is uniformly continuous on
any closed interval, we have

∀ε > 0, ∃δ : ∀h < δ, aT0(h) <
ε

2
.

Hence
‖U(h)x− x‖Σ −→

h→0
0,

i.e., the operators U(t) form a C0-semigroup on Σ. Let Ã be its generator,
then for x ∈ D(Ã)∥∥∥t−1

[
C−1S(t)x− x

]− Ãx
∥∥∥

≤ K1

∥∥∥t−1
[
C−1S(t)x− x

]− Ãx
∥∥∥

Σ
−→
t→0

0.

Therefore x ∈ D(A) ∩ Σ and Ax = Ãx ∈ Σ, that is x ∈ D(AΣ) and
D(Ã) ⊂ D(AΣ). To prove D(AΣ) ⊂ D(Ã), we take x ∈ D(A) such that
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Ax ∈ Σ, then it follows from (1.4.9) that

U(t)x− x =
∫ t

0

U(τ)Axdτ.

Hence, taking into account that for any x ∈ Σ the function U(·)Ax is
continuous in τ > 0, we obtain∥∥∥t−1

[
C−1S(t)x− x

]−Ax
∥∥∥

Σ
−→
t→0

0.

Thus x ∈ D(Ã) and AΣ = Ã.

(II) =⇒ (I). Let U be a C0-semigroup generated by the operator AΣ. It
is not difficult to verify that the operator-function S(·) defined by S(t)x =
U(t)Cx for all x ∈ X and t ≥ 0, satisfies (C1) – (C3). Let Z be the
generator of S, then C−1ZCx = Zx, x ∈ D(Z), and

(λI − Z)−1Cx =
∫ ∞

0

e−λtS(t)xdt, x ∈ X, λ > ω.

On the other hand, for the C0-semigroup U we have

(λI −AΣ)−1Cx =
∫ ∞

0

e−λtU(t)Cxdt, x ∈ X, λ > ω,

therefore

(λI −AΣ)−1Cx = (λI − Z)−1Cx, x ∈ X, λ > ω. (1.4.12)

Hence

(λI − Z)−1C(λI −A)x = (λI −AΣ)−1C(λI −A)x
= (λI −AΣ)−1(λI −AΣ)Cx = Cx

for x ∈ D(A). Consequently Ax = C−1ZCx = Zx, and A ⊂ Z. In the
same way, it follows from (1.4.12) that Z ⊂ A, so A = Z. ✷

By Theorem 1.4.4, we obtain that (CP) with operator A being the
generator of a C-regularized semigroup is well-posed in the space Σ. The
fact that AΣ generates a C0-semigroup in Σ implies that for any x ∈ D(AΣ)
there exists the unique solution of (CP): u(·) = U(·)x such that

sup
0≤t≤T

‖u(t)‖Σ ≤ K‖x‖Σ. (1.4.13)

Definition 1.4.4 The Cauchy problem (CP) is said to be C-well-posed if
for any x ∈ CD(A) there exists a unique solution, that is stable with respect
to the C−1-graph-norm:

∀T <∞, ∃K > 0 :

sup
0≤t≤T

‖u(t)‖ ≤ K‖x‖C−1 ≡ K
(
‖x‖+ ‖C−1x‖

)
.
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If A is the generator of a C-regularized semigroup, then for any x ∈
CD(A) ⊂ D(AΣ), u(·) = C−1S(·)x is the unique solution of (CP). Taking
into account b), we obtain from (1.4.13) that

sup
0≤t≤T

‖u(t)‖ ≤ K1KK2‖C−1x‖.

This implies C-well-posedness of (CP) with operator A being the generator
of a C-regularized semigroup.

1.4.3 Local C-regularized semigroups

There are operators A (for example, those having arbitrary large positive
eigenvalues) that generate C-regularized semigroups, defined only for t
from some bounded subset of R. Such semigroups correspond to the local
C-well-posedness of the Cauchy problem.

Let T ∈ (0,∞) and let C : X → X be an injective bounded linear
operator with dense range: ranC = X.

Definition 1.4.5 A one-parameter family of bounded linear operators
{S(t), t ∈ [0, T )} is called a local C-regularized semigroup in X if

(LC1) S(t+ s)C = S(t)S(s) for s, t ≥ 0, s+ t < T and S(0) = C,

(LC2) for every x ∈ X, S(t)x : [0, T )→ X is continuous in t.

In the case T = ∞ a local C-regularized semigroup is a C-regularized
semigroup. If there exist K > 0 and ω ∈ R such that ‖S(t)‖ ≤ Keωt for
t ≥ 0, then S is an exponentially bounded C-regularized semigroup.

Let S be a local C-regularized semigroup. Define its generator G by

Gx := lim
h→0

h−1(C−1S(h)x− x), x ∈ D(G),

D(G) =
{
x ∈ ranC

∣∣∣ lim
h→0

h−1(C−1S(h)x− x) exists
}

It is proved in [138] that G is a densely defined, closable linear operator. Its
closureG is called the complete infinitesimal generator of S. The connection
of G with the local Laplace transform

Lτ (λ)x :=
∫ τ

0

e−λtS(t)xdt, λ ∈ R, x ∈ X, (1.4.14)

and with the local Cauchy problem (CP) is described in the following
proposition.

Proposition 1.4.4 Let G be the complete infinitesimal generator of a local
C-regularized semigroup {S(t), t ∈ [0, T )} and let Lτ (λ) be as in (1.4.14).
Then G is densely defined and the following hold:
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1) for x ∈ D(G), 0 ≤ t < T we have S(t)x ∈ D(G),

GS(t)x = S(t)Gx and Gx = S′(t)x;

2) for x ∈ D(G), GLτ (λ)x = Lτ (λ)Gx;

3) for x ∈ X, we have Lτ (λ)x ∈ D(G) and

(λI −G)Lτ (λ)x = Cx− e−τλS(τ)x;

4) for x ∈ X,
Lτ (λ)Lτ (µ)x = Lτ (µ)Lτ (λ)x

and

∃Kτ :
∥∥∥∥ dn−1

dλn−1
Lτ (λ)

∥∥∥∥ ≤ Kτ
(n− 1)!

λn
(1.4.15)

for λ > 0, n ∈ N.

From properties 2) – 4) we conclude that if λ > 0 is sufficiently large, then
the operator Lτ (λ) is similar to the C-resolvent.

Definition 1.4.6 Let A be a closed linear operator in X, and let τ ∈ (0, T ).
A family of bounded linear operators {Lτ (λ), λ > ω} is called an asymptotic
C-resolvent of A if

(I) for x ∈ X, Lτ (λ)x is an infinitely differentiable function of λ and

Lτ (λ)Lτ (µ)x = Lτ (µ)Lτ (λ)x;

(II) for x ∈ X, Lτ (λ)x ∈ D(A) and

(λI −A)Lτ (λ)x = Cx+ Vτ (λ)x,

where Vτ satisfies the following estimates:

∃Kτ : ∥∥∥∥ dn−1

dλn−1
Vτ (λ)x

∥∥∥∥ ≤ Kττ
n−1e−τλ‖x‖

for λ > ω, n ∈ N;

(III) for x ∈ D(A), ALτ (λ)x = Lτ (λ)Ax.

As in Theorems 1.2.5, 1.2.6 for local integrated semigroups, the following
theorem gives conditions for an operator to be the complete infinitesimal
generator of a C-regularized semigroup.
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Theorem 1.4.5 A closed linear operator A in X is the complete infinites-
imal generator of a local C-regularized semigroup {S(t), t ∈ [0, T )} if and
only if

(I) D(A) is dense in X;

(II) for every τ ∈ (0, T ) there exists an asymptotic C-resolvent Lτ (λ) of
A such that (1.4.15) is fulfilled for n

λ ∈ [0, τ ], λ > ω, n ∈ N;

(III) CD(A) is a core for A, i.e.

A|CD(A) = A.

Proof The proof of necessity follows from Proposition 1.4.4. The proof of
sufficiency is based on the following analogy with the case of C0-semigroups.
If G is the complete infinitesimal generator of a semigroup {S̃(t), t > 0},
then S̃(t) can be represented in the form

S̃(t)x = lim
n→∞

(
I − t

n
G

)−n

Cx, x ∈ X.

From the equality for the resolvent of operator G :

dnRG(λ)
dλn

= (−1)n n!Rn+1

G
(λ)

similarly to (1.1.9) we have

S̃(t)x = lim
n→∞

(n

t

)n
Rn
G

(n

t

)
Cx =

(1.4.16)

= lim
n→∞

(n

t

)n (−1)n−1

(n− 1)!
dn−1

dλn−1
RG(λ)Cx

∣∣∣∣∣
λ= n

t

.

So we can see that a local C-regularized semigroup can be presented in
the form (1.4.16) where C-resolvent RG(

n
t )C is replaced by the asymptotic

C-resolvent Lτ (nt ).
Let us fix τ ∈ (0, T ). For an operator A, satisfying the conditions of

the theorem and for n > ωτ (here constant ω is from the definition of
asymptotic C-resolvent), we define the family of bounded linear operators
{Sn,τ (t), 0 ≤ t ≤ r} in X:

Sn,τ (t) =


(−1)n−1

(n−1)!

(
n
t

)n
L

(n−1)
τ

(
n
t

)
for 0 < t ≤ τ,

C for t = 0.
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Let Sτ (t) = limn→∞ Sn,τ (t). It is proved in [133] that the operators
Sτ (t) exist, do not depend on τ , and form a local C-regularized semigroup
generated by A. ✷

Consider the local Cauchy problem

u′(t) = Au(t), t ∈ [0, T ), u(0) = x (CP)

Definition 1.4.7 The local problem (CP) is called C-well-posed on [0, T )
if for any x ∈ CD(A) there exists a unique solution u(·) such that

‖u(t)‖ ≤ K(t)‖C−1x‖,
where K(t) is bounded on every compact interval from [0, T ).

The following theorem on well-posedness of local (CP) can be proved in a
fashion similar to the corresponding theorems on C-well-posedness of (CP).

Theorem 1.4.6 Suppose A is a densely defined closed linear operator in
X satisfying

a) ∀x ∈ D(A), Cx ∈ D(A) and ACx = CAx,

b) A|CD(A) = A.

Then A is the complete infinitesimal generator of a local C-regularized semi-
group {S(t), t ∈ [0, T )} if and only if the local (CP) is C-well-posed on
[0, T ).

1.4.4 Integrated semigroups and
C-regularized semigroups

The following two theorems clarify the connection of C-regularized semi-
groups with integrated semigroups.

Theorem 1.4.7 Let A be a linear operator in X with ρ(A) �= ∅. Let µ ∈
ρ(A) and n ≥ 0 be an integer. The following statements are equivalent:

(I) A is the generator of (n+ 1)-times integrated semigroup {V (t), t ≥ 0}
in X, satisfying

∃K > 0, ω ∈ R : ‖V (t+ h)− V (t)‖ ≤ Kheω(t+h)

for all t, h ≥ 0;

(II) A is the generator of a C-regularized semigroup {S(t), t ≥ 0} with
operator C = Rn+1

A (µ), satisfying

∃K > 0, ω ∈ R : ‖S(t+ h)− S(t)‖ ≤ Kheω(t+h)

for all t, h ≥ 0.
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In this case, we have

V (t)x = (µI −A)n+1

∫ t

0

∫ t1

0

. . .

∫ tn

0

S(tn+1)xdtn+1 . . . dt1

for all x ∈ X and t ≥ 0.

In the case of a densely defined operator A, this theorem and Theorem 1.2.3
lead to the following result.

Theorem 1.4.8 Let A be a densely defined linear operator in X, µ ∈ ρ(A)
and n ∈ N. Then the following statements are equivalent:

(I) A is the generator of an n-times integrated exponentially bounded semi-
group {V (t), t ≥ 0};

(II) A is the generator of an exponentially bounded C-regularized semi-
group {S(t), t ≥ 0} with C = (µI −A)−n.

Proof We prove the following implications: (R) =⇒ (II) =⇒ (I) =⇒ (R),
where

(R) ∃K > 0, a ∈ R : (a,∞) ⊂ ρ(A),∥∥(λI −A)−m(µI −A)−n
∥∥ ≤ K

(λ− a)m
,

for all λ > a and m = 1, 2, . . . .

The implication (R) =⇒ (II) follows from Theorem 1.4.3.
Now we prove (II) =⇒ (I). We define the operators Sk(t), k ≥ 0, by

S0(t) = S(t),

Sk(t)x =
∫ t

0

. . .

∫ t2

0

S(t1)xdt1 . . . dtk, x ∈ X, t ≥ 0, k ≥ 1.

It is shown in the proof of Theorem 1.4.1 that
∫ t

0
S(τ)xdτ ∈ D(A) and

S(t)x− Cx = A

∫ t

0

S(τ)xdτ, x ∈ X, t ≥ 0.

Then by induction in k, we have

Sk(t)x ∈ D(Ak),
∫ t

0

(µI −A)k−1Sk−1(τ)xdτ ∈ D(A),

and
∃Kk > 0 : ‖(µI −A)kSk(t)‖ ≤ Kke

ωt.
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Furthermore, for x ∈ X, (µI −A)kSk(t)x is continuous in t ≥ 0.
We define V (t)x := (µI − A)nSn(t)x, x ∈ X. Then V satisfies (V2),

(V3) and (V4) (see Definition 1.2.1). Let us prove (V1). It follows from
Proposition 1.2.1 that it is sufficient to show that∫ ∞

0

λne−λtV (t)xdt = (λI −A)−1x, x ∈ X.

Integrating by parts we obtain∫ ∞

0

λne−λtV (t)xdt =
∫ ∞

0

λne−λt(µI −A)nSn(t)xdt

= (µI −A)n
∫ ∞

0

e−λtS(t)xdt

= (µI −A)n(λI −A)−1Cx = (λI −A)−1x.

(I) =⇒ (R). By Proposition 1.2.1 for the generator of a nondegenerate
n-times integrated semigroup V we have the inclusion (ω,∞) ⊂ ρ(A) and

(λI −A)−1x =
∫ ∞

0

λne−λtV (t)xdt, x ∈ X, λ > ω. (1.4.17)

Taking into account (1.2.6):

V (n)(t)x = V (t)Anx+
n−1∑
k=0

tk

k!
Akx,

we integrate (1.4.17) by parts

(λI −A)−1x =
∫ ∞

0

e−λt

[
n−1∑
k=0

tk

k!
Ak + V (t)An

]
xdt, x ∈ D(An).

Differentiating this equality (m− 1)-times with respect to λ, we obtain

(m− 1)! ‖(λI −A)−m(µI −A)−nx‖

≤
∫ ∞

0

tm−1e−λt

[
n−1∑
k=0

tk

k!
‖Ak(µI −A)−n‖

+Keωt‖An(µI −A)−n‖
]
‖x‖ dt

≤ (m− 1)!K1

∫ ∞

0

tm−1e−λt e
t + eωt

2
dt‖x‖ ≤ (m− 1)!K1

(λ− a)m
‖x‖

for x ∈ X, λ > a, m ≥ 1. Here the constant K is from (V3), and

a = max {1, ω},
K1 = 2 max

k=1,...,n−1

{
‖Ak(µI −A)−n‖, K‖An(µI −A)−n‖

}
. ✷
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1.4.5 Examples

Example 1.4.1 The operator

A =
(

0 I
B 0

)
with D(A) =

{(
x
y

)
∈ X ×X

∣∣∣ x, y ∈ D(B)
}

,

which was considered as the generator of an integrated semigroup in Ex-
ample 1.2.4, is the generator of an exponentially bounded C-regularized
semigroup S defined by

S(t)
(

x
y

)
=
(

λ0C(t) +BS(t) C(t) + λ0S(t)
λ0C′(t) +BC(t) C′(t) + λ0C(t)

)
RB(λ2

0)
(

x
y

)
with C = RA(λ0), λ0 > ω, where ω is defined by the C-function. Here
RB(λ2) = (λ2I − B)−1. Note that S(·) is defined for any x, y ∈ X since
range of RB(λ2

0) is D(B). The C-resolvent of operator A has the form

RA(λ0)RA(λ) =
(

λ0 I
B λ0

)
RB(λ2

0)
(

λ I
B λ

)
RB(λ2)

=
(

B + λλ0 λ+ λ0

B(λ+ λ0) B + λλ0

)
RB(λ2)−RB(λ2

0)
λ2 − λ2

0

.

Example 1.4.2 (An exponentially bounded C-regularized semigroup that
is not an n-times integrated semigroup)

As in Examples 1.1.2 and 1.2.2, let

X =
{
Lp(R)× Lp(R), ‖u‖ = ‖u1‖Lp + ‖u2‖Lp

}
, where u =

(
u1

u2

)
.

Consider the operator A defined by

Au =
( −g −f

0 −g

)
u

with

D(A) =
{(

u1

u2

)
∈ X

∣∣∣∣ gu1 + fu2 ∈ Lp(R), gu2 ∈ Lp(R)
}

,

where g(x) = 1+|x|, f(x) = |x|γ , γ > 0. In Example 1.2.1 we demonstrated
that for any γ ∈ (0, 1] the operator A is the generator of a C0-semigroup U
defined by

U(t)u = e−tg

(
1 −tf
0 1

)
u, t ≥ 0 , u ∈ X.
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Recall that for any γ ≥ 0 we have

‖U(t)‖ = max
x∈R

[
(1 + t|x|γ)e−t(1+|x|)

]
= (1 + γγt1−γ)e−t(1+ γ

t ) =
t→0
O(t1−γ).

Note that for any γ ∈ (1, 2], A is the generator of an integrated semi-
group (see Example 1.2.2), therefore by Theorem 1.4.8, A generates a C-
regularized semigroup with C = RA(λ).

Now let γ > 2. We have

(λI −A)−1u = (λ+ g)−2

(
(λ+ g) −f
0 (λ+ g)

)
u, λ > 0,

therefore, the operator (λI − A)−1 is not bounded for λ > 0. Hence, the
resolvent of A does not exist for λ > 0 and A cannot be a generator of an
n-times integrated semigroup for any n. Since ‖U(t)‖ = O(t1−γ) as t→ 0,
then the semigroup U has a singularity of order α = γ − 1 at t = 0. This
semigroup satisfies the following definition of a semigroup of growth α (see
[84] and references therein):

(a) X0 :=
⋂
t>0 U(t)[X] is dense in X,

(b) U is non-degenerate,

(c) ‖tαU(t)‖ is bounded as t→ 0.

Let n = [[γ]]. Define the operator C in X by

Cu =
1
n!

∫ ∞

0

tne−λtU(t)udt, u ∈ X, λ > 0,

then C is injective and R(C) = X. It is not difficult to verify that the
family {S(t) := U(t)C, t ≥ 0} is an exponentially bounded C-regularized
semigroup. If n = 0, then U has an integrable singularity. In this case,
C = (λI − A)−1, λ > 0, is the resolvent of A and A is the generator of an
integrated semigroup.

Now let n ≥ 1. If (λI − A)−1 exists and is equal to the resolvent of
A, then C = (−1)nRn+1

A (λ) and A is the generator of an (n + 1)-times
integrated semigroup. Otherwise (which is the case for γ > 2), A is the
generator of a C-regularized semigroup and is not a generator of an inte-
grated semigroup.

Finally, consider the operator C defined by

Cu := (1 + |f |)−1u, u ∈ X,
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then we have that C is injective and R(C) = X. In this case, {S(t) =
U(t)C, t ≥ 0} is an exponentially bounded C-regularized semigroup. We
note that this semigroup remains exponentially bounded even for functions
like f(x) = e(1+|x|) that grow faster than |x|γ for any γ > 0.

Example 1.4.3 (A C-regularized semigroup that is not exponentially
bounded)

Consider the operator A defined by

Af(z) = zf(z), D(A) =
{
f ∈ X = L2(C)

∣∣∣ zf(z) ∈ X
}
,

which is the generator of the C-regularized semigroup

S(t)f := ezt−|z|2f(z), f ∈ X,

with Cf = e−|z|2f, f ∈ X. We have

‖S(t)‖ = sup
z∈C

{
ezt−|z|2} = e

t2
4 ,

that is, S is not exponentially bounded. Note that in this example the
operator (λI −A) is not invertible for any λ ∈ C and σ(A) = C.

Example 1.4.4 (Local semigroups corresponding to the regularization
methods)

Let

Au = −d2u

ds2
on L2[0, l] with

D(A) =
{
u ∈ L2[0, l]

∣∣∣ d2u

ds2
∈ L2[0, l], u(0) = u(l) = 0

}
.

then λn = (πnl )2 are the eigenvalues for this operator and its eigenvectors
αn(s) = sin πn

l s form an orthogonal basis in L2[0, l].
The operators

S1(t)x :=
∞∑
k=1

eλkt−ελ2
kTxkαk

and

S2(t)x :=
∞∑
k=1

eλkt

1 + εeλkT
xkαk,

where xk = (x, αk), t < T, ε > 0, are local C-regularized semigroups on
(0, T ). The asymptotic C-resolvent for S1 is

Lτ (λ)x =
∞∑
k=1

(e(λk−λ)τ − 1)e−ελ2
kT

λ− λk
xkαk.
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1.5 Degenerate semigroups

In this section we consider degenerate integrated and C0-semigroups con-
nected with the degenerate Cauchy problem

Bu′(t) = Au(t), t ≥ 0, u(0) = x, kerB �= {0}, (DP)

where B,A : X → Y are linear operators in Banach spaces X, Y .
We assume that the set

ρB(A) :={
λ ∈ C

∣∣∣ R(λ) := (λB −A)−1B is a bounded operator on X
}

is not empty. This set is called the B-resolvent set of operator A and the
operator R(λ) is called the B-resolvent of operator A.

We prove the equivalence of the uniform well-posedness of (DP) on the
maximal correctness class

Υ :=
{
x ∈ D(A)

∣∣∣ Ax ∈ ranB
}
= R(λ)X,

the existence of a degenerate C0-semigroup and MPFHY-type estimates
together with the decomposition of X:

X = X1 ⊕ kerB, (1.5.1)

where X1 := D1 and D1 := R(λ)X with some λ ∈ ρB(A). The decompo-
sition (1.5.1) plays a role similar to the condition of density of a generator
of a C0-semigroup. We also consider the well-posedness of the degenerate
Cauchy problem on subsets of Rn(λ)X.

1.5.1 Generators of degenerate semigroups

Definition 1.5.1 A one-parameter family of bounded linear operators
{U(t), t ≥ 0} on X is called a degenerate C0-semigroup if the semigroup
relation (U1) and the strong continuity condition (U3) of Definition 1.1.1
hold, and the operator U(0) (and hence U(t) for any t ≥ 0) has a nonempty
kernel.

Definition 1.5.2 Let n ∈ N. An n-times integrated semigroup {V (t),
t ∈ [0, T )} is called a degenerate n-times integrated semigroup if conditions
(V1) – (V3) of Definition 1.2.1 hold and (V4) does not.

Remark 1.5.1 The exponential boundedness of a degenerate semigroup
{U(t), t ≥ 0}:

∃K > 0, ω ∈ R : ‖U(t)‖ ≤ Keωt, t ≥ 0,
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follows from property (U1). Note that a degenerate n-times integrated
semigroup, similarly to a nondegenerate semigroup, may be not exponen-
tially bounded.

Remark 1.5.2 Property (U1) implies that the operator U(0) is a projector
on X, generating the following decomposition of X

X = ranU(0)⊕ kerU(0).

In this case, the restriction of U(·) on ranU(0) is a nondegenerate C0-
semigroup.

Let V (·) be a strongly continuous operator-function such that

∃K > 0, ω ∈ R : ‖V (t)‖ ≤ Keωt,

for all t ≥ 0, and

r(λ) =
∫ ∞

0

λne−λtV (t)dt

for some n ∈ N ∪ {0}. It was proved in Propositions 1.1.2, 1.2.1 that r(λ)
satisfies the (pseudo) resolvent identity

(µ− λ)r(λ)r(µ) = r(λ)− r(µ), Reλ, Reµ > ω,

if and only if V satisfies (V1) for n ≥ 1 or (U1) for n = 0. Such function
r(λ) is called the pseudoresolvent. Moreover, if V is nondegenerate, then
r(λ) is invertible and is the resolvent of the generator A defined by

A := λI − r−1(λ).

Obviously, when dealing with single-valued operators, this definition of the
generator cannot be used in the case of a degenerate semigroup V . We
introduce the notion of a pair of generators A,B, which allows us to link
degenerate semigroups with the degenerate Cauchy problem (DP).

Definition 1.5.3 Let n ∈ N ∪ {0}. Linear operators A,B : X → Y are
called the generators of an exponentially bounded degenerate n-times inte-
grated semigroup {V (t), t ≥ 0} on X if A is closed, B is bounded and

(λB −A)−1B =
∫ ∞

0

λne−λtV (t)dt

for all λ ∈ C with Reλ > ω.

From Arendt-Widder’s Theorem 1.2.1 we obtain the following result char-
acterizing the generators of degenerate (n+1)-times integrated semigroups.

Theorem 1.5.1 Let A,B : X → Y be linear operators, A be closed and B
be bounded. Then the following statements are equivalent:
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(I) the operators A and B are the generators of a degenerate (n+1)-times
integrated semigroup {V (t), t ≥ 0} satisfying the condition

lim
h→0

sup
1
n
‖V (t+ h)− V (t)‖ ≤ Keωt, t ≥ 0; (1.5.2)

(II) the estimates

∃K > 0, ω ∈ R :∥∥∥∥∥ dk

dλk

[
(λB −A)−1B

λn

] ∥∥∥∥∥ ≤ K k!
(λ− ω)k+1

(1.5.3)

hold for all λ > ω and k = 0, 1, . . . . ✷

In the next subsection we use degenerate 1-time integrated semigroups and
degenerate C0-semigroups in the investigation of the uniform well-posedness
of the Cauchy problem (DP).

1.5.2 Degenerate 1-time integrated semigroups

Let A and B be the generators of a degenerate 1-time integrated semigroup
{V (t), t ≥ 0} satisfying (1.5.2). Then the B-resolvent set ρB(A) is not
empty. We consider the set D1 := R(λ)X, where λ > ω. As in the case of
domains of generators of nondegenerate semigroups, the introduced set does
not depend on λ > ω. To show this we consider λ, µ > ω and x = R(λ)z
with z ∈ X. Then (λB −A± µB)x = Bz and

x = R(λ)z = (µB −A)−1B(z − (µ− λ)x) ≡ (µB −A)−1Bz1 = R(µ)z1.

Proposition 1.5.1 Let A and B be the generators of a degenerate 1-time
integrated semigroup {V (t), t ≥ 0} satisfying (1.5.2). Then kerB ∩X1 =
{0} and kerB ⊕X1 is a subspace in X.

Proof Recall that X1 := D1. Consider the family of linear operators
λR(λ), λ > ω. By (1.5.3) they are bounded on X. We show that for any
x ∈ X1

λR(λ)x −→
λ→∞

x. (1.5.4)

Let x ∈ D1, then there exists y ∈ X such that x = R(µ)y for some
µ ∈ RB(A). Using the resolvent identity for R(λ) and estimates (1.5.3)
with n = 0, we obtain

‖λR(λ)x− x‖ = ‖λR(λ)R(µ)y −R(µ)y‖
=

∥∥∥∥ λ

(µ− λ)
R(λ)y − λ

(µ− λ)
R(µ)y −R(µ)y

∥∥∥∥
≤ λ

µ− λ
‖R(λ)‖+ µ

µ− λ
‖R(µ)y‖ −→

λ→∞
0.
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Furthermore, (1.5.3) implies that operators λR(λ) are uniformly bounded,
and by the Banach-Steinhaus Theorem, (1.5.4) holds for any x ∈ X1.
Hence,

kerB ∩X1 = {0}.
The uniformly bounded family of operators λR(λ) converges on the set
kerB ⊕ X1 as λ → ∞. Hence, by the Banach-Steinhaus theorem, it con-
verges on kerB ⊕X1 to a bounded linear operator P such that Px = x for
x ∈ X1. Furthermore, Px = 0 for x ∈ kerB, ranP = X1 and P 2 = P.
Hence, P is a projector in kerB ⊕X1 and

kerB ⊕X1 = kerP ⊕ ranP = kerB ⊕X1. ✷

The connection between the degenerate Cauchy problem (DP) and the
generators of degenerate semigroups is established with the help of the
following theorem.

Theorem 1.5.2 Let A and B be the generators of a degenerate 1-time
integrated semigroup {V (t), t ≥ 0} satisfying (1.5.2), then

R(λ)V (t) = V (t)R(λ) (1.5.5)

for all λ ∈ C with Reλ > ω and all t ≥ 0. Further

tBx = BV (t)x−A

∫ t

0

V (s)xds (1.5.6)

for all x ∈ kerB ⊕X1 and t ≥ 0.
The operator-function V ′(·) is a degenerate C0-semigroup on the sub-

space kerB ⊕X1 that coincides with

F :=
{
x ∈ X

∣∣∣ V (t)x ∈ C1{(0,∞), X}
}
,

and
BV ′′(t)x = AV ′(t)x (1.5.7)

for all x ∈ R(λ)X1 and t ≥ 0.

Proof Let Reλ, Reµ > ω. Then for any x ∈ X,∫ ∞

0

µe−µtV (t)R(λ)xdt = R(µ)R(λ)x = R(λ)R(µ)x

=
∫ ∞

0

µe−µtR(λ)V (t)xdt.

Using the uniqueness of the Laplace transform, we obtain (1.5.5).

©2001 CRC Press LLC

©2001 CRC Press LLC



Now let x ∈ X and λ > ω, then∫ ∞

0

λ2e−λttBx dt = Bx = (λB −A)(λB −A)−1Bx (1.5.8)

=
∫ ∞

0

λ2e−λtBV (t)x dt−A

∫ ∞

0

λe−λtV (t)x dt.

Take x ∈ D1, then x = (λ0B − A)−1By for some y ∈ X. For such x we
have V (t)x ∈ D(A) and

AV (t)x = AV (t)(λ0B −A)−1By = A(λ0B −A)−1BV (t)y
= λ0(λ0B −A)−1BV (t)y −BV (t)y
= λ0BV (t)x−BV (t)y.

Hence,
‖AV (t)x‖ ≤ K‖B‖ eωt

(
|λ0| ‖x‖+ ‖y‖

)
.

As AV (·)x is exponentially bounded for x ∈ D1, the Laplace transform of
AV (·)x exists. Since the operator A is closed, by (1.5.8) we have∫ ∞

0

λ2e−λttBxdt =
∫ ∞

0

λ2e−λtBV (t)xdt−
∫ ∞

0

λe−λtAV (t)dt

=
∫ ∞

0

λ2e−λt

[
BV (t)x−

∫ t

0

AV (s)xds
]
dt.

Hence,

tBx = BV (t)x−
∫ t

0

AV (s)xds

for all x ∈ D1 and t ≥ 0. Due to the closedness of A, this equality holds
for all x ∈ X1 = D1. Moreover, the equality holds for x ∈ kerB, since
V (t)x = 0 for all x ∈ kerB and t ≥ 0. (1.5.6) is proved.

Since property (1.5.2) guarantees that V ′(t) is bounded:

∃M > 0, ∀x ∈ F, ‖V ′(t)x‖ ≤Meωt‖x‖, t ≥ 0,

we conclude that the linear manifold F is closed. Let x ∈ F . Differentiating
the equality (V1) with n = 1, we obtain

V (t+ s)x− V (s)x = V (t)V ′(s)x, t, s ≥ 0. (1.5.9)

The left-hand side of this equality is differentiable with respect to t, hence
for any x ∈ F we have V ′(s)x ∈ F , i.e. for any s ≥ 0, V ′(s) is a bounded
operator on F . Differentiating (1.5.9) we have

V ′(t+ s)x = V ′(t)V ′(s)x, t, s ≥ 0, x ∈ F, (1.5.10)
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which implies the semigroup property (U1) for V ′. We now show that V ′

is a degenerate semigroup on F . From the definition of a generator of V ,
we have

(λB −A)−1Bx =
∫ ∞

0

e−λtV ′(t)xdt (1.5.11)

for all x ∈ F and all λ ∈ C with Reλ > ω. From (1.5.10) and (1.5.11) we
have [V ′(0)]2 = V ′(0). Now consider x ∈ kerB, then the uniqueness of the
Laplace transform guarantees that V ′(t)x = 0 for t ≥ 0. If x ∈ kerV ′(0),
then (1.5.10) implies V ′(t)x = 0 for t ≥ 0. Hence, by (1.5.11), x ∈ kerB.
Therefore, kerV ′(0) = kerB.

Thus, V ′(0) is a projector, {V ′(t), t ≥ 0} is a degenerate C0-semigroup
on F , and F is decomposed into the direct sum:

F = kerV ′(0)⊕ ranV ′(0) = kerB ⊕ ranV ′(0).

We now show that ranV ′(0) = X1. By Remark 1.5.2 we have that the set

F1 :=
{
x ∈ X

∣∣∣ V ′′(t)x exists for t ≥ 0
}

contains the domain of the generator of the nondegenerate semigroup
V ′(t)

∣∣
ranV ′(0), which is dense in ranV ′(0). Hence F 1 ⊃ ranV ′(0). Taking

into account (1.5.8) and that V (t)x = 0 for x ∈ kerB, we have the inclusion

kerB ⊂ F1 and hence F 1 ⊃ F.

As F 1 ⊂ F = F, we have F 1 = F. Let x ∈ F1, then

λR(λ)x =
∫ ∞

0

λe−λtV ′(t)xdt

= V ′(0)x+
∫ ∞

0

e−λtV ′′(t)xdt.

As λ → ∞, the limit of the second term in the right-hand side of this
equality is equal to zero, hence

V ′(0)x = lim
λ→∞

λR(λ)x.

Since the operators λR(λ) are uniformly bounded, the equality holds for
any x ∈ F. Hence, ranV ′(0) ⊂ D1 = X1.

Now we consider the set R(λ)X1 for some λ ∈ C with Reλ > ω. It is
not difficult to verify that R(λ)X1 does not depend on λ. Let x = R(λ)y,
where y ∈ X1. We apply the operator (λB − A)−1 to the equality (1.5.6)
with y. Using the property (1.5.5) and the equality

(λB −A)−1A = λ(λB −A)−1B − I,
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which holds on D(A), we obtain

tx = V (t)x−
∫ t

0

V (s)
[
λ(λB −A)−1B − I

]
yds. (1.5.12)

Hence, x ∈ F and R(λ)X1 ⊂ F . From (1.5.4) we have R(λ)X1 = X1,
therefore,

X1 ⊂ F = F, and kerV ′(0)⊕X1 = kerB ⊕X1 ⊂ F.

This inclusion, together with already proved inclusions:

ranV ′(0) ⊂ X1

and
F = kerB ⊕ ranV ′(0) ⊂ kerB ⊕X1,

gives the equality F = kerB ⊕X1.
To prove (1.5.7) we differentiate (1.5.12), where y ∈ X1 and x = R(λ)y:

x = V ′(t)x− V (t) [λR(λ)− I] y.

Since [λR(λ) − I]y ∈ X1, the second term in the right-hand side is differ-
entiable in t. Hence V ′(·)x is also differentiable and

V ′′(t)x = V ′(t)[λR(λ)− I]y.

Applying operator B to both sides of this equality, we obtain

B
d

dt
V ′(t)x = B[λR(λ)− I]V ′(t)y = AR(λ)V ′(t)y

= AV ′(t)R(λ)y = AV ′(t)x. ✷

From Theorems 1.5.1, 1.5.2 we obtain the result about the connection
of the well-posedness of the degenerate Cauchy problem and estimates for
the B-resolvent of A.

Theorem 1.5.3 Let A,B : X → Y be linear operators. Suppose that A is
closed, B is bounded, and estimates (1.5.3) are fulfilled for n = 0. Then
(DP) is uniformly well-posed on R(λ)X1, Reλ > ω. ✷

1.5.3 Maximal correctness class

Definition 1.5.4 If, for any x ∈ E ⊆ X, a Cauchy problem (DP) has a
unique stable solution, then the set E is called the correctness class for this
problem.
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The set
Υ :=

{
x ∈ D(A)

∣∣∣ Ax ∈ ranB
}

is the maximal correctness class for the Cauchy problem (DP) because if
u(·) is a solution of (DP), then u(t) ∈ Υ for t ≥ 0, and the condition x ∈ Υ
is necessary for the existence of a solution.

Proposition 1.5.2 Let A,B : X → Y be linear operators such that
ρB(A) �= ∅, then Υ = D1 := R(λ)X.

Proof Let x ∈ D1, then there exists y ∈ X such that x = R(λ)y. Hence,
Ax = −By + λBx = B(λx − y), and x ∈ M . Conversely, if x ∈ M , then
there exists z ∈ X such that Ax = Bz. Then (λB −A)x = B(λx+ z) and
x = R(λ)(λx− z) ∈ D1. ✷

Theorem 1.5.4 Let A,B : X → Y be linear operators, A be closed, B be
bounded, and the B-resolvent set of A be nonempty. Then the following
statments are equivalent:

(I) the Cauchy problem (DP) is uniformly well-posed on D1;

(II) the operators A and B are the generators of a degenerate
C0-semigroup;

(III) the estimates (1.5.3) hold with n = 0 and X admits the decomposition
X = kerB ⊕X1.

Proof (I) =⇒ (II). Let u(·) be a solution of (DP). Define on Υ the solution
operators Ũ(t)x := u(t) for x ∈ D1 and t ≥ 0. The uniform well-posedness
of (DP) implies that operators Ũ(t) are bounded on D1 and therefore they
can be extended to X1 = D1. As in the nondegenerate case (Theorem
1.1.1) the operators Ũ(t), t ≥ 0 form a C0-semigroup. This semigroup{
Ũ(t), t ≥ 0

}
is nondegenerate and is exponentially bounded on X1:

∃K > 0, ω ∈ R :
∥∥Ũ(t)

∥∥ ≤ K eωt, t ≥ 0.

Let G : X1 → X1 be the generator of this semigroup, then G is a closed,
densely defined linear operator on X1. The function Ũ(t)x, t ≥ 0, is
differentiable with respect to t ≥ 0 if and only if x ∈ D(G). For any
x ∈ D(G), Ũ(·)x is the solution of the Cauchy problem

u′(t) = Gu(t), t ≥ 0, u(0) = x.

Since the semigroup Ũ is exponentially bounded on X1, the Laplace trans-
form of Ũ(·)x is defined for Reλ > ω and∫ ∞

0

e−λtŨ(t)xdt = (λI −G)−1x, x ∈ X1.
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By construction of Ũ we have D1 ⊂ D(G). Let x ∈ D1, then integrating
by parts we have

λ

∫ ∞

0

e−λtŨ(t)xdt = x+
∫ ∞

0

e−λtŨ ′(t)xdt.

for λ ∈ C with Reλ > ω. Applying B to this equality and taking into
account that Ũ(·) is a solution of (DP) and that A is closed, we obtain

λB

∫ ∞

0

e−λtŨ(t)xdt = Bx+
∫ ∞

0

e−λtAŨ(t)xdt, x ∈ D1,

and
(λB −A)

∫ ∞

0

e−λtŨ(t)xdt = Bx, x ∈ X1. (1.5.13)

Now we prove that (λB − A) is invertible for λ ∈ C with Reλ > ω. Let
x ∈ ker(λB −A) and consider w(t) := eλtx, then

Bw′(t) = λBw(t) = Aw(t), w(0) = x.

Since x ∈ D1 and (DP) is well-posed on D1, we have w(·) = U(·)x and
‖w(t)‖ ≤ Keωt‖x‖ for t ≥ 0. Therefore, if 0 �= x ∈ ker(λB − A), then
Reλ ≤ ω. If Reλ > ω, then the operator (λB − A) is invertible. Hence,
from (1.5.13) we obtain

R(λ)x = (λB −A)−1Bx =
∫ ∞

0

e−λtŨ(t)xdt, x ∈ X1, Reλ > ω,

and
R(λ)x = (λI −G)−1x, x ∈ X1, Reλ > ω. (1.5.14)

Let λ0 ∈ ρB(A) and define the operator

Px := (λ0I −G)R(λ0)x.

Since D1 ⊂ D(G), the domain of P coincides with X. This operator is
closed since R(λ0) is bounded and (λ0I − G) is closed. Hence, P is a
bounded operator on X. From (1.5.14) we have P 2 = P , i.e. P is a
projector on X.

Let U(t) := Ũ(t)P for t ≥ 0. Clearly, the family of bounded linear
operators {U(t), t ≥ 0} is a degenerate C0-semigroup and for any x ∈ X
we have the equality

R(λ)x =
∫ ∞

0

e−λtU(t)xdt, Reλ > ω,

which means that operators A and B are the generators of {U(t), t ≥ 0}.
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(II) =⇒ (III). If A and B are the generators of a degenerate C0- semi-
group {U(t), t ≥ 0}, then it is not difficult to verify that A and B are the
generators of the degenerate 1-time integrated semigroup V (t) :=

∫ t

0
U(t)dt,

t ≥ 0, which satisfies (1.5.2). Hence, by Theorem 1.5.1 the estimates (1.5.3)
hold for n = 0, and by Theorem 1.5.2

X = F =
{
x ∈ X

∣∣∣ V (·)x ⊂ C1
{
[0,∞), X

}}
= kerB ⊕X1.

(III) =⇒ (I). If X = kerB ⊕ X1, then the equality R(λ)X1 = R(λ)X
holds. Hence, by Theorem 1.5.3 the Cauchy problem (DP) is uniformly
well-posed on D1 = R(λ)X. ✷

1.5.4 (n, ω)-well-posedness of a degenerate
Cauchy problem

Let A,B : X → Y be linear operators, A be closed, and B be bounded.
Let the B-resolvent set of A be nonempty and consider λ ∈ ρB(A). We
introduce the sets Di = Ri(λ)X, i = 1, 2, . . ., which are obviously linear
manifolds. At the begining of this section we proved that D1 does not
depend on λ ∈ ρB(A). Similarly, one can prove that Di do not depend on
λ for all i ≥ 1. We denote by [Dn] sets Dn, n ∈ N, equipped with the norm

‖x‖Rn := inf
y:y=Rn(λ)x

‖y‖

for all x ∈ Dn.

Definition 1.5.5 The Cauchy problem (DP) is called (n, ω)-well-posed on
D ⊂ [Dn] if for any x ∈ D there exists a unique solution u(·) satisfying

‖u(t)‖ ≤ Keωt‖x‖Rn

for some n ∈ N, K > 0 and ω ∈ R.

To obtain a sufficient condition for the (n, ω)-well-posedness of (DP) we
need the following properties of degenerate integrated semigroups that can
proved in a way similar to Proposition 1.2.2 and Theorem 1.5.2.

Theorem 1.5.5 Let n ∈ {0} ∪ N. Let A and B be the generators of a
degenerate (n+1)-times integrated semigroup {V (t), t ≥ 0} satisfying the
condition (1.5.2). Then

R(λ)V (t) = V (t)R(λ), t ≥ 0, Reλ > ω

and

tn+1

(n+ 1)!
Bx = BV (t)x−A

∫ t

0

V (s)xds, t ≥ 0, x ∈ X1 = D1.
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The family of operators {V ′(t), t ≥ 0} is a degenerate exponentially bounded
n-times integrated semigroup on the subspace F = R(λ)X1. For all x ∈
Rk(λ)F , k = 0, 1, . . . , n, we have

BV n+1(t)x =
tn−k

(n− k)!
Bx−AV k(t)x, t ≥ 0,

For all x ∈ Rn+1(λ)F we have

B
d

dt
V n+1(t)x = AV n+1(t)x, t ≥ 0. ✷

Proofs of this theorem and the next one can be obtained from Theorem
1.6.4.

Theorem 1.5.6 Let A,B : X → Y be linear operators, A be closed, B be
bounded and estimates (1.5.3) be fulfilled. Then (DP) is (n, ω)-well-posed
on

D = ((λB −A)−1B)n+1(λB −A)−1B(X1) ⊂ Dn+1. ✷

In the Section 1.6, assuming a decomposition of X, we prove the necessary
and sufficient conditions for the (n, ω)-well-posedness and for the n-well-
posedness of the degenerate Cauchy problem (DP).

1.5.5 Examples

Non-densely defined operators that generate integrated semigroups provide
examples of degenerate semigroups.

Let A be the generator of an integrated semigroup {V (t), t ≥ 0} in X.
Suppose that D(A) is complemented in X, i.e. X = D(A) ⊕ Y for some
subspace Y . Let B = P

D(A)
be the projector from X to D(A). We have

kerB = Y , ranB = D(A) and B2 = B. Then

(λI −A)x = (λB −A)x, x ∈ D(A),

and
(λB −A)−1x = (λI −A)−1x = RA(λ)x, x ∈ D(A).

Hence, if MFPHY condition is fulfilled for RA(λ), then it is also fulfilled
for (λB −A)−1B.

Example 1.5.1 Let X = C[0,∞) and

A = − d

dx
with D(A) =

{
f ∈ X

∣∣ f ′ ∈ X, f(0) = 0
}
.

Then Y =
{
f ∈ X

∣∣ f ≡ const
}
, Bf = f(x)− f(0) and

D1 =
{
f ∈ X

∣∣ Af ∈ ranB
}
=
{
f ∈ X

∣∣ f ′ ∈ X, f(0) = 0, f ′(0) = 0
}
.
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The Cauchy problem

∂u(x, t)
∂t

− ∂u(0, t)
∂t

+
∂u(x, t)

∂x
= 0, x ∈ [0,∞), t ≥ 0,

u(x, 0) = f(x),

is uniformly well-posed on D1. For f ∈ D1 we have

u(x, t) = (U(t)f)(x) =
{

f(x− t) , x ≥ t
0 , x ≤ t

.

We refer the reader to G. Da Prato and E. Sinestrari [50], where several
examples of non-densely defined operators can be found. Many examples of
degenerate Cauchy problems are discussed in A. Favini and A. Yagi [102].

1.6 The Cauchy problem for inclusions

The degenerate Cauchy problem

Bu′(t) = Au(t), t ≥ 0, u(0) = x, kerB �= {0}, (DP)

which we studied in the previous section, and the degenerate Cauchy prob-
lem

d

dt
Bv(t) = Av(t), t ≥ 0, Bv(0) = x, (DP1)

can be considered as particular cases of the Cauchy problem for an inclusion

u′(t) ∈ Au(t), t ≥ 0, u(0) = x, (IP)

with a multivalued linear operator A. If we set A = B−1A for problem
(DP) or A = AB−1 and u := Bv for (DP1), then u(·) is a solution of the
Cauchy problem (IP). Conversly, if u(·) is a solution of (IP) with A = B−1A
or A = AB−1, then u(·) is the solution of (DP) or any v(·) from the set
Bv = u is the solution of (DP1), respectively.

In this section, we use the technique of degenerate semigroups with mul-
tivalued generators for studying the well-posedness of the Cauchy problem
(IP). As a consequence, we obtain a criterion for the well-posedness of (DP)
and a criterion for the existence of a solution for (DP1).

1.6.1 Multivalued linear operators

Let X be a complex Banach space. For subsets from X we define addition
and scalar multiplication

F +G :=
{
f + g

∣∣∣ f ∈ F, g ∈ G
}
,

∀λ ∈ C , λF :=
{
λf

∣∣∣ f ∈ F
}
.
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Definition 1.6.1 A map A : X )→ 2X is called a multivalued linear oper-
ator on X if

D(A) =
{
u ∈ X

∣∣∣ Au �= ∅
}

is a linear manifold in X and

λAu+ µAv ⊂ A(λu+ µv) (1.6.1)

for any λ, µ ∈ C and u, v ∈ D(A).
In the particular case of λ = µ = 0 we have 0 ∈ A0.

ByM(X) we denote the space of all multivalued linear operators on X.

Proposition 1.6.1 Let A ∈M(X), then

(a) ∀u, v ∈ D(A), Au+Av = A(u+ v),

(b) ∀u ∈ D(A), λ �= 0, λAu = A(λu).
Proof Since A is a linear operator, it is sufficient to prove the inclusions
A(u+ v) ⊂ Au+Av and A(λu) ⊂ λAu. From (1.6.1) we have

A(u+ v)−Av ⊂ (A(u+ v)− v) = Au,

therefore,
A(u+ v) ⊂ Au+Av.

Also
A(λu) = λ(λ−1A(λu)) ⊂ λAu. ✷

Corollary 1.6.1 For any u, v ∈ D(A) and any λ, µ with |λ| + |µ| �= 0, we
have

λAu+ µAv = A(λu+ µv). ✷

Proposition 1.6.2 Let A ∈ M(X), then A0 is a linear manifold in X
and Au = f +A0 for any u ∈ D(A) and f ∈ Au.

Proof By Proposition 1.6.1 we have A0+A0 = A0 and λA0 = A0, hence
A0 is a linear manifold. Let u ∈ D(A) and f ∈ Au, then

f +A0 ⊂ Au+A0 = Au.

On the other hand, for any g ∈ Au we have g − f ∈ Au−Au = A0, hence
g = f + (g − f) ∈ f +A0.

This proves the inverse inclusion Au ⊃ f + A0, and hence the equality
Au = f + A0. In particular, A is a single-valued operator if and only if
A0 = {0}. ✷
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Definition 1.6.2 An operator A−1 is called the inverse of an operator A
if

D(A−1) := ranA =
⋃

u∈D(A)

Au

and
A−1f :=

{
u ∈ D(A)

∣∣∣ f ∈ Au
}
.

It is easy to see that A−1 is a linear and (in general) multivalued operator
on X.

Definition 1.6.3 The set

ρ(A) :=
{
λ ∈ C

∣∣∣ (λI −A)−1

is a single-valued bounded linear operator on X
}

is called the resolvent set of the operator A.

Proposition 1.6.3 Let A ∈ M(X) and ρ(A) �= ∅, then for any λ ∈
ρ(A), A0 = ker (λI −A)−1.

Proof By the definition of kernel we have that f ∈ ker (λI −A)−1 if and
only if (λI −A)−1f = 0, that is f ∈ (λI −A)0 = A0. ✷

Proposition 1.6.4 Let A ∈ M(X) and suppose that the decomposition
X = A0 ⊕ Y holds for some subspace Y ⊂ X. Then Ãu := Au ∩ Y is a
single-valued linear operator with D(Ã) = D(A).
Proof First we show that D(Ã) = D(A). From the definition of Ã we
have D(Ã) ⊂ D(A). Let u ∈ D(A), then there exists f ∈ X such that
u = f +A0 and f = f1 + f2, where f1 ∈ A0, f2 ∈ Y . We have

Ãu = Au ∩ Y = (f2 +A0) ∩ Y ⊃ {f2} �= ∅,

that is u ∈ D(Ã). Hence D(Ã) ⊃ D(A) and D(Ã) = D(A).
Now let u, v ∈ D(Ã) = D(A) and λ, µ ∈ C, then

λÃu+ µÃv

=
[
(λAu) ∩ Y

]
+
[
(µAv) ∩ Y

]
⊂ A(λu+ µv) ∩ Y

= Ã(λu+ µv).

Since Ã0 = A0 ∩ Y = {0} , we have that Ã is a single-valued linear
operator. ✷

The operator Ã is called the single-valued branch of A.
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Definition 1.6.4 We say that an operator A ∈M(X) is closed if for any
sequences {un} ⊂ D(A) and fn ∈ Aun such that

lim
n→∞un = u and lim

n→∞ fn = f,

we have u ∈ D(A) and f ∈ Au.

It is clear that A is closed if and only if Ã is closed. Furthermore, for a
closed operator A we have

∀{un} ⊂ D(A), A( lim
n→∞un) = lim

n→∞Aun := lim
n→∞ Ãun +A0

if all limits exist, and

∀u ∈ C
{
[0, T ], D(A)},

A
∫ t

0

u(τ)dτ =
∫ t

0

Au(τ)dτ =:
∫ t

0

f(τ)dτ +A0, t ∈ [0, T ),

if integrals exist.

1.6.2 Uniform well-posedness

Definition 1.6.5 The Cauchy problem

u′(t) ∈ Au(t), t ≥ 0, u(0) = x, (IP)

is called uniformly well-posed on E ⊂ X, if

(a) for any x ∈ E, there exists a unique solution

u(·) ∈ C1
{
[0,∞), X

} ∩ C
{
[0,∞), D(A)}

(b) for any T > 0, sup0≤t≤T ‖u(t)‖ ≤ ‖x‖.
The following theorem connects the well-posedness of (IP) with the well-
posedness of (CP) with operator Ã, the single-valued branch of A:

u′(t) = Ãu(t), t ≥ 0, u(0) = x, (1.6.2)

and gives the MFPHY-type condition for the uniform well-posedness of
(IP). Note that in contrast to Theorem 1.5.1, here we do not assume that
ρ(A) �= ∅.
Theorem 1.6.1 Let A be a multivalued linear operator on X. Let

X1 := D(A), Ãu := Au ∩X1, D(Ã) :=
{
u ∈ X

∣∣∣ Ãu �= ∅
}
.

Then the following statements are equivalent:
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(I) the Cauchy problem (IP) is uniformly well-posed on D(A);
(II) the operator Ã is a single-valued branch of A and it is the generator

of a C0-semigroup {U(t), t ≥ 0} on X1;

(III) the operator Ã is a single-valued branch of A and the MFPHY con-
dition holds for RÃ = (λI − Ã)−1:

∃K > 0, ω ∈ R : ∥∥∥∥ dk

dλk
(λI − Ã)−1

∥∥∥∥ ≤ K k!
(λ− ω)k+1

for all λ > ω and k = 0, 1, . . . .

In this case for any x ∈ D(A), u(·) = U(·)x is the unique solution of (IP).

Proof (I) =⇒ (II). Define on D(A) the solution operators U(t) by U(t)x :=
u(t), t ≥ 0, where u(·) is the solution of (IP). From the well-posedness of
(IP) we have that for any t ≥ 0, U(t) is a bounded operator on D(A).
Hence it can be extended to X1 = D(A).

In a way similar to the nondegenerate case (Theorem 1.1.1), one can
prove that the operators U(t) form a C0-semigroup onX1. LetG : X1 )→ X1

be the generator of this semigroup. Then G is a closed, densely defined
linear operator with the property

U(·)x ∈ C1
{
[0,∞], X

}⇐⇒ x ∈ D(G).

Since for any x ∈ D(A) we have u(·) = U(·)x ∈ C1
{
[0,∞], X

}
, then

D(A) ⊂ D(G). Since the operator A is closed, we have

∀x ∈ D(A),

U(t)x− x =
∫ t

0

U ′(τ)xdτ ∈
∫ t

0

AU(τ)xdτ = A
∫ t

0

U(τ)xdτ.

Using the closedness of A we can extend the obtained inclusion to X1

U(t)x− x ∈ A
∫ t

0

U(τ)xdτ, x ∈ X1,

and
U(t)x− x

t
∈ 1

t
A
∫ t

0

U(τ)xdτ, t > 0, x ∈ X1. (1.6.3)

Consider the domain of the generator

D(G) :=
{
x ∈ X1

∣∣∣ ∃ lim
t→0

U(t)x− x

t

}
,
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then (1.6.3) implies D(G) ⊂ D(A), i.e. D(G) = D(A) and for any x ∈
D(A), Gx ∈ Ax. Since Gx ∈ X1, we have

∀x ∈ D(A) = D(G), Gx ∈ Ãx := Ax ∩X1, (1.6.4)

hence D(A) ⊂ D(Ã). By definition of Ã, we have D(Ã) ⊂ D(A), and
therefore D(A) = D(Ã).

Now we show that Ã is a single-valued operator. Let y ∈ Ã0 := A0∩X1

and z := (λI − G)−1y with λ ∈ ρ(G), Reλ > ω. Note that since G is the
generator of a C0-semigroup, then any λ ∈ C with Reλ > ω belongs to
ρ(G). For these z ∈ D(G) = D(A) we have

(λI −G)z = y

and
λz = y +Gz ∈ A0 +Gz ⊂ A0 +Az = Az,

that is λz ∈ Az. Hence (zeλt)′ = λzeλt ∈ A(zeλt) and u(t) = zeλt, t ≥ 0,
is a solution of (IP) with the initial value z for any λ with Reλ > ω. From
(1.6.4) we have

∀x ∈ D(G) = D(Ã), Gx ⊂ Ãx,

and since Ã is a single-valued operator, we have G = Ã.
(II) =⇒ (III) =⇒ (I). By assumption, Ã is the generator of a C0-

semigroup. By Theorem 1.1.1 it is equivalent to the MFPHY condition
for RÃ and to the uniform well-posedness on D(Ã) of the Cauchy problem
(1.6.2). Hence (IP) is uniformly well-posed on D(A) = D(Ã). ✷

Corollary 1.6.2 If, in Theorem 1.6.1, we do not assume that the operator
A is closed, then the result holds true for the single-valued branch of A,
the closure of A.

Let us show that under the condition ρ(A) �= ∅ the estimates for the
resolvent of A are fulfilled. In Definition 1.5.1 we defined degenerate semi-
groups and now we need the notion of a generator of a degenerate semi-
group.

Definition 1.6.6 An operator A is called the generator of a degenerate
(exponentially bounded) C0-semigroup {U(t), t ≥ 0} if it satisfies the
relation

(λI −A)−1x =
∫ ∞

0

e−λtU(t)xdt (1.6.5)

for all λ ∈ C with Reλ > ω.
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It follows from (1.6.5) that kerU = ker(λI −A)−1. On the other hand, by
Proposition 1.6.3, we have ker(λI −A)−1 = A0. That is, the generator of
any degenerate semigroup is a multivalued operator, and conversely, if a
multivalued operator is the generator of a semigroup, then this semigroup
is degenerate.

Theorem 1.6.2 Let A be a multivalued linear operator in a Banach space
X with nonempty resolvent set. Then the following is equivalent:

(I) the Cauchy problem (IP) is uniformly well-posed on D(A);
(II) the MFPHY condition holds for RA(λ) and X admits the

decomposition
X = A0⊕X1. (1.6.6)

Proof (I) =⇒ (II). In Theorem 1.6.1 it was proved that Ã is the single-
valued branch of A and the generator of a C0-semigroup {U(t), t ≥ 0}.
Consider the semigroup U equal to U on X1 and zero on A0. It is a
degenerate exponentially bounded C0-semigroup with the generator A:

(λI −A)−1x =
∫ ∞

0

e−λtU(t)xdt, Reλ > ω,

hence the MFPHY condition holds for RA(λ).
Let x ∈ X, y := (λI − A)−1x, λ ∈ ρ(A) and z := x − (λI − Ã)y.

We have y ∈ D(A) = D(Ã) and (λI − Ã)y ∈ X1. Since for any f ∈ X1,
(λI −A)−1f = (λI − Ã)−1f, we obtain

(λI −A)−1z = (λI −A)−1x− (λ̂I −A)−1(λI − Ã)(λI −A)−1x.

Hence z ∈ ker(λI −A)−1 = A0 and for x ∈ X we have the decomposition

x = z + (λ̂I − Ã)y ∈ A0 +X1.

As Ã is a single-valued operator, we have Ã0 = A0∩X1 = {0}. Hence, we
obtain the decomposition of X into the direct sum X = A0⊕X1.

(II) =⇒ (I). Since we have the decomposition X = A0⊕X1, then Ã is
a single-valued closed linear operator with D(Ã) = D(A) (see Proposition
1.6.4), and the MFPHY conditions for RA(λ) and RÃ(λ) are equivalent. By
Theorem 1.1.1, the Cauchy problem (1.6.2) with operator Ã is uniformly
well-posed on D(Ã). Let us show that this problem is well-posed on D(Ã)
if and only if (IP) is well-posed on D(A). If

u′(t) = Ãu(t), t ≥ 0, u(0) = x ∈ D(Ã),
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then
u′(t) ∈ Au(t), t ≥ 0, u(0) = x ∈ D(A).

Conversely, if u′(t) ∈ Au(t), then u′(t) ∈ D(A) = X1. Hence, u′(t) ∈
Ãu(t) = Au(t) ∩ X1, and therefore u′(t) = Ãu(t). Thus, the Cauchy
problem (IP) is uniformly well-posed on D(A). ✷

The following two theorems are corollaries of Theorem 1.6.2.

Theorem 1.6.3 Let X1 = D1, where

D1 =
{
x ∈ D(A)

∣∣∣ Ax ∈ ranB
}
.

Consider the Cauchy problem (DP) with linear operators A and B such
that AB−1 is closed (for example, one of them is closed and the other is
bounded). Suppose

ρB(A) :=
{
λ ∈ C

∣∣∣ (λB −A)−1B is bounded
}
�= ∅.

Then the following conditions are equivalent:

(I) the Cauchy problem (DP) is uniformly well-posed on D1;

(I I) there exists a C0-semigroup {U(t), t ≥ 0} on X1 such that

(λB −A)−1Bx =
∫ ∞

0

e−λtU(t)xdt

for all x ∈ X1 and λ ∈ C with Reλ > ω;

(III) X = X1 ⊕ kerB and

∃K > 0, ω ∈ R: ∥∥∥∥ dk

dλk
(λB −A)−1B

∥∥∥∥ ≤ K k!
(λ− ω)k+1

for all λ > ω and k = 0, 1, . . . .

And, in this case, the solution of (DP) is u(t) = U(t)x, t ≥ 0, x ∈ D1. ✷

If B is bounded and A is closed, then this result gives the same well-
posedness conditions as Theorem 1.5.4. In Section 1.5 we used a degenerate
C0-semigroup with generators A,B, and here we use a C0-semigroup with
a generator equal to a single-valued branch of operator AB−1. In the case
of kerB = {0} we obtain Theorem 1.1.1.
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Theorem 1.6.4 Let X1 = D1, where

D1 :=
{
x ∈ X

∣∣∣ x ∈ ranB(λB −A)−1
}
.

Consider the Cauchy problem (DP1) with linear operators A and B such
that B−1A is closed (for example both operators are bounded). Suppose{

λ ∈ C

∣∣∣ B(λB −A)−1 is bounded
}
�= ∅.

Then the following conditions are equivalent:

(I) for any x ∈ D1 there exist solutions v of the Cauchy problem (DP1)
such that Bv is uniquely defined and is stable with respect to x;

(II) there exists a C0-semigroup {U(t), t ≥ 0} on X1 such that

B(λB −A)−1x =
∫ ∞

0

e−λtU(t)xdt

for all x ∈ X1 and λ ∈ C with Reλ > ω;

(III) X = X1 ⊕A kerB, and

∃K > 0, ω ∈ R: ∥∥∥∥ dk

dλk
B(λB −A)−1

∥∥∥∥ ≤ K k!
(λ− ω)k+1

for all λ > ω and k = 0, 1, . . . .

And in this case the solution of (DP1) is Bv(t) = U(t)x, t ≥ 0, x ∈ D1. ✷

1.6.3 (n, ω)-well-posedness

Definition 1.6.7 The Cauchy problem

u′(t) ∈ Au(t), t ≥ 0, u(0) = x, (IP)

is called (n, ω)-well-posed on E ⊂ X if for any x ∈ E there exists a unique
solution

u(·) ∈ C1
{
[0,∞), X

} ∩ C
{
[0,∞), D(A)}

such that
‖u(t)‖ ≤ Keωt‖x‖An ,

for some K > 0, where

‖x‖An :=
n∑

k=0

‖Akx‖.
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Here
‖Akx‖ = inf

f∈Akx
‖f‖X

is the factor-norm of Akx in X/Ak0.

If the resolvent set ρ(A) is not empty, then the norm ‖x‖An is equivalent
to

‖x‖Rn := inf
y:Rn

A(λ)y=x
‖y‖, λ ∈ ρ(A).

Now we investigate the connections between the (n, ω)-well-posedness of
(IP) and the existence of an exponentially bounded degenerate k(n)-times
integrated semigroup.

Definition 1.6.8 An operator A is called the generator of an exponentially
bounded degenerate n-times integrated semigroup {V (t), t ≥ 0} if it satisfies
the relation

(λI −A)−1x =
∫ ∞

0

λne−λtV (t)xdt (1.6.7)

for all λ ∈ C with Reλ > ω.

As in the case of degenerate C0-semigroups, it follows from (1.6.7) that
kerV = ker(λI −A)−1 = A0, and an exponentially bounded n-times inte-
grated semigroup has a multivalued generator if and only if the semigroup
is degenerate.

Theorem 1.6.5 Let n ∈ N, ω ∈ R, and let A be a closed linear multivalued
operator on X. Suppose that ρ(A) �= ∅ is in the half-plane Reλ > ω. If the
Cauchy problem (IP) is (n, ω)-well-posed on D(An+1), then the MFPHY-
type condition
∃K > 0 : ∥∥∥∥ dk

dλk
(λI −A)−1

λn+1

∥∥∥∥ ≤ K k!
(λ− ω)k+1

(1.6.8)

holds for all λ > ω and k = 0, 1, . . . .

Proof Let x ∈ D(An+1) =: Dn+1 and let u(t), t ≥ 0, be the unique
solution of (IP) corresponding to x. By the definition of the (n, ω)-well-
posedness for (IP), u(t) satisfies the estimate

‖u(t)‖ ≤ Keωt‖x‖Rn . (1.6.9)

Now we introduce the solution operators U(t) on Dn+1 by

U(t)x := u(t), t ≥ 0.
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Due to (1.6.9) we can extend U(t) to the space [Dn+1]n, the closure of Dn+1

in the norm ‖ · ‖Rn . As U(·)x = u(·) is a solution of (IP), we have

U ′(t)x ∈ AU(t)x = λU(t)x− (λI −A)U(t)x. (1.6.10)

Now we show that RA(λ)U(·)x = U(·)RA(λ)x, x ∈ Dn+1, is a solution of
(IP) with the initial value RA(λ)x. Let y = RA(λ)x ∈ Dn+1. Then from
(n, ω)-well-posedness of (IP) we have U ′(t)RA(λ)x ∈ AU(t)RA(λ)x. So
U(·)RA(λ)x is a solution of (IP) satisfying the estimate

‖U(t)RA(λ)x‖ ≤ Keωt‖RA(λ)x‖Rn ≤ K1e
ωt‖x‖Rn−1 .

Applying RA(λ) to (1.6.10), we obtain

RA(λ)U ′(t)x = RA(λ)AU(t)x = λRA(λ)U(t)x− U(t)x. (1.6.11)

As U(t)x ∈ D(A), we have

U(t)x = RA(λ)(λI −A)U(t)x ∈ (λI −A)RA(λ)U(t)x.

Hence,

RA(λ)AU(t)x = λRA(λ)U(t)x− U(t)x ∈ ARA(λ)U(t)x,
RA(λ)U ′(t)x = (RA(λ)U(t)x)′ ∈ ARA(λ)U(t)x,

and RA(λ)U(0)x = RA(λ)x. That is, RA(λ)U(·)x, x ∈ Dn+1 is a so-
lution of (IP). The equality RA(λ)U(t)x = U(t)RA(λ)x follows from the
uniqueness of the solution. Integrating (1.6.11) from 0 to t, we obtain

RA(λ)U(t)x−RA(λ)x =
∫ t

0

λRA(λ)U(s)xds−
∫ t

0

U(s)xds,

or ∫ t

0

U(s)xds

= −RA(λ)U(t)x+RA(λ)x+ λ

∫ t

0

RA(λ)U(s)xds

= −U(t)RA(λ)x+RA(λ)x+ λ

∫ t

0

U(s)RA(λ)xds, x ∈ Dn+1.

On Dn we define

U1(t)x := −U(t)RA(λ)x+RA(λ)x+ λ

∫ t

0

U(s)RA(λ)xds.
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Applying RA(λ) to both sides of this equality, we obtain

RA(λ)U1(t)x

= −RA(λ)U(t)RA(λ)x+RA(λ)RA(λ)x+ λRA(λ)
∫ t

0

U(s)RA(λ)xds.

Commutativity of RA(λ) and U(t) on Dn+1 implies

RA(λ)U1(t)x = U1(t)RA(λ)x, x ∈ Dn.

Hence, U1(t) commutes with RA(λ) on Dn, satisfies the estimate

‖U1(t)x‖ ≤ Keωt‖x‖Rn−1 ,

and can be extended to [Dn]n−1. In general,

Uk(t)x := (1.6.12)

−Uk−1(t)RA(λ)x+
tk−1

(k − 1)!
RA(λ)x+ λ

∫ t

0

Uk−1(s)RA(λ)xds.

The operators Uk(t), t ≥ 0, k = 1, . . . , n , are defined on Dn+1−k, where
they commute with RA(λ) and satisfy the estimate

‖Uk(t)x‖ ≤ Ktk−1eωt‖x‖Rn−k ≤ Keω1t‖x‖Rn−k

for any ω1 > ω. Therefore, we can extend Uk(t) to [Dn+1−k]n−k . In
particular, the operators Un(t) commute with RA(λ) on D(A), satisfy the
estimate

‖Un(t)x‖ ≤ Keω1t‖x‖,
and can be extended to D(A). The operators Un+1(t) commute with RA(λ)
on the whole space X and satisfy

‖Un+1(t)x‖ ≤ Keω1t‖x‖. (1.6.13)

Now denote V (t)x := Un+1(t)x and we show that {V (t), t ≥ 0} is an
(n + 1)-times integrated semigroup with the generator A. From (1.6.12)
we have that for any x ∈ X, V (t)x is continuous in t ≥ 0, so (V2) holds.
We have (V3) from (1.6.13). To show that V satisfies (V1), by Proposition
1.2.1 it is sufficient to show that∫ ∞

0

λn+1e−λtV (t)dt

satisfies the pseudoresolvent identity. Hence, it is sufficient to prove the
equality

RA(λ)x =
∫ ∞

0

λn+1e−λtV (t)xdt (1.6.14)
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for λ ∈ C with Reλ > ω. Multiplying (1.6.12) by λke−λt with k = n + 1
and integrating from 0 to ∞ we get∫ ∞

0

λn+1e−λtUn+1(t)xdt = RA(λ)x =
∫ ∞

0

λn+1e−λtV (t)xdt.

This equation holds for all λ from some open set where RA(λ) exists by
assumption. Using the resolvent identity for the function∫ ∞

0

λn+1e−λtV (t)xdt,

the analytical extension of RA(λ) to the half-plane Reλ > ω, we obtain
(1.6.14) for Reλ > ω. Thus, {V (t), t ≥ 0} is an (n + 1)-times degenerate
integrated semigroup generated by A, and hence the estimate (1.6.8) holds.
✷

Theorem 1.6.6 Let A be a multivalued linear operator on X. Suppose
that the condition
∃K > 0, ω ∈ R : ∥∥∥∥ dk

dλk
(λI −A)−1

λn

∥∥∥∥ ≤ K k!
(λ− ω)k+1

(1.6.15)

holds for all λ > ω and k = 0, 1, . . . . Then the Cauchy problem (IP) is
(n, ω)-well-posed on Rn+1

A (λ)D(A).
Proof If the estimate (1.6.15) holds for some K > 0 and ω ∈ R, then by
Theorem 1.2.1 A is the generator of an (n+1)-times integrated semigroup
{V (t), t ≥ 0} with the property

‖V (t+ h)− V (t)‖ ≤ Kh, t ≥ 0, h ≥ 0. (1.6.16)

Note that in this case the semigroup can be degenerate. By the definition
of the generator, for all y ∈ X we have∫ ∞

0

λn+1e−λtV (t)RA(µ)ydt = RA(λ)RA(µ)y = RA(µ)RA(λ)y

=
∫ ∞

0

λn+1e−λtRA(µ)V (t)ydt.

The uniqueness of the Laplace transform implies

V (t)RA(µ)y = RA(µ)V (t)y, y ∈ X.

Let y = (µI −A)x, x ∈ D(A), then we have

V (t)x = RA(µ)V (t)(µI −A)x,
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and applying (µI −A):
(µI −A)V (t)x = (µI −A)RA(µ)V (t)(µI −A)x.

From V (t)(µI −A)x ∈ (µI −A)RA(µ)V (t)(µI −A)x we obtain

V (t)(µI −A)x ∈ (µI −A)V (t)x.

Hence for all x ∈ D(A), V (t)Ax ∈ AV (t)x, and∫ ∞

0

λn+2e−λt tn+1

(n+ 1)!
xdt

= x = λRA(λ)x−RA(λ)Ax

=
∫ ∞

0

λn+2e−λtV (t)xdt−
∫ ∞

0

λn+1e−λtV (t)Axdt

=
∫ ∞

0

λn+2e−λtV (t)xdt−
∫ ∞

0

λn+2e−λt

∫ t

0

V (s)Axdsdt.

From the uniqueness of the Laplace transform we have

tn+1

(n+ 1)!
x = V (t)x−

∫ t

0

V (s)Axds, x ∈ D(A),

hence

V ′(t)x =
tn

n!
x+ V (t)Ax,

(1.6.17)

V ′(t)x ∈ tn

n!
x+AV (t)x, x ∈ D(A).

Using property (1.6.16) and the closedness of A we can extend the inclusion
in (1.6.17) to D(A). Now take x ∈ D(A2) (as Ax ∩D(A) �= ∅), then from
(1.6.17) we have

AV ′(t)x =
tn

n!
Ax+AV (t)Ax, x ∈ D(A2),

V ′(t)Ax ∈ tn

n!
Ax+ V (t)A2x

⊂ tn

n!
Ax+AV (t)Ax, x ∈ D(A2),

therefore V ′(t)Ax ∈ AV ′(t)x for x ∈ D(A2), and

V ′′(t)x =
tn−1

(n− 1)!
x+ V ′(t)Ax,

(1.6.18)

V ′′(t)x ∈ tn−1

(n− 1)!
x+AV ′(t)x, x ∈ D(A2).
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Now we show that the equation from (1.6.18) holds for all x ∈ RA(λ)D(A).
Let y ∈ D(A). By the closedness of A, there exists a sequence yn ∈ D(A)
such that yn → y. Take xn = RA(λ)yn, then xn ∈ RA(λ)D(A) and
xn → RA(λ)y = x ∈ RA(λ)D(A). Moreover

Axn = ARA(λ)yn = −(λI −A)RA(λ)yn + λRA(λ)yn,

and the set {−(λI −A)RA(λ)yn} contains the sequence −yn convergent to
−y. Therefore Axn ∩D(A) �= ∅, and −yn + λRA(λ)yn ∈ D(A) converges
to −y + λRA(λ)y ∈ D(A). Hence

Axn → Ax and V ′(t)Axn → V ′(t)Ax,

as V ′(t) is bounded (property (1.6.16)). Since tn−1

(n−1)!xn → tn−1

(n−1)!x and
V ′′(t) is closed, we have

V ′′(t)x =
tn−1

(n− 1)!
x+ V ′(t)Ax, x ∈ RA(λ)D(A). (1.6.19)

From the inclusion in (1.6.18), the closedness of A and the boundedness of
V ′(t), we obtain

V ′′(t)x ∈ tn−1

(n− 1)
x+AV ′(t)x, x ∈ RA(λ)D(A).

For x ∈ R2
A(λ)D(A) there exists V ′′(t)Ax, therefore, after differentiating

(1.6.18), we have

V (3)(t)x =
tn−1

(n− 2)!
x+ V ′′(t)Ax

∈ tn−2

(n− 2)!
x+AV ′′(t)x, x ∈ R2

A(λ)D(A).

We continue the process and obtain

V (n+2)(t)x ∈ AV (n+1)(t)x, x ∈ Rn+1
A (λ)D(A),

V (n+1)(0)x = x.

Therefore for any x ∈ Rn+1
A (λ)D(A), V (n+1)(·)x is a solution of the Cauchy

problem (IP).
Now we show that the solution is unique. Let y(·) be another exponen-

tially bounded solution of (IP). Then we have∫ ∞

0

e−λty(t)dt =
1
λ

{
x+

∫ ∞

0

e−λty′(t)dt
}

∈ 1
λ

{
x+A

∫ ∞

0

e−λty(t)dt
}
,
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hence,

x ∈ (λI −A)
∫ ∞

0

e−λty(t)dt.

Applying RA(λ) to this inclusion, we obtain

RA(λ)x =
∫ ∞

0

e−λty(t)dt,

or ∫ ∞

0

λn+2e−λtV (t)xdt =
∫ ∞

0

e−λtV (n+2)(t)dt =
∫ ∞

0

e−λty(t)dt.

Therefore V (n+2)(t)x = y(t). We have shown that if there exists a k-
times integrated semigroup then any solution of (IP) coincides with the
k-th derivative of the integrated semigroup.

As in Theorem 1.2.4, the unique solution u(·) of (IP) satisfies the esti-
mate in Definition 1.6.7, thus the Cauchy problem (IP) is (n, ω)-well-posed
on Rn+1

A (λ)D(A). ✷

Now we compare the obtained results with the results of Theorem 1.6.2
on the uniform well-posedness of the Cauchy problem (IP). Decomposition
(1.6.6) generalizes in the degenerate case the property of the generator of
a nondegenerate C0-semigroup to be densely defined. Only in this case we
have the projector

P = U(0) : X → X1 = D(A),
such that X1 = PX, A0 = kerP . Due to the decomposition (1.6.6) the
MFPHY condition for (λI − Ã)−1 on X1 can be written as the condition
for (λI − A)−1 on X. In this subsection, without any decomposition of
X in Theorem 1.6.5, we obtained the MFPHY-type estimates for (λI−A)−1

λn

only on X1, and on X we obtain the estimates for (λI−A)−1

λn+1 . And note that
the estimates (1.6.15) guarantee (n, ω)-well-posedness of (IP) only on some
subset of D(A), not on the whole of it.

Recall the property discussed in Proposition 1.5.1: if an operator A
satisfies the MFPHY estimates, then

∀x ∈ D(A), lim
λ→∞

λRA(λ)x→ x.

The following proposition justifies the generalization of the decomposition
(1.6.6), which we will use later in this section.

Proposition 1.6.5 Let A satisfy (1.6.8), then

∀x ∈ Dn+1, lim
λ→∞

λRA(λ)x→ x.
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Proof Let x ∈ Dn+1, then there exists y ∈ X such that x = (λ0I −
A)−(n+1)y for some λ0 ∈ ρ(A) and

‖λ(λI −A)−1x− x‖
= ‖λ(λI −A)−1[(λ0I −A)−1]n+1y − [(λ0I −A)−1]n+1y‖
= ‖λ(λ0 − λ)−1(λI −A)−1[(λ0I −A)−1]ny

−λ0(λ0 − λ)−1[(λ0I −A)−1]n+1y‖
= · · ·
= ‖λ(λ0 − λ)−(n+1)(λI −A)−1y − · · ·

−λ0(λ0 − λ)−1[(λ0I −A)−1]n+1y‖
−→ 0 as λ→∞.

It follows that kerRA(λ) ∩Dn+1 = {0}. ✷

Thus we have, that in general, the estimates (1.6.8) do not imply

A0 ∩X1 = {0} or Ak+10 ∩Xk+1 = {0}

for some k = 1, . . . , n, and consequently, they do not imply any decompo-
sition of X.

Now we assume the decomposition

X = Xn+1 ⊕ kerRn+1
A = Xn+1 ⊕An+10, (1.6.20)

the generalization of decomposition (1.6.6) for the case of a degenerate n-
times integrated semigroup. Having the decomposition (1.6.20), we can
prove the necessary and sufficient condition for the (n, ω)-well-posedness of
the Cauchy problem (IP).

Theorem 1.6.7 Let A be a multivalued linear operator on X with ρ(A) �=
∅. Suppose that the decomposition (1.6.20) holds for some n ∈ N and λ ∈ C

with Reλ > ω, ω ∈ R. Then the Cauchy problem (IP) is (n, ω)-well-posed
on Dn+1 if and only if the condition (1.6.15) is satisfied.

Proof Suppose the Cauchy problem (IP) is (n, ω)-well-posed on Dn+1. To
show the estimates (1.6.15) we define U0(t), t ≥ 0, by

U0(t)x :=
{

u(t), x ∈ [Dn+1]n
0, x ∈ A0 .

Since U0(t) are defined on [Dn+1]n ⊕ A0, we can extend RA(λ)U0(t) to
[Dn]n−1 and A20, respectively, and therefore to the closure of Dn in the
norm ‖ · ‖Rn−1 . Hence, Uk(t)x, k = 1, . . . n are defined for x ∈ Dn+1−k,
they are exponentially bounded in the norm ‖ · ‖Rn−k , and we can extend
them to [Dn+1−k]n−k and Ak+10, respectively. In particular, the operators
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Un(t) are defined and bounded on D(A) and on An+10, and hence on
X = Xn+1 ⊕ An+10. As in the proof in Theorem 1.6.5, we have that
{V (t) := Un(t), t ≥ 0} is an exponentially bounded n-times integrated
semigroup degenerate on A0. Its generator A is defined by

RA(λ)x =
∫ ∞

0

λne−λtV (t)xdt.

Hence, the condition (1.6.15) holds.
Taking into account the decomposition (1.6.20), we now clarify the

structure of the constructed degenerate semigroup V on X by considering it
onXn+1 and onAn+10. By construction we have that all operator-functions
Uk(·), k ≥ 1, are equal to the primitives of U0(·) of the corresponding order,
which are extended from Dn+1 to Xn+1 = Dn+1. They are equal to zero
on A0 = kerRA(λ), hence they are independent of λ on A0. Now we show
that Uk(t)x are independent of λ on the sets Ak+10.

U1(t)x = RA(λ)x, x ∈ A20 = kerR2
A(λ),

U2(t)x = [λt− 1]R2
A(λ)x+ tRA(λ)x, x ∈ A30,

U3(t)x =
[
λ2 t

2

2
− 2λt+ 1

]
R3

A(λ)x+ t
[
λ
t

2
− 1

]
R2

A(λ)x

+
t2

2
RA(λ)x, x ∈ A40,

. . .

Un(t)x =
n∑
i=1

ai(t, λ)Ri
A(λ)x, (1.6.21)

ai =
i−1∑
k=o

(−1)k+i−1Ck
i−1λ

k t
k

k!
, x ∈ An+10.

The equality

d

dλ
U1(t)x = R′

A(λ)x = −R2
A(λ)x = 0, x ∈ A20,

implies that U1(t) is independent of λ. By induction one can prove

d

dλ
Uk(t)x = 0, x ∈ Ak+10, k = 2, 3, . . . .

Suppose that the estimates (1.6.15) hold. Then by Theorem 1.6.6 the
Cauchy problem (IP) is (n, ω)-well-posed on Rn+1

A (λ)D(A) ⊂ Dn+1. By
the decomposition (1.6.20)

Dn+1 = Rn+1
A (λ)X = Rn+1

A (λ)Xn+1.
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On the other hand, we have

Rn+1
A (λ)Xn+1 = Rn+1

A (λ)Rn+1
A (λ)X ⊂ Rn+1

A (λ)D(A),

and hence, Dn+1 ⊂ Rn+1
A (λ)D(A). So Rn+1

A (λ)D(A) = Dn+1, therefore,
the Cauchy problem (IP) is (n, ω)-well-posed on Dn+1. ✷

From this theorem we obtain conditions for the (n, ω)-well-posedness of
the degenerate Cauchy problems (DP) and (DP1).

Corollary 1.6.2 Consider the Cauchy problem (DP) with linear operators
A and B such that AB−1 is closed. Let

ρB(A) :=
{
λ ∈ C

∣∣∣ (λB −A)−1B is bounded
}
�= ∅,

and suppose that the decomposition (1.6.20) holds. Then the Cauchy prob-
lem (DP) is (n, ω)-well-posed on Dn+1 if and only if the condition
∃K > 0, ω ∈ R : ∥∥∥∥ dk

dλk
RA(λ)
λn

∥∥∥∥ ≤ K k!
(λ− ω)k+1

(1.6.22)

holds for all λ > ω and k = 0, 1, . . . .

Corollary 1.6.3 Consider the Cauchy problem (DP1) with linear operators
A and B such that B−1A is closed. Let the set{

λ ∈ C

∣∣∣ B(λB −A)−1 is bounded
}
�= ∅,

and suppose that the decomposition (1.6.20) holds. Then for any x ∈ Dn+1

the Cauchy problem (DP1) has solutions v such that Bv is uniquely defined
and ‖Bv(t)‖ ≤ Keωt‖x‖Rn if and only if the condition (1.6.22) holds.

1.7 Second order equations

Let X,Y be Banach spaces and A,B,Q be linear operators from X to Y .
We suppose that Q is bounded and kerQ �= {0}. Consider the abstract
Cauchy problems

u′′(t) = Au′(t) +Bu(t), t ≥ 0, u(0) = x, u′(0) = y, (1.7.1)

and

Qu′′(t) = Au′(t) +Bu(t), t ≥ 0, u(0) = x, u′(0) = y, (1.7.2)

In this section we use semigroup methods for studying the well-posedness
of these problems. First, we construct M,N -functions, the solution op-
erators for problem (1.7.1), which generalize semigroups and cosine and
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sine operator-functions. Second, we study (1.7.1) and (1.7.2) by reducing
them to a first order Cauchy problem in a product space. Using the results
of Sections 1.2 and 1.6 on integrated semigroups we obtain necessary and
sufficient conditions for well-posedness of (1.7.1) and (1.7.2) in terms of
resolvent operators

Rr(λ2) := (λ2I − λA−B)−1 and Rd(λ2) := (λQ2 − λA−B)−1,

respectively.
The relation between operators A and B plays a very important role

in studying the well-posedness of second order problems. We show that
for the equivalence of the well-posedness of (1.7.1) and the existence of an
integrated semigroup for the Cauchy problem

v′(t) = Φv(t), t ≥ 0, v(0) = v0, (1.7.3)

where

Φ =
(

0 I
B A

)
, v(t) =

(
u(t)
u′(t)

)
, v0 =

(
x
y

)
,

operators A,B have to be biclosed. With the help of the theory of integrated
semigroups we prove that the MFPHY-type condition:

∃K > 0, ω ≥ 0 :
(1.7.4)∥∥∥∥ dk

dλk
Rr(λ2)

∥∥∥∥, ∥∥∥∥ dk

dλk
Rr(λ2)

(
λI −A

)∥∥∥∥ ≤ K k!
(Reλ− ω)k+1

,

for all λ ∈ C with Reλ > ω and k = 0, 1, . . . ,

is necessary and sufficient for well-posedness of (1.7.1) with biclosed op-
erators A,B. Using the M,N -functions theory, we obtain the following
MFPHY-type well-posedness condition:

∃K > 0, ω ≥ 0 :
(1.7.5)∥∥∥∥ dk

dλk
Rr(λ2)

∥∥∥∥, ∥∥∥∥ dk

dλk

(
λI −A

)
Rr(λ2)

∥∥∥∥ ≤ K k!
(Reλ− ω)k+1

,

for all λ ∈ C with Reλ > ω and k = 0, 1, . . . ,

for problem (1.7.1) with commuting operators A,B. In Subsection 1.7.3,
using the theory of degenerate integrated semigroups, we prove MFPHY-
type necessary and sufficient conditions for well-posedness of the degenerate
Cauchy problem (1.7.2).

©2001 CRC Press LLC

©2001 CRC Press LLC



1.7.1 M,N -functions method

Consider the Cauchy problem

u′′(t) = Au′(t) +Bu(t), t ≥ 0, u(0) = x, u′(0) = y, (1.7.1)

where A and B are closed linear operators in a Banach space X.

Definition 1.7.1 The Cauchy problem (1.7.1) is called ω-well-posed on
E1, E2 if for any x ∈ E1, y ∈ E2 there exists a unique exponentially bounded
solution:

∃K > 0, ω ≥ 0 : ‖u(t)‖ ≤ K eωt
(
‖x‖+ ‖y‖

)
, t ≥ 0.

Definition 1.7.2 Let A,B : X → X be closed linear operators. A one-
parameter family of bounded commuting operators {M(t),N (t), t ≥ 0} is
called a family of M,N -functions generated by operators A,B if

(M1) M(t+ h) =M(t)M(h) +BN (t)N (h),
N (t+ h) =M(t)N (h) +M(h)N (t) +AN (t)N (h), t, h ≥ 0;

(M2) N (0) = 0, M(0) = I, N ′(0) = I, M′(0) = 0;

(M3) M(t) and N (t) are strongly continuous in t ≥ 0;

(M4) ∃K > 0, ω ≥ 0 : ‖M(t)‖ ≤ Keωt and ‖N (t)‖ ≤ Keωt, t ≥ 0.

The operators A,B are called the generators of the family of M,N -
functions.

IfM(t) and N (t) commute with A and B on D(A) and D(B) respectively,
then it follows from (M1) that operators

M̃′′(0)x := lim
h→0

M(2h)− 2M(h) + I

h2
x,

Ñ ′′(0)x := lim
h→0

N (2h)− 2N (h)
h2

x,

defined for those x ∈ X where limits exist, are the generators of the family
of M,N -functions:

M̃′′(0) = B, Ñ ′′(0) = A. (1.7.6)
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Definition 1.7.3 Operators A,B are called ω-closed if the operator λA+B
is closed for any λ ∈ C with Reλ > ω. Operators A,B are called biclosed,
if for any sequences xn∈D(A), yn∈D(B) such that

xn → x and yn → y ,

we have
Axn +Byn → z =⇒ x ∈ D(A), y ∈ D(B)

and Ax+By = z.

It is not difficult to see that if A,B are biclosed, then A,B are ω-closed,
and both A and B are closed. The following two examples illustrate that
if A and B are closed operators, they may be not ω-closed, and if A,B are
ω-closed, they may be not biclosed.

1. Consider closed operators A = d2/ds2 + d/ds, B = −cd2/ds2 on
C[a, b]. Let xn be such that

D(A) = D(B) + xn(s)→ x(s), x′
n(s)→ y(s),

and x′′
n(s) is not convergent in C[a, b]. Then (cA + B)xn → cy, but x �∈

D(A)∩D(B) = D(cA+B). Therefore, operators A,B are not ω-closed for
ω < c.

2. Consider operators A = d/ds, B = d2/ds2 on C[a, b]. They are
ω-closed for any ω. Let sequences xn(s) ∈ D(A) and yn(s) = −

∫ s

0
xn(t)dt

be such that xn → x but x′
n is not convergent in C[a, b]. Then A,B are

not biclosed.
All pairs of operators where one is closed and the other is bounded, and

pairs of closed operators with ranges in orthogonal subspaces, are examples
of biclosed operators.

Denote d1 = D(AB), d2 = D(A2)∩D(B). Using theM,N -functions we
obtain the following necessary and sufficient conditions for well-posedness
of (1.7.1).

Theorem 1.7.1 Let A,B be commuting closed linear operators with do-
mains such that d1 = d2 = X. Then the following statements are equiva-
lent:

(I) the Cauchy problem (1.7.1) is ω-well-posed on d1, d2;

(II) the operators A,B are the generators of a family of M,N -functions,
and Ñ ′′(0) = A, M̃′′(0) = B. In this case, the solution of (1.7.1) has
the form

u(·) =M(·)x+N (·)y, x ∈ d1, y ∈ d2;
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(III) for Reλ > ω there exists Rr(λ2) and

Rr(λ2)x =
∫ ∞

0

e−λtN (t)xdt, (1.7.7)

(λI −A)Rr(λ2)x =
∫ ∞

0

e−λtM(t)xdt (1.7.8)

for all x ∈ X;

(IV) the condition (1.7.5) if fulfilled for Rr(λ2):

∃K > 0, ω ≥ 0 :∥∥∥∥ dk

dλk
Rr(λ2)

∥∥∥∥, ∥∥∥∥ dk

dλk

(
λI −A

)
Rr(λ2)

∥∥∥∥ ≤ K k!
(Reλ− ω)k+1

for all λ ∈ C with Reλ > ω and k = 0, 1, . . . .

Proof (I) =⇒ (II). Bounded operators M(t) and N (t) are defined as
extensions of the solution operators for initial values (x, 0) and (0, y), re-
spectively:

M′′(t)x = AM′(t)x+BM(t)x, t ≥ 0, M(0)x = x, M′(0)x = 0,

N ′′(t)y = AN ′(t)y +BN (t)y, t ≥ 0, N (0)y = 0, N ′(0)y = y.

Commutativity of A and B and the uniqueness of a solution imply com-
mutativity of M(t) and N (h) for any t, h ≥ 0, commutativity of operator-
functions M,N with operators A,B, property (M1), and equality (1.7.6).
Property (M2) follows from the initial conditions. Continuity and expo-
nential boundedness of a solution imply (M3) and (M4).

From (1.7.6) and the commutativity of M,N -functions we obtain the
following relations for derivatives

∀u ∈ D(B), M′(t)u = N (t)Bu = BN (t)u,
∀u ∈ D(A), N ′(t)u = M(t)u+N (t)Au

= M(t)u+AN (t)u,
∀u ∈ D(AB), M′′(t)u = BN (t)u+ABN (t)u

= AM′(t)u+BM(t)u,
∀u ∈ D(A2) ∩D(B), N ′′(t)u = AN ′(t)u+BN (t)u

for all t ≥ 0. These relations imply that

u(·) =M(·)x+N (·)y, x ∈ d1, y ∈ d2

is a solution of the Cauchy problem (1.7.1). Since M,N -functions are
exponentially bounded, the solution is stable.
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(II) =⇒ (III). As in the proof of the closedness of a generator of a C0-
semigroup in Proposition 1.1.1, one can prove the following property of
generators of a family of M,N -functions:

∀xn ∈ D(A) ∩D(B), (1.7.9)
xn → x ∈ D(B) & Pxn → y ∈ D(P ) =⇒ x ∈ D(P ) & Px = y,

where P := λA+B = λÑ ′′(0) + M̃′′(0), Reλ > ω.
Note that property (1.7.9) is weaker than the ω-closedness and hence,

the biclosedness of A,B, but it allows us to conclude that

(λ2I − λA−B)
∫ ∞

0

e−λtN (t)xdt =
∫ ∞

0

e−λt(λ2I − λA−B)N (t)xdt

for all x ∈ D(A2) ∩D(B). Integrating by parts and using the formulae for
the derivatives of M,N -functions, we obtain

(λ2I − λA−B)
∫ ∞

0

e−λtN (t)xdt = x

for all x ∈ X = D(A2) ∩D(B). Applying
∫∞

0
e−λtN (t)dt to (λ2I−λA−B)x

for x ∈ D(A2) ∩D(B), we obtain∫ ∞

0

e−λtN (t)(λ2I − λA−B)xdt = x

for all x ∈ D(A) ∩D(B). Thus (1.7.7) is proved. The equality (1.7.8) can
be proved by similar arguments.

(III) =⇒ (IV) follows from (1.7.7), (1.7.8) and exponential estimates
(M4). For proof of (IV) =⇒ (I) see our book [128], where the detailed
proof of this theorem is given. ✷

1.7.2 Integrated semigroups method

We consider the Cauchy problem (1.7.3):

v′(t) = Φv(t), t ≥ 0, v(0) = v0,

on the Banach space X := X ×X, equipped with the norm

‖(x, y)‖X = max
{‖x‖X , ‖y‖X

}
.

Here

Φ =
(

0 I
B A

)
, v(t) =

(
u(t)
u′(t)

)
, v0 =

(
x
y

)
,
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Suppose that Φ is the generator of an exponentially bounded n-times
integrated semigroup V on X . We recall (see Proposition 1.2.1) that the
operator Ψ defined by

Ψx = λx−
(∫ ∞

0

λne−λtV (t)dt
)−1

x

is called the generator of V .
Let ρ(Φ) be the resolvent set of Φ and ρ(A,B) be the set of all λ ∈ C

such that the operator Rr(λ2) : X → X is bounded.

Theorem 1.7.2 Let A,B : X → X be biclosed linear operators such
that d1 = d2 = X and ρ(A,B) �= ∅. Then the following statements are
equivalent:

(I) the operator Φ =
(

0 I
B A

)
is the generator of a 1-time integrated

semigroup on X ;

(II) the condition (1.7.4) is fulfilled:

∃K > 0, ω ≥ 0 :∥∥∥∥ dk

dλk
Rr(λ2)

∥∥∥∥, ∥∥∥∥ dk

dλk
Rr(λ2)

(
λI −A

)∥∥∥∥ ≤ K k!
(Reλ− ω)k+1

for all λ ∈ C with Reλ > ω and k = 0, 1, . . . ;

(III) the Cauchy problem (1.7.1) is ω-well-posed on d1, d2.

Proof (I) =⇒ (II). The operator Φ =
(

0 I
B A

)
is closed if and only if

A,B are biclosed. So Φ is closed and densely defined: D(Φ) = X . Since
Φ is the generator of a 1-time integrated semigroup, by Theorem 1.2.3, the
MFPHY-type condition holds for the resolvent of Φ:

∃K > 0, ω ≥ 0 : ∥∥∥∥[RΦ(λ)
λ

](k)∥∥∥∥ ≤ K k!
(λ− ω)k+1

(1.7.10)

for all λ > ω and k = 0, 1, . . . , where

RΦ(λ) = (λI − Φ)−1 =
(

Rr(λ2)(λI −A) Rr(λ2)
Rr(λ2)B λRr(λ2)

)
. (1.7.11)

Note that (1.7.11) implies that estimates (1.7.10) are equivalent to estimates
(1.7.4) for Rr(λ2).
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(II) =⇒ (III). We have that the condition (1.7.4) is equivalent to (1.7.10)
and the condition d1 = d2 = X is equivalent to the condition D(Φ) = X .
Therefore the operator Φ is densely defined and (1.7.10) holds. Thus Φ is
the generator of a 1-time integrated semigroup V , and the Cauchy problem
(1.7.3) is (1, ω)-well-posed. That is, for all

v0 ∈ D(Φ2) = D(AB)× [
D(A2) ∩D(B)

]
there exists the unique solution v(·) = V ′(·)v0 with

‖v(t)‖ = ‖(u(t), u′(t))‖ ≤ Keωt‖v0‖Φ.

Then w(·) = RΦ(λ)v(·) is a solution of (1.7.3) with the initial value w(0) =
RΦ(λ)v0 and with the stability property

‖w(t)‖ ≤ Keωt‖RΦ(λ)v0‖Φ ≤ Keωt‖v0‖.

Applying (λI − Φ)−1 to the equation (1.7.3) and integrating it, we obtain
the equality ∫ t

0

v(s)ds = −w(t) + w(0) + λ

∫ t

0

w(s)ds. (1.7.12)

From (1.7.12) we have∥∥∥∥∫ t

0

v(s)ds
∥∥∥∥ ≤ K

(
2 + |λ|t)eωt‖v0‖,

hence
‖u(t)‖ ≤ Keω1t

(‖x‖+ ‖y‖)
for some ω1 > ω. Thus, for all x ∈ d1, y ∈ d2 the Cauchy problem (1.7.1)
has the unique solution u(·) stable in X. It is equal to the first coordinate
of v(·), the unique solution of (1.7.3).

(III) =⇒ (I). If ρ(A,B) �= ∅ then ρ(Φ) �= ∅ and the ω-well-posedness
of the Cauchy problem (1.7.1) on d1, d2 is equivalent to the (1, ω)-well-
posedness of (1.7.3). In particular,

∫ t

0
v(s)ds is stable in X if and only if

u(t) is stable in X. Since (1.7.3) is (1, ω)-well-posed then Φ is the generator
of a 1-time integrated semigroup (see Theorem 1.2.4). ✷

Comparing the M,N -functions method and the integrated semigroups
method, we note that by Theorem 1.7.1, if A,B are commuting operators
satisfying the density property and (1.7.5), then (1.7.1) is ω-well-posed
on d1, d2 and A,B are biclosed. By Theorem 1.7.2, if A,B are biclosed
operators satisfying the density property and (1.7.4), then (1.7.1) is well-
posed on d1, d2. The condition (1.7.5) is the same as (1.7.4) if and only if
A and B commute.
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1.7.3 The degenerate Cauchy problem

Let X,Y be Banach spaces. We consider the Cauchy problem

Qu′′(t) = Au′(t) +Bu(t), t ≥ 0, u(0) = x, u′(0) = y, (1.7.2)

where A,B : X → Y are biclosed linear operators and operator Q : X → Y
is linear and bounded.

Let X = X ×X and Y = Y × Y . Consider the closed linear operator

Φ =
(

0 I
B A

)
: X → Y

and the bounded linear operator

Ψ =
(

I 0
0 Q

)
: X → Y.

As in the regular case it is not difficult to prove that the existence of a
unique solution

u(·) ∈ C
{
[0,∞), D(B)

} ∩ C1
{
[0,∞), D(A)

} ∩ C2
{
[0,∞), X

}
of (1.7.2) is equivalent to the existence of a unique solution

v(·) =
(

u(·)
u′(·)

)
∈ C

{
[0,∞), D(Φ)

} ∩ C1
{
[0,∞), X}

of the degenerate Cauchy problem

Ψv′(t) = Φv(t), t ≥ 0, v(0) =
(

x
y

)
. (1.7.13)

Using Theorem 1.6.5 and Corollary 1.6.4 about the connection between
the well-posedness of (1.7.13) and existence of a degenerate n-times in-
tegrated exponentially bounded semigroup V with the pair of generators
Ψ,Φ:

Rd(λ)ξ := (λΨ− Φ)−1Ψξ =
∫ ∞

0

λne−λtV (t)ξdt, ξ ∈ X , Reλ > ω,

and the MFPHY-type condition forRd(λ), we obtain the following theorem
on the well-posedness of (1.7.2).

Theorem 1.7.3 Suppose operators A,B are biclosed and the operator
(λΨ − Φ)−1 is bounded for some λ. Assume that X admits the
decomposition:

X = Dn+1 ⊕ kerRn+1
d (1.7.14)

where Dn+1 := Rn+1
d (λ)X . Then the following statements are equivalent:
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(I) the Cauchy problem (1.7.13) is (n, ω)-well-posed on Dn+1;

(II) the MFPHY-type condition holds for Rd(λ) = (λΨ− Φ)−1Ψ:

∃K > 0, ω ∈ R : ∥∥∥∥[Rd(λ)
λn

](k)∥∥∥∥ ≤ K k!
(λ− ω)k+1

(1.7.15)

for all λ > ω and k = 0, 1, . . . ;

(III) the MFPHY-type condition holds for Rd(λ2) := (λ2Q− λA−B)−1:

∃K > 0, ω ∈ R : ∥∥∥∥∥
[
Rd(λ2)
λn−1

](k)
∥∥∥∥∥ ≤ K k!

(Reλ− ω)k+1
,

∥∥∥∥∥
[
Rd(λ2)(λQ−A)

λn−1

](k)
∥∥∥∥∥ ≤ K k!

(Reλ− ω)k+1

or all λ ∈ C with Reλ > ω and k = 0, 1, . . . ;

(IV) the Cauchy problem (1.7.2) is (n − 1, ω)-well-posed on the sets of

initial values E1 and E2 such that
(

x
y

)
∈ Dn+1 .

Proof (I) ⇐⇒ (II) follows from Corollary 1.6.4.
(II) ⇐⇒ (III) follows from the equality

Rd(λ) = (λΨ− Φ)−1Ψ =
(

Rd(λ2)(λQ−A) Rd(λ2)
Rd(λ2)B λRd(λ2)

)(
I 0
0 Q

)
.

(I)⇐⇒ (IV). Unique solutions of (1.7.13) and (1.7.2), stable with respect to

corresponding initial data, are connected by the relation v(t) =
(

u(t)
u′(t)

)
. ✷

Corollary 1.7.1 Suppose operators A,B are biclosed and the opera-
tor (λΨ − Φ)−1 is bounded for some λ. Assume that X admits the
decomposition:

X = D2 ⊕ kerR2
d.

Then the Cauchy problem (1.7.2) is well-posed on the sets of initial values

E1 and E2 such that
(

x
y

)
∈ D2 if and only if the MFPHY-type condition

holds for Rd(λ2) := (λ2Q− λA−B)−1:
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∃K > 0, ω ∈ R : ∥∥∥∥[Rd(λ2)
](k)

∥∥∥∥ ≤ K k!
(Reλ− ω)k+1

,

∥∥∥∥∥
[
Rd(λ2)

(
λQ−A

)](k)
∥∥∥∥∥ ≤ K k!

(Reλ− ω)k+1

or all λ ∈ C with Reλ > ω and k = 0, 1, . . . .
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Chapter 2

Abstract Distribution
Metho ds

2.1 The Cauchy problem

In the previous chapter we showed that under different conditions on the
resolvent of an operator A : D(A) ⊂ X → X, the Cauchy problem

u′(t) = Au(t), t ∈ [0, T ), T ≤ ∞, u(0) = x, (CP)

has a unique solution for x from different correctness classes stable with
respect to x in different norms. In this section, we consider the Cauchy
problem (CP) for any x ∈ X in the space of distributions. Our main aim
is to obtain necessary and sufficient conditions for well-posedness in the
space of distributions in terms of the resolvent of A. We show that they
are the same as in the case when A is the generator of an integrated semi-
group. That is, only the Cauchy problem with a generator of an integrated
semigroup can be well-posed in the space of distributions.

In the first subsection, we consider abstract distributions and distribu-
tion semigroups. In the second, we prove necessary and sufficient conditions
for the well-posedness of (CP) in the space of distributions. As in the well-
posedness theorems in Chapter 1, it is done via intermediate results about
the existence of some semigroups. Here, they coincide with solution oper-
ator distributions and distribution semigroups. In the third subsection, we
consider the particular case of exponential distributions.

2.1.1 Abstract (vector-valued) distributions

Let X be a Banach space and D be the Schwartz space of infinitely differ-
entiable functions ϕ : R → R with compact supports and with the following
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convergence: ϕn → ϕ in D if there exists a compact set K ⊂ R such that
suppϕn ⊂ K and

sup
t∈K

|ϕ(i)
n (t)− ϕ(i)(t)| −→

n→∞ 0, i = 0, 1, . . . .

Let D+,D−,D0, E be subspaces of functions from D with supports bounded
from the left, from the right, with support in [0,∞), and with any support,
respectively. Let S be the countably normed space of rapidly decreasing
functions with the system of norms

‖ϕ‖j,k := sup
0≤i≤k

sup
t
(1 + |t|)j |ϕ(i)(t)|. (2.1.1)

Definition 2.1.1 The space of distributions on X is the space of linear
continuous operators from D to X:

D′(X) := L(D,X), D′±(X) := L(D∓,X); ,

D′
0(X) is the subspace of distributions vanishing on (−∞, 0), S ′(X) :=

L(S,X) is the space of tempered distributions, E ′(X) := L(E ,X) is the
space of distributions with compact supports, E ′

0(X) is the subspace of dis-
tributions from E ′(X) vanishing on (−∞, 0).

We denote by U(ϕ) or 〈U,ϕ〉 or 〈U(t̂ ), ϕ(t̂ )〉 the value of a distribution U
for a function ϕ from a space of test functions. For a locally integrable
function f : R → X we write

f(ϕ) = 〈f, ϕ〉 = 〈f(t̂ ), ϕ(t̂ )〉 :=
∫

R

f(t)ϕ(t)dt, f ∈ D′(R).

Definition 2.1.2 A sequence Un is called convergent to U in D′(X) if
‖(Un − U)(ϕ)‖−→n→∞ 0 uniformly with respect to ϕ from a bounded set
K ⊂ D. A set K ⊂ D is said to be bounded if for any {ϕn} ⊂ K and
εn → 0 (εn ∈ R), we have εnϕn → 0 in D.
The following proposition for abstract distributions is an analogue of the
well-known fact that every linear continuous operator on a normed space
is bounded.

Proposition 2.1.1 Let U ∈ D′(X) and K be a compact set from R. Then
there exist p ≥ 0, C > 0 such that for any ϕ ∈ D with suppϕ ⊂ K

‖U(ϕ)‖ ≤ C‖ϕ‖p , where ‖ϕ‖p := sup
0≤j≤p

sup
t∈K

|ϕ(j)(t)|. ✷ (2.1.2)

The number p in (2.1.2) is called the local order of a distribution U .
Let Dp(K) be the Banach space of p-times continuously differentiable

functions with supports in a compact set K ⊂ R and with the norm (2.1.2),
then any function from Dp(K) can be approximated by an infinitely differ-
entiable function.
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Proposition 2.1.2 For any ϕ ∈ Dp(K) and C > 0 there exists ψ ∈ D
such that

suppψ ⊆ Kε =
{
t ∈ R

∣∣∣ dist(t,K) ≤ ε
}

and ‖ϕ− ψ‖p ≤ ε. ✷

Thus, every distribution from D′(X) can be locally extended to a smooth
function. The following structure theorems are based on this fact.

Theorem 2.1.1 Let U ∈ D′(X) and Ω be an open bounded set from R.
Then there exists a continuous function f : R → X and m > 0 such that

U(ϕ) = f (m)(ϕ)

for all ϕ ∈ D with suppϕ ⊂ Ω.
If U = 0 on (−∞, a), then f(t) = 0 for t < a. ✷

The number m in the structure theorems is equal to the local order of
U plus two.

For the space S ′(X) the structure theorem is global. The primitive of
a distribution U is defined by 〈U,ϕt〉 for some ϕt ∈ Dp(K). Later on, we
use this construction of the m-th continuous primitive for constructing an
m-times integrated semigroup related to U .

Theorem 2.1.2 Let U ∈ S ′(X). Then there exist m, r > 0 and a contin-
uous function f : R→ X such that

U(ϕ) = f (m)(ϕ)

for all ϕ ∈ S, and |f(t)|=|t|→∞ O(|t|r).
If U = 0 on (−∞, a), then f(t) = 0 for t < a. ✷

For distributions with a point support t0 the structure theorems give
the following representations.

Proposition 2.1.3 Let U be a distribution with a point support t0, then

∃p > 0, U =
∑
k≤p

αkδ
(k)(t− t0). ✷

Here δ(t− t0) = δt0 is the Dirac distribution (delta function) concentrated
at t0.

Now we define a convolution of distributions. Let Z,X, Y be Banach
spaces such that the bilinear mapping (u, v) → uv : Z ×X → Y is defined.
If Z = X = Y = R, then this mapping is the usual multiplication. We
consider the particular case of Z = L(X,Y ) which is relevant to the study
of the Cauchy problem. Let U ∈ D′

0(Z), V ∈ D′
0(X) and c > 0. By
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Theorem 2.1.1 there exist m, p ≥ 0 and continuous functions f : R → Z
and g : R → X vanishing for t < 0 such that

U(ϕ) = f (m)(ϕ), V (ϕ) = g(p)(ϕ).

Then we define
〈(U ∗ V ), ϕ〉 := 〈(f ∗ g)(m+p), ϕ〉 (2.1.3)

for any ϕ with suppϕ ⊂ (−∞, c). This definition does not depend on
m, p, c, f, g. If U ∈ S ′

±(L(X,Y )) and V ∈ S ′
±(X), then U ∗ V ∈ S ′

±(Y ).

Example 2.1.1 Let S ⊂ D′
0(L(X,Y )) and x ∈ X, then

〈S ∗ (δ ⊗ x), ϕ〉 = 〈S, ϕ〉x = 〈δ ⊗ I ∗ S, ϕ〉x, (2.1.4)

〈S ∗ (δ(k) ⊗ x), ϕ〉 = 〈S(k), ϕ〉x = 〈δ(k) ⊗ I ∗ S, ϕ〉x, (2.1.5)

here 〈δ(k) ⊗ x, ϕ〉 := 〈δ(k), ϕ〉x, 〈δ(k) ⊗ I, ϕ〉 := 〈δ(k), ϕ〉I, and I = IX is
the identity operator on X.

It follows from Theorem 2.1.1 that for any ϕ ∈ D there exists a contin-
uous function f such that f(t) = 0 for t < 0, and m ≥ 0 such that

〈S, ϕ〉 = (−1)m
∫ ∞

0

ϕ(m)(t)f(t)dt.

Let

η(t) =
{
t, t ≥ 0
0, t < 0 ,

then η′′ = δ. Suppose suppϕ ∈ (−∞, c). By definition of the convolution
we have

〈S ∗ (δ ⊗ x), ϕ〉 = (−1)m+2

∫ c

0

ϕ(m+2)(t)dt
∫ t

0

(t− s)f(s)ds

= (−1)m
∫ c

0

ϕ(m)(t)f(t)xdt = 〈S, ϕ〉x.

The second equality in (2.1.4) and the equalities (2.1.5) can be proved in
the similar way.

To define the Laplace transform for distributions, one considers the
space S ′

ω(X) of exponential distributions of type ω. A distribution U be-
longs to S ′

ω(X) if e−ωt̂U(t̂) ∈ S ′(X). The Laplace transform of U ∈ S ′
ω(X)

is the function

Û(λ) = LU(t) := 〈U, e−λt̂ 〉 := 〈e−ωt̂U(t̂ ), χ(t̂ )e−(λ−ω)t̂〉, (2.1.6)

where

χ(t) =
{

1, t ≥ 0
0, t ≤ c < 0
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and χ(·) ∈ C∞(R). The following properties of Laplace transforms for
distributions are similar to the properties of classical Laplace transforms.

Proposition 2.1.4 Let U, V ∈ S ′
ω(X), then LU(λ) is an analytic function

for Reλ > ω and

(LU)′(λ) = −L(t̂U), LU ′(λ) = λLU(λ),
L(U ∗ V )(λ) = LU(λ)LV (λ), Reλ > ω. ✷

Now we consider the Cauchy problem in spaces of distributions. It is
not difficult to verify that if u is a classical solution of (CP), then the
corresponding distribution

U(ϕ) := 〈uH,ϕ〉 =
∫ ∞

0

ϕ(t)u(t)dt, ϕ ∈ D,

(here H(·) is the Heaviside function) is a solution for the equation

P ∗ U = δ ⊗ x, (δP)

where
P := δ′ ⊗ I − δ ⊗A ∈ D′

0(L(XA,X)),

〈δ ⊗A,ϕ〉 := 〈δ, ϕ〉A
and

XA :=
{
D(A), ‖x‖A := ‖x‖+ ‖Ax‖

}
.

Indeed, we have∫ ∞

0

ϕ(t)u′(t)dt = −ϕ(0)x−
∫ ∞

0

ϕ′(t)u(t)dt

= −(δ ⊗ x)(ϕ) + U ′(ϕ)

and ∫ ∞

0

ϕ(t)u′(t)dt = A

∫ ∞

0

ϕ(t)u(t)dt = AU(ϕ).

Taking into account Example 2.1.1, we obtain

〈P ∗ U,ϕ〉 = 〈(δ′ ⊗ I) ∗ U,ϕ〉 − 〈(δ ⊗A) ∗ U,ϕ〉
= 〈U ′, ϕ〉 − 〈AU,ϕ〉 = 〈δ ⊗ x, ϕ〉.

Definition 2.1.3 A distribution U ∈ D′
0(XA) is called a solution of the

Cauchy problem (CP) in the sense of distributions if it is a solution of
(δP).

©2001 CRC Press LLC

©2001 CRC Press LLC



Definition 2.1.4 The Cauchy problem (CP) is called well-posed in the
sense of distributions (or (δP) is well-posed) if

(a) for any x ∈ X there exists a unique solution U ∈ D′
0(XA) of (δP);

(b) for any sequence of initial values {xn} ⊂ X such that xn → 0, the
corresponding sequence of solutions {Un} converges to 0 in D′

0(XA).

The Cauchy problem (CP) is called ω-well-posed in the sense of distri-
butions if

(a1) for any x ∈ X there exists a unique solution U ∈ S ′
ω(XA) of (δP);

(b1) for any xn → 0 we have Un → 0 in S ′
ω(XA).

Similarly to the case of a uniformly well-posed Cauchy problem, the solu-
tion of a well-posed problem (δP) can be constructed with the help of a
semigroup, namely a distribution semigroup .

Definition 2.1.5 We say that a distribution Q ∈ D′
0(L(X)) is a distribu-

tion semigroup if

(i) ∀ϕ,ψ ∈ D0, 〈Q,ϕ ∗ ψ〉 = 〈Q,ϕ〉〈Q,ψ〉.

A distribution semigroup is said to be nondegenerate if

(ii) ∀ϕ ∈ D0, Q(ϕ)x = 0 =⇒ x = 0.

A distribution semigroup is said to be regular on

ranQ :=
{
Q(ϕ)x

∣∣∣ ϕ ∈ D0, x ∈ X
}

or simply regular if

(iii) for any y = Q(ϕ)x with ϕ ∈ D0 and x ∈ X, the distribution Qy is a
continuous function u(·) such that u(t) = 0 for t < 0 and u(0) = y.

A distribution semigroup is said to be with dense range if

(iv) ranQ = X.

A distribution semigroup Q is said to be an exponential distribution semi-
group of type ω if Q ∈ S ′

ω(L(X)).

The generator of distribution semigroup is defined by A := Q(−δ′).
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To justify the definition of the generator, for any distribution E with a
compact support in [0,∞), we give the definition of the operator Q(E).
Let E ∈ E ′ and let {δn} ⊂ D0 be any sequence convergent to δ (Dirac
δ-function). Then

D(Q(E)) := (2.1.7){
x ∈ X

∣∣∣ Q(δn)x→ x and ∃y such that Q(E ∗ δn)x→ y
}
,

and Q(E)x := y. It is not difficult to prove that this definition does not
depend on the choice of the sequence δn.

Now we state the properties of distribution semigroups. In Theorem
2.1.4 we use these properties to show that every distribution semigroup
coincides with a solution operator distribution.

Proposition 2.1.5 Let E ∈ E ′
0 and Q be a distribution semigroup with

dense range. Then Q(E) has the following properties

(Q1) ∀ϕ ∈ D0, x ∈ X,
Q(ϕ)x ∈ D(Q(E)) and Q(E)Q(ϕ)x = Q(E ∗ ϕ)x;

(Q2) D(Q(E)) = X;

(Q3) ∀ϕ ∈ D0, x ∈ D(Q(E)),

Q(E)Q(ϕ)x = Q(ϕ)Q(E)x;

(Q4) There exists Q(E), the closure of Q(E), and

∀ϕ ∈ D0, x ∈ X,
Q(E)Q(ϕ)x = Q(E)Q(ϕ)x.

If Q is regular, then

(Q5) ∀ψ ∈ D,
Q(ψ+) = Q(ψ),

where ψ+(·) ∈ E ′
0 is defined by

ψ+(t) =
{
ψ(t), t ≥ 0
0, t < 0 .

Proof (Q1). Taking into account the fact that δn ∗ ϕ ∈ D0 and property
(i), we have

Q(δn)Q(ϕ)x = Q(δn ∗ ϕ)x→ Q(ϕ)x,
Q(E ∗ δn)Q(ϕ)x = Q(E ∗ δn ∗ ϕ)x→ Q(E ∗ ϕ)x, x ∈ X.
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Hence Q(ϕ)x ∈ D(Q(E)) and Q(E)Q(ϕ)x = Q(E ∗ ϕ)x. (Q1) and (iv)
imply (Q2).

(Q3). For x, y from (2.1.7) we have

Q(ϕ)Q(E ∗ δn)x→ Q(ϕ)y = Q(ϕ)Q(E)x,
Q(ϕ)Q(E ∗ δn)x = Q(E ∗ δn ∗ ϕ)x→ Q(E ∗ ϕ)x = Q(E)Q(ϕ)x.

(Q4). It is well-known that a linear operator A has a closure if and only if
∀xn ∈ D(A) : xn → 0,

Axn → y =⇒ y = 0.

Let xn ∈ D(Q(E)) be such that xn → 0 and Q(E)xn → y, then
∀ϕ ∈ D0,

Q(ϕ)Q(E)xn = Q(E ∗ ϕ)xn → Q(ϕ)y.

Since Q(E ∗ ϕ) ∈ L(X,X), we obtain Q(ϕ)y = 0. It follows from (ii) that
y = 0.

(Q5). Let ψ ∈ D, then by (Q4), for ψ+ ∈ E ′
0 we have

Q(ψ+)Q(ϕ)x = Q(ψ+)Q(ϕ)x = Q(ψ+ ∗ ϕ)x
for all ϕ ∈ D0 and x ∈ X. If we show that for any x ∈ X

Q(ψ+)Q(ϕ)x = Q(ψ)Q(ϕ)x, (2.1.8)

then by (Q2) we have (Q5). By the structure theorem, in a general case
there exists m ≥ 0 and a continuous function f(·) ∈ C{R, L(X)

}
such that

f(t) = 0, t < 0 and

Q(ψ)x = (−1)m
∫ ∞

0

f(t)ψ(m)(t)xdt.

for all x ∈ X. Due to the regularity of Q, for any y ∈ ranQ there exists
f ∈ C{R, L(X)

}
such that

Q(ψ)y =
∫ ∞

0

f(t)ψ(t)ydt.

Note that in this case m = 0, and the proof is also valid if m = 1.
Hence for any y = Q(ϕ)x, where x ∈ X, and any sequence {δj} ⊂ D0

such that δj → δ, we have

Q(ψ+)y = lim
j→∞

Q(ψ+ ∗ δj)y

= lim
j→∞

∫ ∞

0

f(t)dt
∫ ∞

0

ψ(τ)δj(t− τ)ydτ

=
∫ ∞

0

f(t)ψ(t)ydt.

Therefore (2.1.8) and (Q5) hold. ✷

©2001 CRC Press LLC

©2001 CRC Press LLC



2.1.2 Well-posedness in the space of distributions

Theorem 2.1.3 Let A be a closed linear operator on a Banach space X.
Then

(W) the Cauchy problem (CP) is well-posed in the sense of distributions

if and only if

(S) there exists a solution operator distribution S ∈ D′
0(L(X,XA)) such

that
P ∗ S = δ ⊗ I, (2.1.9)

S ∗ P = δ ⊗ J, (2.1.10)

where I = IX , J = IXA
. In this case

〈U,ϕ〉 = 〈S, ϕ〉x,
for all ϕ ∈ D and x ∈ X.
Proof (W) =⇒ (S). Consider the distribution S defined by

S(ϕ)x = Sx(ϕ) := U(ϕ)

for all ϕ ∈ D, where U is the unique solution of (δP). Then Sx ∈ D′
0(XA).

The well-posedness of the Cauchy problem implies that for every ϕ ∈ D
‖xn‖ → 0 =⇒ ‖S(ϕ)xn‖A = ‖Un(ϕ)‖A → 0,

therefore S(ϕ) ∈ L(X,XA). We show that S ∈ D′
0(L(X,XA)), i.e.,

∀{ϕn} ⊂ D,
ϕn → 0 =⇒ ‖S(ϕn)‖L(X,XA) → 0.

This implication follows from the estimate
∃ m, C > 0:

‖〈Sx, ϕn〉‖ ≤ C‖ϕn‖m
which holds on the set of all Sx, where x are from a bounded set M , and
for all sequences {ϕn} such that ϕn → 0. This estimate is the analogue
of Proposition 2.1.1 for bounded sets. Here m depends on M and on a
compact set K containing suppϕn.

Now, using the structure theorem, we show (2.1.9). Let ϕ ∈ D− and
suppϕ ⊂ (−∞, a). There exist

g ∈ C{R, L(XA,X)
}
, f ∈ C{R, L(X,XA)

}
, v ∈ C{R, XA

}
,

such that
P = g(p), S = f (m), Sx = v(q)
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on (−∞, a) and

〈P ∗ S, ϕ〉x = 〈g ∗ f (m+p), ϕ〉x

= lim
n→∞(−1)m+p 1

n

∞∑
k=−∞

g

(
k

n

)∫
R

f

(
t− k

n

)
xϕ(m+p)(t) dt

= lim
n→∞(−1)m+p 1

n

∞∑
k=−∞

g

(
k

n

)∫
R

f(t)ϕ(m+p)

(
t+

k

n

)
x dt

= lim
n→∞(−1)p 1

n

∞∑
k=−∞

g

(
k

n

)〈
Sx, ϕ(p)

(
t̂+

k

n

)〉
= (−1)p

∫
R

g(s)〈Sx, ϕ(p)(t̂ + s)〉ds

= (−1)(p+q)

∫
R

g(s)
∫
R

v(t)ϕ(p+q)(t+ s)dtds

= (−1)(p+q)

∫
R

ϕ(p+q)(t)
∫
R

g(s)v(t− s)dsdt

= 〈P ∗ Sx, ϕ〉 = 〈P ∗ U,ϕ〉 = 〈δ ⊗ I, ϕ〉x.

Let us prove (2.1.10). Equality (2.1.9) implies the following equalities

(P ∗ S′)x = (P ∗ S)′x = δ′ ⊗ x, x ∈ X,
(P ∗ S)Ax = δ ⊗Ax, x ∈ D(A).

By definition of P we have

(P ∗ δ ⊗ x) = δ′ ⊗ x− δ ⊗Ax, x ∈ D(A).

Hence
P ∗ (S′x− SAx− δ ⊗ x) = 0

and since the Cauchy problem is well-posed, we have

S′x− SAx = δ ⊗ x, x ∈ D(A).

Therefore,
(S ∗ P ) = S′ − SA = δ ⊗ J.

(S) =⇒ (W). Let S ∈ D′
0(L(X,XA)). For any ϕ ∈ D0 and x ∈ X, we define
U(ϕ) := S(ϕ)x = Sx(ϕ),

then U ∈ D′
0(XA) is a solution of (δP):

〈δ′ ⊗ I ∗ Sx, ϕ〉 − 〈δ ⊗A ∗ Sx, ϕ〉 = 〈δ ⊗ x, ϕ〉.
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The associativity of convolution implies the uniqueness of the solution

U = δ ⊗ J ∗ U = S ∗ P ∗ U = S ∗ (δ ⊗ x) = Sx.

Let ‖xn‖ → 0. Since for any ϕ ∈ D, S(ϕ) ∈ L(X,XA), we have

‖Sxn(ϕ)‖A ≤ ‖S(ϕ)xn‖+ ‖S′(ϕ)xn‖+ ‖ϕ(0)xn‖ → 0.

We show that this convergence is uniform with respect to ϕ from any
bounded set K ⊂ D. Since K is a bounded set in D, it follows that
a) there exists a compact set K such that suppϕ ⊂ K for any ϕ ∈ K;
b) for any i ≥ 0, there exists Ci such that

∀ϕ ∈ K, sup
t∈R

|ϕ(i)(t)| ≤ Ci.

By Theorem 2.1.1 there exist m ≥ 0 and f ∈ C
{
R, L(X,XA)

}
such that

S = f (m) on K, therefore

∀ϕ ∈ K, ‖S(ϕ)‖L(X,XA) =
∥∥∥∥∫
K

f(t)ϕ(m)(t) dt
∥∥∥∥
L(X,XA)

≤ Cm

∥∥∥∥∫
K

f(t) dt
∥∥∥∥
L(X,XA)

= C,

and
‖S(ϕ)xn‖A ≤ C‖xn‖. ✷

Thus we have shown that S is a solution operator distribution for the
Cauchy problem (δP). Now we prove that every solution operator distribu-
tion coincides with a distribution semigroup generated by A.

Theorem 2.1.4 Let A be a closed densely defined linear operator on a
Banach space X. Then

(S) there exists a solution operator distribution S ∈ D′
0(L(X,XA)) satis-

fying (2.1.9) and (2.1.10)

if and only if

(D) A is the generator of a reqular distribution semigroup Q with dense
range.

In this case S = Q.

Proof (D) =⇒ (S). Let Q be a distribution semigroup with the generator
A. For any ψ ∈ D and the corresponding function ψ+ introduced in (Q5)
of Proposition 2.1.5, we have ψ+ ∈ E ′

0 and

δ′ ∗ ψ+ = ψ′
+ + ψ(0)δ.
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Hence, by (Q1) and by the definition of the generator of distribution semi-
group, we write

∀x ∈ X, ϕ ∈ D0,

Q(δ′ ∗ ψ+ ∗ ϕ)x = Q(ψ′
+ ∗ ϕ)x+ ψ(0)Q(ϕ)x = Q(δ′)Q(ψ+ ∗ ϕ)x

= −AQ(ψ+ ∗ ϕ)x = −AQ(ψ+)Q(ϕ)x
= Q(ψ+)Q(δ′ ∗ ϕ)x = Q(ψ+)(−A)Q(ϕ)x.

From (Q5) we have

−AQ(ψ)Q(ϕ)x = Q(ψ′)Q(ϕ)x+ ψ(0)Q(ϕ)x
= −Q(ψ)AQ(ϕ)x, (2.1.11)

or for y = Q(ϕ)x
−AQ(ψ)y −Q(ψ′)y = ψ(0)y, (2.1.12)

−Q(ψ)Ay −Q(ψ′)y = ψ(0)y. (2.1.13)

Since the range of a distribution semigroup is dense in X and the operator
A is closed, we have Q(ψ)y ∈ D(A), and (2.1.12) holds for every y ∈ X.
Let ‖yn‖ → 0 in (2.1.12), then

‖AQ(ψ)yn‖ → 0 =⇒ Q(ψ) ∈ L(X,XA).

If ψn → 0 (ψn ∈ D) in (2.1.12), then ‖Q(ψ′
n)‖ → 0 and ‖AQ(ψn)‖ → 0.

Hence, since Q ∈ D′
0(L(X,X)), we have Q ∈ D′

0(L(X,XA)).
To complete the proof it remains to show (2.1.13) for y ∈ D(A). Let

x ∈ D(Q(−δ′)) and ϕn → δ in (2.1.11), then Q(ϕn)x→ x, Q(δ′ ∗ ϕn)x→
−Ax, and we have

−Q(ψ)Ax = Q(ψ′)x+ ψ(0)x, x ∈ D(Q(−δ′)) (2.1.14)

Since
∀x ∈ D(A), ∃xn ∈ D(Q(−δ′)) :

xn → x and Axn → Ax,

(2.1.14) holds for x ∈ D(A). Thus, (2.1.9), (2.1.10) are valid for S = Q, i.e.
the implication (D) =⇒ (S) is proved.

(S) =⇒ (D). Let Q ∈ D′
0(L(X,XA)) be a solution of (2.1.9), (2.1.10).

For any F ∈ D′
+(X), U = Q ∗ F is a solution of the equation

P ∗ U = F. (2.1.15)

It follows from (2.1.10) that the solution is unique. Hence the
well-posedness of (2.1.15) is equivalent to the well-posedness of (δP).
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Now, using the fact that (2.1.15) has a unique solution, we prove prop-
erties (i) – (iv) for Q.
(i). Let ϕ,ψ ∈ D0. Define

ψ1(t) := ψ(−t), ϕ1(t) := ϕ(−t), t ≥ 0,

and let u(t̂) be a solution of (2.1.15) with F = ϕ1 ⊗ x:

u′ −Au = ϕ1 ⊗ x. (2.1.16)

Then u(·) = (Q ∗ ϕ1)x is an infinitely differentiable function with values in
D(A). Let w(t̂ ), v(t̂ ) be solutions of (2.1.15) with F = (ψ1 ∗ ϕ1) ⊗ x and
F = ψ1⊗u(0), respectively. Then w(t), v(t) are also infinitely differentiable
in t. These functions have the following initial values

u(0) = Q(ϕ)x, w(0) = Q(ϕ ∗ ψ)x,

v(0) = Q(ψ)u(0) = Q(ψ)Q(ϕ)x.

To prove (i) one needs to show v(0) = w(0). From (2.1.16) we have

−A(u ∗ ϕ1) + (u ∗ ϕ1)′ = (ϕ1 ∗ ψ1)⊗ x,

hence w(t) = u ∗ ϕ1 and w(0) = u(ψ).
Let H(·) be the Heaviside function, then H(t)u(t) ∈ D′

0(XA). Since A
does not depend on t, we have

−A(Hu) + (Hu)′ = H(t)(−Au+ u′) + δ ⊗ u(0).

Since
∀ϕ ∈ D0, H(t)(−Au+ u′) = (Hϕ1)⊗ x = 0,

we obtain
−A(Hu) + (Hu)′ = δ ⊗ u(0) (2.1.17)

and
−A((Hu) ∗ ψ1) + ((Hu) ∗ ψ1)′ = ψ1 ⊗ u(0).

Therefore,

u = (Hu) ∗ ψ1, v(0) =
∫ ∞

0

u(t)ψ(t) dt,

and
∀ψ ∈ D0, v(0) = u(ψ) = w(0).

Thus
∀ϕ,ψ ∈ D0, Q(ϕ ∗ ψ) = Q(ϕ)Q(ψ).
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(iii). Let Z be a solution of (2.1.15) with F = δ⊗y, where y = Q(ϕ)x, ϕ ∈
D0 and x ∈ X. Since u(0) = y, by (2.1.17) we have

Z(t) = Qy = H(t)u(t),

and Qy is a continuous function on (0,∞).

(ii). Let x be such that

∀ϕ ∈ D0, Q(ϕ)x = 0. (2.1.18)

We show that x = 0. Since Q ∈ D′
0(L(X,XA)), we have Qx = 0 on

(−∞, 0). Furthermore, (2.1.18) implies that Qx = 0 on (0,∞). Hence, by
Proposition 2.1.3

Qx =
k∑

i=1

δ(i)xi, xi ∈ XA.

Since U = Qx is a solution of the equation −AU + U ′ = δ ⊗ x, we have

δ(k+1) ⊗ xk + δ(k) ⊗ (xk−1 −Axk) + . . .

+ δ′ ⊗ (x1 −Ax2) + δ ⊗ (−x−Ax1) = 0,

and xk = . . . = x1 = x = 0.
(iv). Let X∗ and X∗

A be the dual spaces of X and XA. Define Q∗(ϕ) :=
(Q(ϕ))∗, then

Q∗(ϕ) ∈ L(X∗
A,X

∗), Q∗ ∈ D′
0(L(X∗

A,X
∗)), A∗ ∈ L(X∗,X∗

A).

Since (2.1.12), (2.1.13) hold for Q, we have

Q∗
(
d

dt
−A∗

)
= δ ⊗ IX∗

and (
d

dt
−A∗

)
Q∗ = δ ⊗ IX∗

A
.

Therefore Q∗ ∈ D′
0(L(X∗,X∗)) is a distribution semigroup which is non-

degenerate, as Q is nondegenerate. Hence if z∗ ∈ X∗
A is such that

∀ϕ ∈ D0, x ∈ X, 〈Q(ϕ)x, z∗〉 = 〈x,Q∗(ϕ)z∗〉 = 0,

then
Q∗(ϕ)z∗ = 0 =⇒ z∗ = 0 =⇒ {Q(ϕ)x} = X.

To complete the proof we show that if A1 is a generator of Q then A1 = A.
From the well-posedness of (2.1.15) we have that the mapping F → Q ∗ F
is an isomorphism from D′

0(X) to D′
0(XA). Since A1 is a generator of Q,
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the mapping F → Q∗F is an isomorphism from D′
0(X) to D′

0(XA1). Hence
D(A) = D(A1).

Since
−AQx+Q′x = δ ⊗ Ix = −A1Qx+Q′x,

we have
AQ(ϕ)x = A1Q(ϕ)x

for all ϕ ∈ D0 and x ∈ X. Taking into account that {Q(ϕ)x} = X, we
conclude A = A1. ✷

Theorem 2.1.5 Let A be a closed linear operator on a Banach space X.
Then

(S) there exists a solution operator distribution S ∈ D′
0(L(X,XA)) satis-

fying (2.1.9) and (2.1.10)

if and only if

(R) there exist M > 0 and n ∈ {0} ∪ N such that

‖RA(λ)‖ ≤ M |λ|n
log(1 + |λ|)

for all λ from

Λ =
{
λ ∈ C

∣∣∣ Reλ > n

τ
log(1 + |λ|) + 1

τ
log

C

γ

}
,

where
τ ∈ (0, T ), C > 0, 0 < γ < 1.

Proof (R) =⇒ (S). For any m ≥ 2n+ 2 we define the function

Tm(t) := − 1
2πi

∫
∂Λ

λ−meλtRA(λ) dλ,

where ∂Λ is the boundary of Λ. On ∂Λ the function under the integral
sign grows not faster than |λ|nt

τ +n−m/ log |λ|. Hence, this integral defines
a continuous function on (−∞, τm) with values in L(X,XA), where τm =
τ
n (m− n− 1). In this case, by the abstract Cauchy theorem Tm(t) = 0 for
t ≤ 0.

We now define S := T
(m)
m on (−∞, τm). Since for any ϕ ∈ D, suppϕ ⊂

(−∞, τm), and

∀m′ > m, 〈T (m′−m)
m′ (t), ϕ〉 = 〈Tm(t), ϕ〉
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for all t ∈ (−∞, τm), we have∫
R

ϕ(m)Tm(t) dt =
∫
R

ϕ(m′)Tm′(t) dt,

and thus S is well-defined.
Let us show that S is a solution of (2.1.10). Let x ∈ X. For any ϕ ∈ D

with suppϕ ∈ (−∞, a) we can choose τm = a, then

〈S ∗ P,ϕ〉x = S′(ϕ)x− S(ϕ)Ax

=
(−1)m+1

2πi

∫ a

0

ϕ(m+1)(t)
∫
∂Λ

λ−meλtRA(λ)x dλ dt

− (−1)m+1

2πi

∫ a

0

ϕ(m)(t)
∫
∂Λ

λ−meλtRA(λ)Axdλ dt

=
(−1)m+1

2πi

∫ a

0

ϕ(m)(t)
∫
∂Λ

λ−meλtx dλ dt.

By the residue theorem, for any t ∈ [0, τm] we obtain

− 1
2πi

∫
∂Λ

λ−meλt dλ =
tm−1

(m− 1)!
.

This yields that

〈S ∗ P,ϕ〉x = (−1)m
∫ a

0

ϕ(m)(t)
tm−1

(m− 1)!
dt x

= ϕ(0)x = 〈δ ⊗ x, ϕ〉.

In the same way, one can show that S is a solution of (2.1.9).

(S) =⇒ (R). Let S ∈ D′
0(L(X,XA)) be a solution of (2.1.9), (2.1.10). By

Propositions 2.1.1, 2.1.2 we have

∀T > 0, ε > 0, ∃ p ∈ Z+, C > 0 : ∀ϕ ∈ D, suppϕ ∈ [−1− ε, T + ε],

‖S(ϕ)‖ ≤ C‖ϕ‖p,
and S can be extended to Dp[−1, T ]. We denote the extension by the same
symbol. Using this extension we can construct a continuous primitive of
order p+ 2 for S. Let t ∈ [0, T ], and consider the function

ψt,p(s) = χ(s)ηp(t− s) ∈ Dp[−1, T ],
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where χ(·) ∈ C∞(R) is defined by

χ(s) =
{

0, s ≤ −1
1, s ≥ 0 (2.1.19)

and

ηp(t) =

{
tp+1

(p+1)! , t ≥ 0
0, t < 0

.

Define
V (t) := 〈S, ψt,p〉. (2.1.20)

We now show that {V (t), 0 ≤ t < T} is a local (p + 2)-times integrated
semigroup.

By Proposition 2.1.2 there is {ϕn} ∈ D such that

suppϕn ∈ [−1− ε, T + ε]

for all n ∈ N, and
‖ϕn − ψt,p+1‖p+1 → 0

for all t ∈ [0, T ]. Hence

‖ϕn − ψt,p+1‖p → 0 and ‖ϕ′
n − ψ′

t,p+1‖p → 0.

Consider (2.1.9), (2.1.10) with ϕ = ϕn. Let n→ ∞, then

−〈S, ψ′
t,p+1〉x−A〈S, ψt,p+1〉x = ψt,p+1(0)x

for all x ∈ X and 0 ≤ t ≤ T . Furthermore

−〈S, ψ′
t,p+1〉x− 〈S, ψt,p+1〉Ax = ψt,p+1(0)x, (2.1.21)

for all x ∈ D(A). Since

ψ′
t,p+1(s) = χ′(s)

(t− s)p+2

(p+ 2)!
+ χ(s)ηp(t− s)

+χ′(s)
(t− s)p+2

(p+ 2)!
+ ψ′

t,p(s)

and

suppχ′(s)
(t− s)p+2

(p+ 2)!
∈ [−1, 0],

for defined by (2.1.20) V (t) we have

∀t ∈ [0, T ], V (t) = −〈S, ψ′
t,p+1〉 = 〈S, ψt,p〉, (2.1.22)
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and V (t) ∈ L(X). Since the mapping t → ψt,p : [0, T ] → Dp[−1, T ] is
continuous, the function V (·) is continuous in t ∈ [0, T ]. Since suppψ0,p ⊂
[−1, 0] and suppS ⊂ [0,∞) it follows that V (0) = 0. Furthermore,

∀t ∈ (0, T ), k = 1, 2, . . . , p+ 1,

ψt+h,k(s)− ψt,k(s)
h

→ ψt,k−1(s) (2.1.23)

uniformly with respect to s ∈ [−1, T ]. Hence we have the convergence in
Dp[−1, T ]. Therefore

d

dt
S(ψt,p+1) = lim

h→0

S(ψt+h,p+1)− S(ψt,p+1)
h

= lim
h→0

S

(
ψt+h,p+1 − ψt,p+1

h

)
= S(ψt,p).

Since S(ψ0,p+1) = 0, we have

S(ψt,p+1) =
∫ t

0

V (s) ds. (2.1.24)

From (2.1.21) – (2.1.24) we obtain

V (t)x =
tp+2

(p+ 2)!
x+

∫ t

0

V (s)Axds, t ∈ [0, T ), x ∈ D(A), (2.1.25)

V (t)x =
tp+2

(p+ 2)!
x+A

∫ t

0

V (s)x ds, t ∈ [0, T ), x ∈ X. (2.1.26)

As it was proved in Theorem 1.2.5 for A satisfying (2.1.25) – (2.1.26), there
exists the resolvent of A and (R) holds for RA(λ) with n = p+ 2, where p
is the local order of S.

Remark 2.1.1 It follows from the obtained Theorems 2.1.3–2.1.5 and
Propositions 1.2.3, 1.2.4, that for a closed linear operator A condition
(W) and polynomial estimates (R) with some n are equivalent to k-well-
posedness of (CP), with some k.

2.1.3 Well-posedness in the space of
exponential distributions

Now we consider (CP) in the space of exponential distributions
S ′
ω(L(X,XA)). We show that the MFPHY-type condition:

∃M > 0, ω ∈ R :∥∥∥∥ dkdλk
[
(λI −A)−1

λn

]∥∥∥∥ = M k!
(Reλ− ω)k+1

(2.1.27)
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for all λ ∈ C with Reλ > ω and all k = 0, 1, . . . ,

is necessary and sufficient for the ω-well-posedness of (δP) with a closed
densely defined operator A. Hence, by Theorem 1.2.1, (δP) with such A is
ω-well-posed if and only if A is the generator of an exponentially bounded n-
times integrated semigroup with the same n as in (2.1.27). In the following
theorem we give the constructive proof of these connections.

Theorem 2.1.6 Let A be a linear closed densely defined operator on a
Banach space X. Then the following statements are equivalent:

(Wexp) the Cauchy problem (CP) is ω-well-posed in the sence of distribu-
tions;

(Sexp) there exists a solution operator distribution S ∈ S ′
ω(L(X,XA)) such

that
P ∗ S = δ ⊗ I, S ∗ P = δ ⊗ J, (2.1.28)

In this case
〈U,ϕ〉 = 〈S, ϕ〉x

for all ϕ ∈ D and x ∈ X;

(Dexp) A is the generator of an exponentially bounded distribution semi-
group Q with dense range. In this case S = Q;

(Iexp) A is the generator of an exponentially bounded n-times integrated
semigroup {V (t), t ≥ 0} for some n;

(Rexp) the MFPHY-type condition (2.1.27) holds.

Proof Implications (Wexp) ⇐⇒ (Sexp) ⇐⇒ (Dexp) follow from the corre-
sponding implications in Theorems 2.1.3 – 2.1.4. If a solution S of (2.1.28)
belongs to S ′

ω(L(X,XA)), then we have that Q = S ∈ S ′
ω(L(X,XA)) and

U = Qx ∈ S ′
ω(XA). The converse is also valid.

(Iexp) =⇒ (Sexp). Let n ∈ N and A be the generator of an exponentially
bounded n-times integrated semigroup V . Since V (t) is defined for all t ≥ 0,
S ∈ S ′

ω(L(X,XA)) can be defined as S = V (n). Let

S(ϕ) := (−1)n
∫ ∞

0

ϕ(n)(t)V (t) dt, ϕ ∈ D.

Taking into account the following equality for an n-times integrated semi-
group:

V ′(t)x =
tn−1

(n− 1)!
x+AV (t)x, t ≥ 0, x ∈ D(A),
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we have

(−1)n+1

∫ ∞

0

ϕ(n+1)(t)V (t)xdt

= (−1)n
∫ ∞

0

ϕ(n)(t)
tn−1

(n− 1)!
xdt+ (−1)nA

∫ ∞

0

ϕ(n)(t)V (t)xdt

for any ϕ ∈ D and x ∈ D(A). Since A is closed and all other operators
in this equality are bounded, it is valid for all x ∈ X. Integrating the first
term in the right-hand side by parts, we obtain

AS(ϕ)x = S′(ϕ)x− ϕ(0)x, x ∈ X. (2.1.29)

Hence S is a solution of the first equation in (2.1.28). Using the commuta-
tivity of V (t) and A on D(A), we obtain the second one. From (2.1.29) we
have

‖S(ϕ)x‖A ≤ ‖S(ϕ)x‖+ ‖Q′(ϕ)x‖+ |ϕ(0)| ‖x‖.
Therefore S(ϕ) ∈ L(X,XA) for any ϕ, and S ∈ D′

0(L(X,XA)). Moreover,
exponential boundness of V implies

∃ω ∈ R : e−ωtS ∈ S ′(L(X,XA)),

hence S ∈ S ′
ω(L(X,XA)).

(Sexp) =⇒ (Rexp) =⇒ (Iexp). Let S ∈ S ′
ω(L(X,XA)) be a (unique)

solution of (2.1.29). Applying the Laplace transform to (2.1.29), we have

(λI −A)LS(λ) = I

and
LS(λ)(λI −A) = J

for all λ ∈ C with Reλ > ω. From these equalities we have that the half-
plane Reλ > ω belongs to the resolvent set of operator A, and (λI−A)−1 =
LS(λ). Since e−ωtS ∈ S ′(X), by the analogue of Proposition 2.1.1 for
exponentially bounded distributions, we have

∃ p ≥ 0, C > 0 : ∀ψ ∈ S, ‖(e−ωtS)(ψ)‖ ≤ C‖ψ‖p,p, (2.1.30)

where
‖ψ‖j,k := sup

0≤i≤k
sup
t
(1 + |t|)j |ψ(i)(t)|.

Using the density of S in the space Sp(R) of p-times continuously dif-
ferentiable functions with the norm ‖ · ‖j,k and the estimate (2.1.30),
we can extend S to Sp(R). Let ηp and χ be defined by (2.1.19), then
χ(s)ηp(t− s) ∈ Sp(R). Introduce the function

V (t) = S
(
χ(s)ηp(t− s)

)
:= (e−ωsS)

(
eωsχ(s)ηp(t− s)

)
. (2.1.31)
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It is not difficult to verify that the mapping t �→ eωsχ(s)ηp(t − s) from R

to Sp(R) is continuous, hence V (·) is a continuous function with values in
L(X,XA). Since suppS ⊆ [0,+∞) and supp (eωsχ(s)ηp(t − s)) ⊆ [−1, t],
we obtain that V (t) = 0 for t ≤ 0. Moreover, (2.1.30) implies the following
estimate

‖V (t)‖ = ‖(e−ωsS)
(
eωsχ(s)ηp(t− s)

)‖
≤ C‖eωsχ(s)ηp(t− s)‖p,p ≤Meωt(1 + |t|)p+1

≤ Meω
′t

for ω′ > ω and t ≥ 0.
Let us show that S is n-th derivative of V for n = p+2. For any ϕ ∈ D

we have

〈V p+2, ϕ〉 = (−1)p+2

∫ ∞

0

ϕ(p+2)(t)V (t)dt

= (−1)p+2

∫ ∞

0

ϕ(p+2)(t)〈S(ŝ), χ(ŝ)ηp(t− ŝ)〉dt

= 〈S(ŝ), χ(ŝ)(−1)p+2

∫ ∞

0

ϕ(p+2)(t)ηp(t− ŝ)dt〉
= 〈S, χ(ŝ)ϕ(ŝ)〉 = 〈S, ϕ〉.

Using properties of the Laplace transform we have

(λI −A)−1 = λp+2

∫ ∞

0

e−λtV (t)dt, Reλ > ω′.

Hence, for n = p+ 2 and all k = 0, 1, . . ., we obtain∥∥∥∥ dkdλk
[
(λI −A)−1

λn

]∥∥∥∥ =
∥∥∥∥ dkdλkLV (λ)

∥∥∥∥ = ‖L(tkV )(λ)‖

≤
∫ ∞

0

e−tReλ tk‖V (t)‖dt

≤ M

∫ ∞

0

tke−(Reλ−ω′)tdt

=
M k!

(Reλ− ω′)k+1
, Reλ > ω′.

By Theorem 1.2.1, these estimates are the necessary and sufficient con-
dition for a closed densely defined operator A to be the generator of an
exponentially bounded n-times integrated semigroup V . ✷
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2.2 The degenerate Cauchy problem

Let X,Y be Banach spaces. In this section we consider the degenerate
Cauchy problem

Bu′(t) = Au(t), t ≥ 0, u(0) = x, (DP)

with linear operators B,A : X → Y such that A is closed and B is bounded
with kerB �= {0}. Suppose

ρB(A) := (2.2.1){
λ ∈ C

∣∣∣ (λB −A)−1B =: R(λ) is bounded in X
}
�= ∅,

Recall that the problem (DP) is equivalent to the Cauchy problem for the
inclusion

u′(t) ∈ Au(t), t ≥ 0, u(0) = x, (IP)

with A = B−1A.
We prove the necessary and sufficient conditions for the well-posedness

of (DP) and (IP) in spaces of distributions, generalizing the conditions ob-
tained in Section 2.1. Naturally, the semigroups connected with these prob-
lems are degenerate on X. The important fact is that an n-times integrated
semigroup with the generator A is degenerate on kerB = kerR(λ) = A0,
but the corresponding solution operator distribution and distribution semi-
group are degenerate on kerRn+1 := kerRn+1(λ) = An+10. We assume
that X admits the decomposition

X = Xn+1 ⊕ kerRn+1, (2.2.2)

where
Xn+1 := Dn+1, Dn+1 := Rn+1(λ)X,

which generalizes the decompositionX = X1⊕A0 and the density condition
for a generator of a C0-semigroup.

In the first subsection we describe the structure of kerRn+1. It is used
in the main theorem (second subsection) where we discuss the structure
of solution operator distributions and distribution semigroups on kerRn+1.
We prove that (DP) is well-posed in the space of distributions if and only
if Â (the part of operator A in Xn+1) is the generator of a distribution
semigroup, or equivalently, Â is the generator of a local k-times integrated
semigroup for some k. In the third subsection, we consider (DP) in the space
of exponential distributions. The distinctive feature of the exponential case
is that the parameter k of the integrated semigroup coincides with the
parameter in the estimate for the resolvent of the generator and with the
parameter n in the decomposition (2.2.2).
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2.2.1 A-associated vectors and degenerate
distribution semigroups

Definition 2.2.1 The sets

Ki =
{
x ∈ X

∣∣∣ ∃y ∈ Ki−1 : Ay = Bx, y �= 0}, i ≥ 1,

K0 = kerB,

are called the sets of i-th A-associated with kerB vectors.

From this definition we have that for any ϕi ∈ Ki there exists a sequence
of A-associated vectors {ϕ0, ϕ1, ... ϕi−1} such that ϕk ∈ Kk and Aϕk =
Bϕk+1 for k = 0, 1, . . . , i− 1. This sequence is unique up to kerA.

Proposition 2.2.1 Consider linear operators B,A : X → Y with
ρB(A) �= ∅. Then
(I) kerB ∩ kerA = {0}; Ki ∩ kerA = ∅, i ≥ 1; Ki ∩Kj = ∅, j �= i;

(II) Ki ∪ {0} is a closed linear manifold in X for all i ≥ 0;

(III) let Λ ⊂ C be a region containing some sequence convergent to infinity.
If there exists M > 0 such that

‖R(λ)‖ ≤ M |λn|
|f(λ)|

for all λ ∈ Λ and some f such that |f(λ)| −→λ→∞ ∞, then

∀x ∈ Dn+1, lim
λ→∞

λ(λB −A)−1Bx = x,

Dn+1 ∩ kerB = {0}, and Kn+1 = ∅;

(IV) any x ∈ kerRn+1 can be represented in the form

x = x1 + x2 + . . .+ xn, where xi ∈ Ki.

If kerB is complemented in kerRn+1, then the decomposition

kerRn+1 = kerB ⊕K1 ⊕ ... ⊕Kn,

holds, where Ki
∼= (Ki ∪ {0})/ kerB and Ki ⊂ X.

Proof (I). Condition (2.2.1) implies that kerA ∩ kerB = {0}. For ϕi and
for λ ∈ ρB(A) the following relations hold

(λB −A)−1Bϕi = −ϕi−1 − λϕi−2 − ... − λi−1ϕ0,
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[
(λB −A)−1B

]j
ϕi = (2.2.3)

(−1)j [C0
j−1ϕi−j + C1

j λϕi−j−1 + . . .+ Ci−j
i λi−jϕ0

]
,

j = 1, . . . , i.

In particular, [
(λB −A)−1B

]i
ϕi = (−1)iϕ0,

for any ϕi ∈ Ki, ϕ0 ∈ kerB. To prove these relations we write

(λB −A)−1Bϕi = (λB −A)−1(A± λB)ϕi−1 (2.2.4)
= −ϕi−1 + λ(λB −A)−1Bϕi−1

= −ϕi−1 − λϕi−2 − . . . − λi−1ϕ0.

Let ϕi ∈ Ki ∩ kerA, then from (2.2.3) we have

Aϕ0 = A(−1)i[(λB −A)−1B
]i
ϕi

= B(−1)i[(λB −A)−1B
]i−1(λB −A)−1Aϕi = 0.

Since kerA ∩ kerB = {0}, we have ϕ0 = 0. Therefore

Ki ∩ kerA = ∅ for any i ≥ 1.

Let j = 0. Take ϕi ∈ Ki and ϕi−1 ∈ Ki−1 such that Aϕi−1 = Bϕi. Since
Ki ∩ kerA = ∅, then Aϕi−1 �= 0. Hence, ϕi �∈ kerB, and K0 ∩Ki = ∅.

Now let j > 0 and i > j. Consider any x ∈ Kj ∩ Ki. We have[
(λB − A)−1B

]i
x �= 0 since x ∈ Ki, and

[
(λB − A)−1B

]i
x = 0 since

x ∈ Kj . Hence, Kj ∩Ki = ∅.
(II). For any i ≥ 1, Ki ∪ {0} are obviously linear manifolds. We now

show that they are closed. Let {ϕki } be a sequence from Ki convergent to
fi, then [

(λB −A)−1B
]j
ϕki → [

(λB −A)−1B
]j
fi

for all j = 1, . . . , i and λ ∈ ρB(A). In particular,

ϕk0 = (−1)i[(λB −A)−1B
]i
ϕi

is convergent. Furthermore, (2.2.3) implies that all ϕkj , j = 1, . . . , i, are
convergent. Denote their limits by fj . Considering (2.2.4) for ϕk0 , ϕ

k
1 , ... ϕ

k
i

and letting k → ∞, we obtain

(λB −A)−1Bfi = (λB −A)−1(A± λB)fi−1,

i.e. Bfi = Afi−1. Similarly, Bfj = Afj−1 for any j = 1, 2, . . . , i− 1. Hence
fi ∈ Ki.
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(III). Let x ∈ Dn+1, then there exists y ∈ X such that

x =
[
(λ0B −A)−1B

]n+1
y

for some λ0 ∈ ρB(A), and

‖λ(λB −A)−1Bx− x‖
= ‖λ(λB −A)−1B

[
(λ0B −A)−1B

]n+1
y − [(λ0B −A)−1B

]n+1
y‖

= ‖λ(λ0 − λ)−1(λB −A)−1B
[
(λ0B −A)−1B

]n
x

−λ0(λ0 − λ)−1
[
(λ0B −A)−1B

]n+1
y‖

= ‖λ(λ0 − λ)−(n+1)(λB −A)−1By − . . .

−λ0(λ0 − λ)−1
[
(λ0B −A)−1B

]n+1
y‖ −→

λ→∞
0.

Hence, if x ∈ Xn+1 = Dn+1 ∩ kerB, then x = 0.
Consider x ∈ Kn+1. Let x0 ∈ kerB be the first vector in the sequence

of A-associated vectors {x0, x1, xn−1, x}, then ‖x0‖ = ‖R(λ0)nR(λ)x‖. Ap-
plying the resolvent identity, we obtain that x0 = 0, therefore Kn+1 = ∅.

(IV). Let x ∈ kerRn+1, then we have
[
(λB − A)−1B

]n+1
x = 0 and

either

∀j = 1, 2, . . . n,
[
(λB −A)−1B

]j
x = 0 ⇐⇒ x ∈ kerB

or

∃ 1 ≤ j ≤ n,
[
(λB −A)−1B

]j+1
x = 0 and

[
(λB −A)−1B

]j
x �= 0.

If j = 1, we have y = (λB − A)−1Bx ∈ kerB. Hence Bx = −Ay and
x ∈ K1. If j = 2, then

y = (λB −A)−1B(λB −A)−1Bx ∈ kerB
=⇒ y1 = (λB −A)−1Bx ∈ K1,

and −x + λy1 ∈ K2, and so on. Thus, for any x ∈ kerRn+1 we have
x = x1 + x2 + . . . + xn, where xi ∈ Ki, 1 ≤ i ≤ n. If kerB complemented
in kerRn+1 (i.e., if there exists Y such that kerRn+1 = Y ⊕ kerB), then

x = x̃0 + x̃1 + x̃2 + . . .+ x̃n, x̃i ∈ Ki, 0 ≤ i ≤ n.

We now prove by contradiction that this representation is unique. Suppose
that it is not unique, then we have 0 = z1+z2+ . . .+zn, where zi ∈ Ki, and
there exists zj �= 0 such that zi = 0 for all i > j. Applying

[
(λ0B−A)−1B

]j
to this equality, we have for x0 that the vector from kerB for which zj is
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the j-th A-associated vector, is equal to 0. Hence the decomposition in (iv)
holds true. ✷

Corollary 2.2.1 If the decomposition (2.2.2) holds, and kerB is comple-
mentable in kerRn+1, then we have the decomposition

X = Xn+1 ⊕ kerB ⊕K1 ⊕ ... ⊕Kn =: X ⊕ kerB, (2.2.5)

and Kn+1 = ∅.
Taking into account the discussions in the previous section we can give

the following definition of a solution for (DP) in spaces of distributions.

Definition 2.2.2 An abstract distribution U ∈ D′
0(XA,B) is a solution of

(DP) in the sense of distributions if

∀ϕ ∈ D, (2.2.6)
B〈U,ϕ′〉+A〈U,ϕ〉 = −〈δ, ϕ〉Bx, x ∈ X,

or equivalently
P ∗ U = δ ⊗Bx, x ∈ X, (δDP)

where

P := δ′ ⊗B − δ ⊗A,

〈δ′ ⊗B,ϕ〉 := 〈δ′, ϕ〉B,
〈δ ⊗A,ϕ〉 := 〈δ, ϕ〉A

and
XA,B =

{
x ∈ D1 , ‖x‖R = inf

y:R(λ)y=x
‖y‖
}
.

A solution U is called degenerate on Z ⊂ X, if for U corresponding to
x ∈ Z we have U(ϕ) = 0 for any ϕ ∈ D0.

For the degenerate Cauchy problem, the set

D1 := R(λ)X

=
{
x ∈ D(A)

∣∣∣ there exists y such that By = Ax
}

is the generalization of D(A) in the nondegenerate case.
It follows from Definition 2.2.2 that U ∈ D′

0(XA,B) is a solution of
(δDP) if and only if U ∈ D′

0(XA) is a solution of

P ∗ U ∈ δ ⊗ x, x ∈ X, (δIP)

where P := δ′ ⊗ I − δ ⊗A, A = B−1A, and

XA :=
{
D(A), ‖x‖A = ‖x‖+ ‖Ax‖

}
.
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Here ‖Ax‖ is the factor-norm on X/A0.
If kerB is complemented in X:

X = X ⊕ kerB = X ⊕A0,

then there exists Ã, the single-valued branch of A (i.e., Ã is the single-
valued operator with D(Ã) = D(A)) and XA,B is homeomorphic to the
space

XÃ := [D(Ã)] =
{
D(Ã), ‖x‖Ã = ‖x‖+ ‖Ãx‖

}
.

If, moreover, the decomposition (2.2.2) holds, then Â , the part of A in
Xn+1, is the part of Ã in Xn+1.

Definition 2.2.3 The problem (DP) is called well-posed in the sense of
distributions (or (δDP) well-posed) if for any x ∈ X there exists a unique
solution of (δDP), and Uj → 0 for any sequence xj → 0. If U ∈ S ′

ω(XÂ),
then (δDP) is called w-well-posed.

If A = B−1A, then (δIP) is well-posed if and only if (δDP) is well-posed.
In this case U ∈ D′

0(XA).
As in the nondegenerate case, the solution of well-posed (δDP) can be

constructed with the help of a semigroup of solution operators. In this case
it is a distribution semigroup (see Definition 2.1.5), which is degenerate on
kerRn+1.

Here we say that a distribution semigroup Q is degenerate on

Z = kerQ :=
{
x ∈ X

∣∣∣ ∀ϕ ∈ D0, Q(ϕ)x = 0
}
,

if Z contains at least one non-zero element, and we say that Q is nonde-
generate if kerQ = {0}.

For any E ∈ E ′
0 we define an operator Q(E). Let E ∈ E ′

0 and let
{δn} ⊂ D0 be any sequence covergent to δ. Then for any x from

D(Q(E)) := (2.2.7){
x
∣∣∣ Q(δn)x→ x and ∃y such that Q(E ∗ δn)x→ y

}
,

we have Q(E)x := y.
Now we state the properties of degenerate distribution semigroups. In

the main theorem we use these properties to show that the distribution
semigroup connected with the well-posed (δDP) is regular on Xn+1 and
degenerate on kerRn+1.

Proposition 2.2.2 Let Q be a distribution semigroup degenerate on Z and
let E ∈ E ′

0. Then Q(E) has the following properties
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(Q1) ∀ϕ ∈ D0, x ∈ X,
Q(ϕ)x ∈ D(Q(E)) and Q(E)Q(ϕ)x = Q(E ∗ ϕ)x;

(Q2) D(Q(E)) ∩ Z = {0};
(Q3) ∀ ϕ ∈ D0, x ∈ D(Q(E)),

Q(E)Q(ϕ)x = Q(ϕ)Q(E)x;

(Q4) if X = X ⊕ Z and ranQ ⊂ X , then there exists a closure of Q(E)
and

∀ϕ ∈ D0, x ∈ X,
Q(E)Q(ϕ)x = Q(E)Q(ϕ)x;

(Q5) if Q is regular and ranQ ⊂ X , then for any x ∈ ranQ and ψ ∈ D,
we have

Q(ψ+)x = Q(ψ)x,

where ψ+(·) ∈ E ′
0 is defined by

ψ+(t) =
{
ψ(t), t ≥ 0
0, t < 0 .

Proof In addition to the proof of the Proposition 2.1.3 for the nondegen-
erate case, we need to show only (Q2), (Q4).

(Q2). Consider x ∈ Z and a sequence {δj} from (2.2.7), then Q(δj)x =
0. Hence, for any E ∈ E ′

0 we have x �∈ D(Q(E)), i.e.

D(Q(E)) ∩ Z = {0}.
(Q4). A linear operator A has a closure if and only if
∀{xj} ⊂ D(A) such that xj → 0, we have

Axj → y =⇒ y = 0.

Consider {xj} ⊂ D(Q(E)) such that xj → 0 and Q(E)xj → y, then
y ∈ ranQ ⊂ X . By (Q1) we have

∀ϕ ∈ D0,

Q(ϕ)Q(E)xj = Q(E ∗ ϕ)xj → Q(ϕ)y = 0 =⇒ y ∈ Z,
and y ∈ ranQ ⊂ X . Since Z ∩ X = {0}, we have y = 0. ✷

Due to (Q4), the operator Q(−δ′) is defined for any distribution semi-
group Q with ranQ ⊂ X , where X = X ⊕ Z. This operator is called the
generator of Q.
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2.2.2 Well-posedness in the sense of distributions

In the following theorem, assuming the decomposition (2.2.5), we show the
connection between the well-posedness of (DP), the existence of a degen-
erate distribution semigroup, the existence of a degenerate local k-times
(k ≥ n + 1) integrated semigroup with the generator Â, polynomial es-
timates for RÂ(λ) in some region Λ containing a right semiaxis, and the
existence of a unique classical solution for local (CP) on Dk+1.

We recall that the operator A0, where A0x := limt→0 t
−1[V (k)(t)x− x]

is defined for those x where the limit exists, is called the generator of
a k-times integrated semigroup V . A local k-times integrated semigroup
{V (t), t ∈ [0, T )} is called degenerate on Z if

∀t ∈ [0, T ),
V (t)x = 0 =⇒ x ∈ Z,

and V is called nondegenerate if Z = {0}.
Theorem 2.2.1 Let A,B : X → Y be linear operators, A be closed and
invertible, B be bounded. Suppose that the decomposition (2.2.5) holds.
Then the following statements are equivalent:

(W) the problem (δDP) is well-posed. Its solution belongs to D′
0(XÂ) for

x ∈ Xn+1 and is degenerate for x ∈ kerRn+1;

(S) there exists a solution operator distribution

S ∈ D′
0(L(X,XA,B)) ∩ D′

0(L(Xn+1,XÂ))

such that
(P ∗ S)x = δ ⊗Bx, x ∈ X, (2.2.8)

and
(S ∗ P̃)x = δ ⊗ x, x ∈ D(A), (2.2.9)

where P̃ := δ′ ⊗ I − δ⊗ Ã, Â is the part of A in Xn+1, and Ã is the
single-valued branch of A.
In this case, for any x ∈ X,

〈U,ϕ〉 = 〈S, ϕ〉x
for all ϕ ∈ D. Furthermore, S is degenerate on kerRn+1;

(D) there exists a regular distribution semigroup Q degenerate on kerRn+1

with ranQ dense in Xn+1. Its generator is equal to Â. In this case
S = Q;

(I) for any T > 0, the operator Â is the generator of a local k-times inte-
grated semigroup {V (t), t ∈ [0, T )} on Xn+1, for some k = k(T ) ≥ n;
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(R) for the resolvent of Â, the polynomial estimate

‖RÂ(λ)‖ ≤ M |λ|l
log(1 + |λ|) ≤M1|λ|l (2.2.10)

holds for some M > 0, l ≥ 0, and any

λ ∈ Λ =
{
λ ∈ C

∣∣∣ Reλ > l

τ
log(1 + |λ|) + 1

τ
log

C

γ

}
,

where
C > 0, 0 < γ < 1, τ > 0;

(Wk) for any T > 0, the local Cauchy problem

u′(t) = Âu(t), 0 ≤ t < T, u(0) = x, (CP)

is k-well-posed on Dk+1 for some k = k(T ) ≥ n.

Proof (W) =⇒ (S). Consider the distribution S defined by

S(ϕ)x = Sx(ϕ) := U(ϕ), ϕ ∈ D, x ∈ X,

where U is a unique solution of (δDP). Then Sx ∈ D′
0(XA,B) = D′

0(XÃ)
and Sx ∈ D′

0(XÂ) for x ∈ Xn+1.
The well-posedness of (δDP) implies that for every ϕ ∈ D,

‖xn‖ → 0 =⇒ ‖S(ϕ)xn‖Ã = ‖Un(ϕ)‖Ã → 0.

Therefore S(ϕ) ∈ L(X,XÃ). We now show that S ∈ D′
0(L(X,XÃ)), i.e.,

suppS ⊂ [0,∞) and

∀ϕn ∈ D,
ϕn → 0 =⇒ ‖S(ϕn)‖L(X,XÃ) → 0.

Consider the set
B =

{
Sx , ‖x‖ ≤ c

}
⊂ D′

0(X).

Since for any Sxj ⊂ B and any εj → 0, we have εjSxj = S(εjxj) → 0,
then B is bounded in D′

0(X). For any bounded set B and any ϕj → 0 in D
∃p ∈ N, C > 0 : ∀j, Sx ∈ B,

‖Sx(ϕj)‖ ≤ C‖ϕj‖p,

where
‖ϕ‖p = sup

k=0,1,...p, t∈suppϕ
‖ϕ(k)(t)‖.
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Therefore, S(ϕj)x→ 0 uniformly in x from a bounded set, or equivalently
‖S(ϕj)‖L(X,XÃ) → 0. Verification of (2.2.8), as in the nondegenerate case
in Theorem 2.1.3, is based on the structure theorem. Let us prove (2.2.9).
Equality (2.2.8) implies the following equalities

(P ∗ S′)x = (P ∗ S)′x = δ′ ⊗Bx, x ∈ X,
(P ∗ S)Ãx = δ ⊗Ax, x ∈ D(Ã) = D(A).

By the definition of P we have

(P ∗ δ ⊗ x) = δ′ ⊗Bx− δ ⊗Ax, x ∈ D(A).

Hence
P ∗ (S′x− SÃx− δ ⊗ x) = 0, x ∈ D(A),

and since the Cauchy problem is well-posed, we have

S′x− SÃx = (S ∗ P̃)x = δ ⊗ x, x ∈ D(A).

(S) =⇒ (W). Let

S ∈ D′
0(L(X,XA,B)) ∩ D′

0(L(Xn+1,XÂ)).

For any ϕ ∈ D and x ∈ X we define U(ϕ) := S(ϕ)x = Sx(ϕ). Then
U ∈ D′

0(XA,B) is a solution of (δDP):

−B〈Sx, ϕ′〉 −A〈Sx, ϕ〉 = 〈δ, ϕ〉Bx, x ∈ X.
For x ∈ Xn+1 we have

−〈Sx, ϕ′〉 − Â〈Sx, ϕ〉 = 〈δ, ϕ〉x,
and the associativity of convolution implies the uniqueness of the solution
on Xn+1:

U = (δ ⊗ I) ∗ U = S ∗ P̃ ∗ U = S ∗ (δ ⊗ x) = Sx, x ∈ Xn+1.

We now show that on kerRn+1 the degenerate solution U is also unique.
Consider x ∈ kerRn+1. Since for any ϕ ∈ D0, S(ϕ)x = 0, then we have
that Sx = 0 on (0,∞). Since S ∈ D′

0(L(X,XA)), we have Sx = 0 on
(−∞, 0). Thus, suppSx = {0}. By Proposition 2.1.3 we have

Sx =
p∑

i=0

δ(i)zi,

where p is the local order of the distribution Sx. Since Sx is a solution of
(2.2.8), we have

δ(p+1) ⊗Bzp + δ(p) ⊗ (Bzp−1 −Azp) + . . .

+ δ′ ⊗ (Bz0 −Az1) + δ ⊗ (−Bx−Az0) = 0
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and zp ∈ kerB, zp−1 ∈ K1, . . . z0 ∈ Kp, −x ∈ Kp+1. Hence, for x ∈
Ki (1 ≤ i ≤ p+1) and for the corresponding the sequence of A-associated
vectors {x0, . . . xi−1}, we have

Sx = −
i−1∑
j=0

δ(j) ⊗ xi−1−j . (2.2.11)

Due to Corollary 2.2.1,Kn+1 = ∅, and hence p+1 ≥ n. Since A is invertible,
xk in (2.2.11) are defined uniquely. In a similar way, any degenerate on
kerRn+1 solution U has the same form and is equal to Sx. In particular,
for x ∈ K0 = kerB, all xk in (2.2.11) are equal to zero and U = 0. Thus,
U = Sx for x ∈ kerRn+1 and for x ∈ Xn+1, hence U = Sx for all x ∈ X.

Let ‖xj‖ → 0. Then S(ϕ) ∈ L(X,XÃ) for all ϕ ∈ D, and

‖Sxj(ϕ)‖Ã ≤ ‖S(ϕ)xj‖+ ‖S′(ϕ)xj‖+ ‖ϕ(0)xj‖ → 0,

i.e. Sxj → 0 in D′
0(XÃ).

(S) =⇒ (D). Let

Q ∈ D′
0(L(X,XÃ)) ∩ D′

0(L(Xn+1,XÂ))

be a solution of (2.2.8) and (2.2.9). For any F ∈ D′
+(Xn+1), U = Q ∗F is

a unique solution of the equation

P̃ ∗ U = F. (2.2.12)

Using this fact, we now prove that Q satisfies properties (i) – (ii) from
Definition 2.1.5, that Q is regular on Xn+1, degenerate on kerRn+1, and
that ranQ is dense in Xn+1.

Let ϕ,ψ ∈ D0. Define ϕ1(t) := ϕ(−t), ψ1(t) := ψ(−t), t ≥ 0. Let u(t̂ )
be a solution of (2.2.12) with F = ϕ1 ⊗ x, where x ∈ Xn+1 :

−Âu+ u′ = ϕ1 ⊗ x. (2.2.13)

Let w(t̂ ) and v(t̂ ) be solutions of (2.2.12) with F = (ψ1 ∗ϕ1)⊗ x and F =
ψ1 ⊗u(0), respectively. Then u(·) = (Q ∗ϕ1)x is an infinitely differentiable
function with values in D(Â). The same is valid for w and v. These
functions have the following initial values

u(0) = Q(ϕ)x, w(0) = Q(ϕ ∗ ψ)x,
v(0) = Q(ψ)u(0) = Q(ψ)Q(ϕ)x, x ∈ Xn+1.

To prove (i) one needs to show v(0) = w(0). From (2.2.13) we have

−Â(u ∗ ψ1) + (u ∗ ψ1)′ = (ϕ1 ∗ ψ1)⊗ x,
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hence w(t) = u ∗ ϕ1 and w(0) = u(ψ). Let H(·) be the Heaviside function,
then H(t)u(t) ∈ D′

0(XÂ). Since Â does not depend on t, we have

−Â(Hu) + (Hu)′ = H(t)(−Âu+ u′) + δ ⊗ u(0).

Since for any ϕ ∈ D0 we have H(t)(−Âu + u′) = (Hϕ1) ⊗ x = 0, then we
obtain

−Â(Hu) + (Hu)′ = δ ⊗ u(0) (2.2.14)

and
−Â((Hu) ∗ ψ1) + ((Hu) ∗ ψ1)′ = ψ1 ⊗ u(0).

Therefore, v = (Hu) ∗ ψ1, v(0) =
∫∞
0
u(t)ψ(t) dt, and for any ψ ∈ D0 we

have v(0) = u(ψ) = w(0). Thus
∀ϕ,ψ ∈ D0,

Q(ϕ ∗ ψ)x = Q(ϕ)Q(ψ)x, x ∈ Xn+1.

Note that Qx = Sx defined for x ∈ kerRn+1 by formula (2.2.11), also
satisfies relation (i). Thus, we have constructed the distribution semigroup
Q degenerate on kerRn+1.

To show thatQ is a regular distribution semigroup, we let z be a solution
of (2.2.12) with F = δ⊗ y, where y ∈ ranQ. Since u(0) = y, by (2.2.14) we
have

z(t) = Qy = H(t)u(t)

and Qy is a continuous function on (0,∞).
We now show that ranQ is dense in Xn+1. We have Â ∈ L(XÂ,Xn+1)

and Q(ϕ) = S(ϕ) ∈ L(Xn+1,XÂ). Let X∗
n+1 and X∗

Â be the dual spaces
of Xn+1 and XÂ, then Â∗ ∈ L(X∗

n+1,X
∗
Ã). Consider Q(ϕ) on Xn+1 and

define Q∗(ϕ) = (Q(ϕ))∗ for ϕ ∈ D0. Then

Q∗(ϕ) ∈ L(X∗
Â,X

∗
n+1), Q∗ ∈ D′

0(L(X∗
Â,X

∗
n+1)).

Since (2.2.8), (2.2.9) hold for Q, we have

Q∗ ∗
(
δ′ ⊗ I − δ ⊗ Â∗

)
= δ ⊗ IX∗

n+1
,

and (
δ′ ⊗ I − δ ⊗ Â∗

)
∗Q∗ = δ ⊗ IX∗

Â
.

Therefore, Q∗ ∈ D′
0(L(X∗

Â,X
∗
n+1)) is a distribution semigroup, that is non-

degenerate on X∗
Â as Q is nondegenerate on Xn+1. Hence, if z∗ ∈ X∗

Â is
such that

∀ϕ ∈ D0, x ∈ Xn+1,

〈Q(ϕ)x, z∗〉 = 〈x,Q∗(ϕ)z∗〉 = 0,

©2001 CRC Press LLC

©2001 CRC Press LLC



then
Q∗(ϕ)z∗ = 0 =⇒ z∗ = 0 =⇒ {Q(ϕ)x} = Xn+1.

Thus, the set {
Q(ϕ)x

∣∣∣ x ∈ Xn+1

}
is dense in Xn+1. Since Q(ϕ)x = 0 for x ∈ kerRn+1, we have ranQ(ϕ) =
Xn+1.

To complete the proof we note that Â generates the nondegenerate
distribution semigroup Q which is densely defined on Xn+1. Since the
domain of the generator of a degenerate distribution semigroup belongs to
the complement of the set where Q is degenerate, Â is the generator of the
distribution semigroup Q constructed on X.

(D) =⇒ (S). Let Q be the distribution semigroup from (D). For ψ ∈ D
and the function ψ+ ∈ E ′

0 introduced in (Q5) of Proposition 2.2.2, we have

δ′ ∗ ψ+ = ψ′
+ + ψ(0)δ.

Hence, by (Q1) and by the definition of the generator of a distribution
semigroup we have

∀x ∈ Xn+1, ϕ ∈ D0,

Q(δ′ ∗ ψ+ ∗ ϕ)x = Q(ψ′
+ ∗ ϕ)x+ ψ(0)Q(ϕ)x

= Q(δ′)Q(ψ+ ∗ ϕ)x
= −ÂQ(ψ+ ∗ ϕ)x = −ÂQ(ψ+)Q(ϕ)x
= Q(ψ+)Q(δ′ ∗ ϕ)x = Q(ψ+)(−Â)Q(ϕ)x.

Taking into account (Q5), we obtain

−ÂQ(ψ)Q(ϕ)x = Q(ψ′)Q(ϕ)x+ ψ(0)Q(ϕ)x = −Q(ψ)ÂQ(ϕ)x

or for y = Q(ϕ)x
−ÂQ(ψ)y −Q(ψ′)y = ψ(0)y, (2.2.15)

−Q(ψ)Ây −Q(ψ′)y = ψ(0)y. (2.2.16)

Since the range of the distribution semigroup is dense in Xn+1 and the
semigroup’s generator Â is closed, we have that Q(ψ)y ∈ D(Â) for every
y ∈ Xn+1 and (2.2.15) holds for every y ∈ Xn+1. Let ‖yj‖ → 0 in (2.2.15),
then

‖ÂQ(ψ)yj‖ → 0 =⇒ Q(ψ) ∈ L(X,XÂ).

If ψj → 0 (ψj ∈ D) in (2.2.16), then ‖Q(ψ′
j)‖ → 0 and ‖AQ(ψj)‖ → 0.

Hence, since Q ∈ D′
0(L(X,X)), we have

Q ∈ D′
0(L(Xn+1,XÂ)) ⊂ D′

0(L(X,XA)).
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Thus, S = Q on Xn+1, and for x ∈ Xn+1, S satisfies (2.2.8). Furthermore,
S = Q defined by formula (2.2.11) satisfies (2.2.8) for x ∈ Kn+1. Hence S
satisfies (2.2.8) for all x ∈ X.

Now we show (2.2.9), i.e. we verify (2.2.16) for y ∈ D(Â). Let x ∈
D(Q(−δ′)) and ϕj → δ. Then Q(ϕj)x→ x and Q(δ′ ∗ϕj)x→ −Âx. From
(2.2.16), for x ∈ D(Q(−δ′)) we have

−Q(ψ)Âx = Q(ψ′)x+ ψ(0)x, ψ ∈ D. (2.2.17)

Since
∀x ∈ D(Â), ∃xj ∈ D(Q(−δ′)):

xj → x and Âxj → Âx,

then (2.2.17) holds for x ∈ D(Â). Thus, considering Sx = Qx on Xn+1,
we have that equation (2.2.9) holds on D(Â). For S defined by (2.2.11),
equation (2.2.9) holds on D(A) ∩ kerRn+1. Since D(Â) = D(A) ∩ Xn+1,
we have (2.2.9) on D(A).

(I) =⇒ (R). Let Â be the generator of a local k-times integrated semi-
group {V (t), 0 ≤ t < T}, then for any τ ∈ (0, T ) the operator-function

R(λ, τ) =
∫ τ

0

λke−λtV (t)dt (2.2.18)

is defined and bounded on X. Taking into account the following equality
for a local k-times integrated semigroup:

V (t)x =
(
tk

k!

)
x+

∫ t

0

V (s)Âx ds, x ∈ D(Â), t ∈ (0, T ),

we have
R(λ, τ)(λI − Â)x = (I −G(λ))x, x ∈ D(Â),

(λI − Â)R(λ, τ)x = (I −G(λ))x, x ∈ Xn+1,

where G(λ) is defined by the formula:

G(λ)x = λke−λτV (τ)x+
k−1∑
i=0

(λτ)i

i!
e−λτx. (2.2.19)

It was proved in Theorem 1.2.5 that the estimates

‖G(λ)‖ < γ,
∥∥(1−G(λ))−1

∥∥ < 1
1− γ

hold for λ ∈ Λ. Therefore, (R) holds for (λI − Â)−1 = RÂ(λ) with l = k.
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Now we prove (R) =⇒ (S). To construct S, we consider the operator-
function:

Pm(t)x :=
1
2πi

∫
∂Λ

λ−meλtRÂ(λ)x dλ, x ∈ Xn+1. (2.2.20)

On ∂Λ the function under the integral sign grows not faster than
|λ| lt

τ +l−m/ log |λ|. Hence, this integral defines a continuous function on
(−∞, τm) with values in L(Xn+1,XÂ), where τm = τ

l (m − l − 1) and
m > l + 1. In this case, by the abstract Cauchy theorem Pm(t) = 0 for
t ≤ 0. Now we define the distribution S := P

(m)
m on (−∞, τm). This defi-

nition does not depend on m′ > m : P (m)
m = P

(m′)
m′ . Furthermore, for any

ϕ ∈ D with suppϕ ∈ (−∞, a), τm = a can be chosen by increasing m. In
Theorem 2.1.5 it was shown that the defined operator distribution S satis-
fies (2.2.8) and (2.2.9) on Xn+1 and XÂ, respectively. For x0 ∈ kerB we
define Pm(t)x0 = 0. For x1 ∈ K1 using formally (2.2.20) and the equality
Bx1 = Ax0, by the abstract Cauchy formula we have

Pm(t)x1 =
1
2πi

∫
∂Λ

λ−meλt(λB −A)−1Bx1dλ

= − 1
2πi

∫
∂Λ

λ−meλtx0dλ = − tm−1

(m− 1)!
x0,

. . . (2.2.21)

Pm(t)xi = −
i−1∑
k=0

tm−1−k

(m− 1− k)!
xi−1−k , xi ∈ Ki , i ≤ n.

Then Sxi := P
(m)
m xi on kerRn+1 coincides with S defined by (2.2.11), and

satisfies (2.2.8) and (2.2.9) on kerRn+1 and kerRn+1 ∩D(A), respectively.
Thus, S satisfies the equation (2.2.8) on X, and the equation (2.2.9) on
D(A).

(S) =⇒ (I). Let

S ∈ D′
0(L(X,XÃ)) ∩ D′

0(L(Xn+1,XÂ))

be the solution of (2.2.8) – (2.2.9) degenerate on kerRn+1. Then the dis-
tribution S can be extended to Dp[−1, T ], where p is the order of S. We
denote this extension by the same symbol. Let t ∈ [0, T ], consider the func-
tion ψt,p(s) = χ(s)ηp(t − s) ∈ Dp[−1, T ], where χ and η are the same as
(2.1.19):

χ(s) =
{

0, s ≤ −1
1, s ≥ 0

and

ηp(t) =
{
tp+1/(p+ 1)! , t ≥ 0
0, t < 0 .
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Define V (t) = 〈S, ψt,p〉.We have that the operator-function V (·) is strongly
continuous in t. We now show that {V (t), t ∈ [0, T )} is a (p + 2)-times
integrated semigroup. The function ψt,p+1 can be approximated by ϕn ∈ D
so that

‖ψt,p+1 − ϕn‖p → 0 and ‖ψ′
t,p+1 − ϕ′

n‖p → 0.

Consider (2.2.8) and (2.2.9) with ϕ = ϕn. Taking the limit, we have

−B〈S, ψ′
t,p+1〉x−A〈S, ψt,p+1〉x = ψt,p+1(0)Bx

for x ∈ X, and

−〈S, ψ′
t,p+1〉x− 〈S, ψt,p+1〉Ãx = ψt,p+1(0)x

for x ∈ D(A). As in the nondegenerate case, we have

BV (t)x =
tp+2

(p+ 2)!
Bx+A

∫ t

0

V (s)xds (2.2.22)

for x ∈ X, and

V (t)x =
tp+2

(p+ 2)!
x+

∫ t

0

V (s)Ãxds (2.2.23)

for x ∈ D(A). By definition of the operators V (t) via S, we have that
V (t)x ∈ Xn+1 for x ∈ Xn+1. Then equations (2.2.22) and (2.2.23) hold on
Xn+1 and D(Â), respectively. Hence, as it was proved in Theorem 2.1.6,
V is a nondegenerate (p+2)-times integrated semigroup on Xn+1 with the
generator Â.

(I) ⇐⇒ (Wk). Let Â be the generator of a nondegenerate local k-
times (k ≥ n) integrated semigroup {V (t), t ∈ [0, T )} on Xn+1. Since the
domain D(Â) of its generator is equal to Dn+1 and is dense in Xn+1, then
by Proposition 1.2.4, for any x ∈ Rk+1(λ)Xn+1 there exists the unique
solution u(t) = V (k)(t)x, t ∈ [0, T ) of the local Cauchy problem (CP). Due
to the decomposition (2.2.2), Rk+1(λ)Xn+1 is equal to Rk+1(λ)X = Dk+1.

If for any x ∈ Dk+1, u(·) is a unique solution of the local Cauchy problem
(CP), then for any x ∈ Dk+1, u(·) is the unique solution of (DP). Since
ρB(A) �= ∅, and hence ρ(Â) �= ∅, then by Lemma 1.2.1 we have the stability
of the solution:

‖u(t)‖ ≤ C‖x‖Rk , where ‖x‖Rk := inf
y:Rk

Â(λ)y=x
‖y‖.

As in Theorem 1.6.4 we define operators U(t)x := u(t), t ∈ [0, T ) for
x ∈ Dk+1. We extend them to [Dk+1]k, the closure of Dk+1 in the norm
‖ · ‖Rk . Then U1(t) are defined on [Dk]k−1, . . . , Ui(t) on [Dk−(i−1)]k−i.

In particular V (t) := Uk(t) are defined and bounded on D(Â) = Xn+1.
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By construction, V (t)x is continuous in t ∈ [0, T ) for any x ∈ Xn+1, and
satisfies equations (2.2.22) and (2.2.23) (with the semigroup parameter k)
for x ∈ Xn+1 and D(Â), respectively. It follows from Theorem 1.2.5 that V
is a local nondegenerate (k + 1)-times integrated semigroup on Xn+1 with
the generator Â, which is densely defined in Xn+1.

Remark 2.2.1 We note that the condition that A is invertible implies the
uniqueness of the solution on kerRn+1. If kerA �= {0}, then xi in (2.2.11)
are defined up to kerA.

Summarizing the discussion of this subsection we note that assuming
that X admits the decomposition (2.2.5), we have that the condition (R) is
the criterion for the well-posedness of (δDP). Here we used the technique
of integrated and distribution semigroups with a generator equal to the
single-valued restriction of A on Xn+1.

Now, using the technique of degenerate semigroups with multivalued
generators and not considering the detailed structure of semigroups on Ki,
we obtain the well-posedness criterion for (δDP) and (δIP) under a less
restrictive assumption.

We say that a closed linear multivalued operator A is the generator of
a degenerate local k-times integrated semigroup {V (t), t ∈ [0, T )} if

V (t)x+
tk

k !
x =

∫ t

0

V (s)Axds, x ∈ D(A) (2.2.24)

and

V (t)x+
tk

k !
x ∈ A

∫ t

0

V (s)xds, x ∈ X. (2.2.25)

Theorem 2.2.2 Let A be a linear multivalued operator with ρ(A) �= ∅.
Suppose that the decomposition

X = Xn+1 ⊕An+10 (2.2.26)

holds for some n ∈ N, where Xn+1 := D(An+1). Then the following state-
ments are equivalent:

(W) the Cauchy problem (δIP) is well-posed, and its solution U ∈ D′
0(XA)

is degenerate for x ∈ An+10;

(R) for the resolvent of A, the polynomial estimate (2.2.10):

‖RA(λ)‖ ≤ M |λ|l
log(1 + |λ|) ≤M1|λ|l

holds for some M > 0, l ≥ 0, and any

λ ∈ Λ =
{
λ ∈ C

∣∣∣ Reλ > l

τ
log(1 + |λ|) + 1

τ
log

C

γ

}
,
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where
C > 0, 0 < γ < 1, τ > 0;

(S ) there exists a solution operator distribution S ∈ D′
0(L(X,XA)) such

that

(P ∗ S)x + δ ⊗ x, x ∈ X,
(2.2.27)

(S ∗ P)x = δ ⊗ x, x ∈ D(A),

where P := δ′ ⊗ I − δ ⊗A. In this case

U = Sx, x ∈ X

and S is degenerate on An+10;

(I ) for any T > 0, the operator A is the generator of a local k-times
integrated semigroup {V (t), t ∈ [0, T )} for some k = k(T ) ≥ n,
which is degenerate on An+10 ;

(W k) for any T > 0, the local Cauchy problem (IP) with operator A having
nonempty resolvent set is k-well-posed on D(Ak+1) for some k =
k(T ) ≥ n.

Pro of (W) ⇐⇒ (S). As in the nondegenerate case in Section 2.1, this
proof is based on the equality that connects U ∈ D′

0(XA), the solution of
(δIP), with the solution operator distribution S ∈ D′

0(L(X,XA)):

〈U,ϕ〉 = 〈S, ϕ〉x = 〈Sx, ϕ〉, ϕ ∈ D, x ∈ X.

(S) ⇐⇒ (I). To prove (I) =⇒ (S) we define S := V (k). Conversely, as
in Theorem 2.2.1, we define

V (t)x := 〈S, ψt,p〉x,

for x ∈ Xn+1. This operator-function V (·) satisfies (2.2.24) and (2.2.25)
with k = p+2 on Xn+1 and D(A), respectively. On An+10, V (·)x is defined
by formula (1.6.21).

(Wk) =⇒ (R) =⇒ (I) =⇒ (Wk). Let the local (IP) be k-well-posed on
D(Ak+1). Then one can verify the operator family

{V (t) := Uk(t), t ∈ [0, T )}

that was constructed in Theorem 1.6.6, satisfies the inclusion (2.2.25) with
the semigroup parameter k, for x ∈ X. Hence, due to the assumption
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ρ(A) �= ∅, for operators R(λ, τ) and G(λ) defined by formulae (2.2.18) and
(2.2.19), we have

RA(λ) := R(λ, τ)(I −G)−1

and the condition (R) holds with l = k.
Suppose (R) is fulfilled. Then the operator-function Vp(·) defined by

(2.2.20):

Vp(t) :=
1
2πi

∫
∂Λ

λ−peλtRA(λ)dλ ,

is continuous in t ∈ (−∞, τl), there τl := τ
l (p− l− 1) and p > l+1 . Using

the abstract Cauchy theorem we show that Vp satisfies (2.2.24) with k = p
on D(A):∫ t

0

Vp(s)(A± λI)x ds

=
∫ t

0

 1
2πi

∫
Γ

(
λ−p+1eλsRA(λ)x − λ−peλsx

)
dλ

 ds
= Vp(t)x− tp

p!
x, t ∈ [0, τl)}, x ∈ D(A).

Next, applying A±I to ∫ t
0
Vp(s)xds, x ∈ X, we obtain (2.2.25) with k = p.

Hence, {Vp(t), t ∈ [0, τl)} is a local p-times integrated semigroup on X
(p > l + 1).

By Theorem 1.6.6, the Cauchy problem (IP) is p-well-posed on Rp+1X1,
which is equal to Rp+1X since p ≥ n. ✷

2.2.3 Well-posedness in the space of
exponential distributions

From Theorems 2.2.1 and 2.1.6 we obtain the following necessary and suf-
ficient conditions for the well-posedness of (δDP) in the space S ′

ω(X).

Theorem 2.2.3 Let A,B : X → Y be linear operators, A be closed and
invertible, B be bounded. Suppose that the decomposition (2.2.5) holds for
some n ∈ N. Then the following statements are equivalent:

(Wexp) (δDP) is ω-well-posed. Its solution belongs to D′
0(XÂ) for x ∈

Xn+1 and is degenerate for x ∈ kerRn+1;

(Sexp) there exists a solution operator distribution

S ∈ S ′
ω(L(X,XÃ)) ∩ S ′

ω(L(Xn+1,XÂ))
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such that
(P ∗ S)x = δ ⊗Bx, x ∈ X,
(S ∗ P̃)x = δ ⊗ x, x ∈ D(A),

In this case,
U = Sx, x ∈ X

and S is degenerate on kerRn+1;

(Dexp  ) there exists a regular exponentially bounded distribution semigroup
Q with ranQ dense in Xn+1, and degenerate on kerRn+1. Its gener-
ator is equal to Â. In this case S = Q;

(Iexp  ) Â is the generator of an exponentially bounded n-times integrated
semigroup {V (t), t ≥ 0} on Xn+1;

(Rexp  ) the estimates (2.1.28) hold for the resolvent of Â;
(Eexp  ) for any x ∈ Dn+1 there exists a unique solution of local (CP).

2.3 Ultradistributions and new distributions

In Section 2.1 we studied the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (CP)

where A : D(A) ⊂ X → X, in spaces of abstract distributions. Recall that
the polynomial estimates for the resolvent of A in a certain logarithmic
region Λ of the complex plane is the criterion for the well-posedness of (CP)
in the sense of distributions. This region and the resolvent estimates are
connected with the order of the corresponding distribution semigroup and
with the order of the solution operator distribution. Now, we consider the
Cauchy problem (CP) with an operator A having the resolvent in a certain
region Λ smaller than a logarithmic region from Section 2.1. We investigate
the well-posedness of such a (CP) in spaces of ultradistributions. The
spaces of ultradistributions are the dual of spaces of infinitely differentiable
functions with a locally convex topology. These spaces are more general
than the space of Schwartz distributions. We show that the existence of
a solution operator ultradistribution is equivalent to exponential estimates
for the resolvent of A in Λ. As it was proven in Theorem 1.3.3 the latter
fact is equivalent to the existence of a unique solution of the convoluted
equation

v(t)′ = Av(t) + Θ(t)x, v(0) = 0, (2.3.1)

where function Θ is defined by the resolvent of A.
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Spaces of test functions for ultradistributions consist of infinitely differ-
entiable functions, and they are defined in terms of estimates on derivatives
of these functions. These estimates depend on some numerical sequence
Mn. The same sequence allows one to estimate coefficients of differential
operators of infinite order, which are called the ultradifferential operators.
The spaces of ultradistributions are invariant under ultradifferential op-
erators. Some properties of ultradistributions are considered in the first
subsection. In the second subsection, the well-posedness of the (CP) in
the spaces of ultradistributions is investigated. The limit case for the (CP)
well-posed in the spaces of ultradistributions is the case of the Cauchy prob-
lem with an operator A having no regular points in a right semiplane (e.g.
the reversed Cauchy problem for the heat equation). It is proved in the
third subsection that such a (CP) is well-posed in spaces of new distribu-
tions. Spaces of test elements x ∈ X in the construction of spaces of new
distributions are defined in terms of the behaviour of Anx for any n.

2.3.1 Abstract ultradistributions

Let Mn be a sequence of positive real numbers, satisfying the following
conditions:

(M.1) M2
n ≤Mn−1Mn+1, n = 1, 2, . . . ;

(M.2) ∃α, β ∈ R :

Mn ≤ αβn min
0≤s≤n

MsMn−s, n = 0, 1, . . . ;

(M.3)
∞∑
s=1

Ms−1
Ms

≤ ∞ .

Let K be a compact set in R and h > 0. We consider a space of functions
ϕ ∈ C∞(R) with support K and with the estimates

‖ϕ(n)‖C(K) ≤ CMnh
n, n ∈ N, (2.3.2)

for some constant C. The space DMn,h
K of such functions with the norm

‖ϕ‖Mn,h,K := sup
n∈N

‖ϕ(n)‖C(K)

Mnhn

is a Banach space.

Definition 2.3.1 Let Ω ⊆ R be an open set. The space

D(Mn)(Ω) = ind lim
K⊂Ω

proj lim
h→0

DMn,h
K
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with the topology of inductive limit is called the space of ultradifferentiable
functions with supports in Ω of Beurling type or of class (Mn). The dual
space D(Mn)′(Ω) is the space of ultradistributions of class (Mn). If Ω = R,
then we simply write D(Mn) and D(Mn)′ .

For more details see [135] and [153], where it is also shown that spaces
of Schwartz distributions are subspaces of spaces of ultradistributions.

Property (M.1) is called the logarithmic convexity. Property (M.2) guar-
antees the invariance of D(Mn)(Ω) under differential operators of infinite
order:

P (D) =
∞∑
n=0

anD
n (2.3.3)

with coefficients satisfying the estimates

|an| ≤ C Ln

Mn

for some L > 0 and some C > 0. Such operators P (D) are called the
ultradifferential operators of class (Mn). Property (M.3) is called the non-
quasi-analyticity. As in the case of distributions, multiplication by any
function with estimates (2.3.2) can be defined for ultradistributions. We
also note that any ultradifferential operator P (D) is continuous in the space
of ultradistributions.

For every sequence Mn we define the associated function

M(λ) := sup
n

ln
|λ|nM0

Mn
,

which is closely related to Laplace transforms of ultradistributions.
For Mn satisfying (M.1) each of the conditions∫ ∞

0

M(λ)
λ2

dλ <∞,

∞∑
n=1

1

M
1/n
n

<∞

is equivalent to (M.3).
Examples of such sequences are the following Gevrey sequences: (n!)s,

nns and Γ(1+ns) for s > 1, where Γ is the Euler function. For suchMn the
corresponding ultradifferential polynomial P (z) has the following estimates

e(l|z|)
1/s ≤ |P (z)| ≤ e(L|z|)1/s

, z ∈ C,

for some l, L > 0. The typical example of the ultradifferential polynomial
of class (n!)s is

P (z) :=
∞∏
n=1

(
1 +

lz

ns

)
,
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it satisfies the above estimates with L = 2l. Owing to the Denjoy-Carleman-
Mandelbrojt theorem [135] there are sufficiently many functions in
D(Mn)′(Ω).

The structure theorem for ultradistributions states that

f ∈ D(Mn)′(Ω)

if and only if on every relatively compact open set G ⊂ Ω, f can be written
in the form

f =
∞∑
n=0

Dnfn

with measures fn on G satisfying the estimate

‖fn‖C′(G) ≤
C Ln

Mn
, n ∈ N,

for some constants L and C. Let K be a compact subset of R. We remind
here that C(K) is the space of all continuous functions in K equipped with
the supremum norm

‖u‖C(K) = sup
t∈K

|u(t)|.

Then C ′(K), the dual to C(K), is the space of all finite Borel measures
defined on K. For f ∈ C ′(K) define the total variation |f | by

|f |(G) = sup
∑
j

|f(Gj)|,

where G is any f -measurable set and supremum is taken over all possible
decompositions of G into a disjoint union of finite number of f -measurable
sets Gj . Then |f | ∈ C ′(K) and we can define a norm in C ′(K) by

‖f‖ = |f |(K).

The space C ′(K) equipped with this norm is a Banach space.

Definition 2.3.2 Let X be a Banach space. The space D(Mn)′

0 (X) of ab-
stract ultradistributions of class (Mn) is the space L(D(Mn),X) of bounded
linear operators with supports in [0,∞), equipped with the topology of uni-
form convergence on bounded sets from D(Mn).

We now define the convolution of abstract ultradistributions. Let X1,
X2 and X3 be Banach spaces. Suppose that multiplication

(x1, x2) → x1 · x2 : X1 ×X2 → X3, xi ∈ Xi
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is defined. Consider T ∈ D(Mn)′

0 (X1) and S ∈ D(Mn)′

0 (X2). Then their
convolution

(T, S) → T ∗ S : D(Mn)′

0 (X1)×D(Mn)′

0 (X2) → D(Mn)′

0 (X3),

is defined by
〈T ∗ S, φ〉 := 〈S, T̂ ∗ φ〉,

where φ ∈ D(Mn) and (T̂ ∗ φ)(τ) := (T ∗φ)(−τ). This mapping is bilinear
and is bounded [135]. In the particular case when T, S ∈ D(Mn)′

0 (R) and
xi ∈ Xi, the convolution of ultradistributions is defined by

(T ⊗ x1) ∗ (S ⊗ x2) = (T ∗ S)⊗ (x1 · x2).

2.3.2 The Cauchy problem in spaces of
abstract ultradistributions

Consider the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (CP)

where A : D(A) ⊂ X → X. Denote

Y = [D(A)] :=
{
D(A), ‖x‖A = ‖x‖+ ‖Ax‖

}
.

Recall that Y is a Banach space. Furthermore, the operator A : Y → X
belongs to L(Y,X), the space of bounded linear operators from Y to X.
Introduce

P := δ′ ⊗ IY − δ ⊗A, (2.3.4)

then
P ∈ D(Mn)

0

′
(L(Y,X)).

Thus, in the space of ultradistributions D(Mn)′

0 (X), the Cauchy problem
(CP) can be written in the form

P ∗ U = δ ⊗ x,

where x ∈ X, U ∈ D(Mn)
0

′
(Y ) and Y = [D(A)].

In general, Y does not have to be equal to [D(A)]. Let X and Y be
Banach spaces such that Y ⊆ X and A ∈ L(Y,X). Consider the Cauchy
problem

P ∗ U = δ ⊗ x, x ∈ X, (uδP)

where U ∈ D(Mn)
0

′
(Y ) and P ∈ D(Mn)

0

′
(L(Y,X)) is defined by (2.3.4).

This problem is referred to as the Cauchy problem (CP) in the space of
ultradistributions D(Mn)′

0 (X).
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Definition 2.3.3 The Cauchy problem (CP) is said to be well-posed in the
sense of ultradistributions (or (uδP) is well-posed) if for any x ∈ X, there
exists a unique solution U ∈ D(Mn)

0

′
(Y ) such that for any xn → 0 in X,

corresponding solutions of (uδP) Un → 0 in D(Mn)
0

′
(Y ).

The next theorem generalizes Theorems 2.1.3 – 2.1.5.

Theorem 2.3.1 Let X and Y be Banach spaces, Y ⊆ X and A ∈ L(Y,X).
Then the following statements are equivalent:

(I) the Cauchy problem (CP) is well–posed in the sense of
ultradistributions;

(II) there exists a solution operator ultradistribution E ∈ D(Mn)
0

′
(L(X,Y ))

satisfying
P ∗ E = δ ⊗ IX , E ∗ P = δ ⊗ IY ; (2.3.5)

(III) for any γ > 0, there exists region

Λ :=
{
λ ∈ C

∣∣∣ Reλ ≥ γM(αλ) + β
}

such that for any λ ∈ Λ,

‖R(λ)‖L(X,Y ) ≤ CeM(αλ). (2.3.6)

for some constant C > 0.

Proof (I) =⇒ (II). We have that for any x ∈ X there exists a unique

solution U ∈ D(Mn)
0

′
(Y ). Define the operator E(ϕ) by

E(ϕ)x := U(ϕ), ϕ ∈ D(Mn), x ∈ X.

Then Ex ∈ D(Mn)
0

′
(Y ), where Ex(ϕ) = E(ϕ)x. It follows from the well-

posedness of the Cauchy problem that for any sequence of initial values
{xn} ⊂ X such that xn → 0, the corresponding sequence ‖E(ϕ)xn‖Y =
‖Un(ϕ)‖Y converges to 0 uniformly in ϕ from a bounded set. Therefore,
E(ϕ) ∈ L(X,Y ).

We now show that E ∈ D(Mn)
0

′
(L(X,Y )), i.e., E is a continuous linear

operator from D(Mn) to L(X,Y ):
∀ϕj ∈ D(Mn),

ϕj → 0 =⇒ ‖E(ϕj)‖L(X,Y ) → 0,

and suppE ⊂ [0,∞). Consider the set

B =
{
Ex
∣∣∣ ‖x‖X ≤ C

}
⊂ D(Mn)

0

′
(Y ).
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From the stability of the solution we have

sup
Ex∈B

‖E(ϕ)x‖Y = sup
‖x‖X≤C

‖U(ϕ)‖Y <∞,

therefore B is a bounded set. As in the scalar case, the set B is bounded
in D(Mn)

0

′
(Y ) if and only if for any relatively compact open set G ⊂ Ω

there exist constants C1, L such that for any element Ex ∈ B there exist
measures fn satisfying such that

Ex
∣∣
G
=

∞∑
n=0

Dnfn

and
‖fn‖C′{G, Y } ≤ C1 L

n

Mn
,

where C ′{G, Y } is the space of functions continuous on G with values in
Y . Hence, for Ex ∈ B and any ϕj → 0, we have

‖E(ϕj)x‖Y

=
∥∥∥∥ ∞∑
n=0

〈Dnfn, ϕj〉
∥∥∥∥
Y

=
∥∥∥∥ ∞∑
n=0

〈fn, (−1)nϕ(n)
j 〉
∥∥∥∥
Y

≤
∞∑
n=0

‖fn‖C′{G, Y }‖ϕ(n)
j ‖C(G) ≤ C1

∞∑
n=0

Lnhn‖ϕ(n)
j ‖C(G)

Mnhn
.

Since

sup
n

‖ϕ(n)
j ‖C(G)

Mnhn
= ‖ϕj‖Mn,h,G

,

we obtain

‖E(ϕj)x‖Y ≤ C1‖ϕj‖Mn,h,G

∞∑
n=0

Lnhn.

This estimate holds for any h > 0, in particular for h = 1
2L we have

‖E(ϕj)x‖Y ≤ 2C1‖ϕj‖Mn,
1

2L ,G −→ 0 as ϕj → 0.

Thus, for ϕj → 0, E(ϕj)x tends to zero in Y uniformly in x from a bounded
set in X. Hence E(ϕ) → 0 in the norm of the space L(X,Y ).

Now we show that E satisfies equations (2.3.5). We have

〈P ∗ E,ϕ〉x = 〈(δ′ ⊗ IY − δ ⊗A) ∗ E,ϕ〉x
= 〈E′ −AE,ϕ〉x = 〈(E′ −AE)x, ϕ〉.
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For E ∈ D(Mn)
0

′
(L(X,Y )) we have the equality E′x = (Ex)′, therefore

〈(Ex)′ −AEx,ϕ〉 = 〈U ′ −AU,ϕ〉 = 〈P ∗ U,ϕ〉
= 〈δ ⊗ x, ϕ〉 = 〈δ ⊗ IX , ϕ〉x.

The second equation:

(P ∗ E′)x = P ∗ (E′x) = P ∗ U ′ = U ′′ ⊗ IX − U ′ ⊗A

= (P ∗ Ex)′ = δ′ ⊗ x, x ∈ X,
(P ∗ E)Ax = δ ⊗Ax, x ∈ Y,
P ∗ (δ ⊗ x) = δ′ ⊗ x− δ ⊗Ax, x ∈ Y.

For x ∈ Y we have the equality P ∗ (E′x − EAx − δ ⊗ x) = 0. Hence,
E′ − EA = δ ⊗ IY , that is E ∗ P = δ ⊗ IY .

(II) =⇒ (I). For E ∈ D(Mn)
0

′
(L(X,Y )) we consider U := Ex, x ∈ X.

Then U belongs to D(Mn)
0

′
(Y ) and satisfies the equation:

P ∗ U = P ∗ Ex = δ ⊗ x.

Let {xj} ⊂ X be a sequence of initial data converging to zero. We now show

that the corresponding sequence Uj = Exj tends to zero in D(Mn)
0

′
(Y ), i.e.,

converges uniformly in ϕ from any bounded set K in D(Mn). Let

K =
{
ϕ ∈ D(Mn)

∣∣∣ suppϕ ∈ K, ‖ϕ‖Mn,h,K < C
}

for some compact set K ⊂ R. Since E(ϕ) is a bounded linear operator, we
have

‖Uj(ϕ)‖Y = ‖Exj(ϕ)‖Y ≤ ‖E(ϕ)‖L(X,Y ) ‖xj‖X .

By the structure theorem, for any E ∈ D(Mn)
0

′
(L(X,Y )) and any rel-

atively compact open set G ∈ R with G = K,there exist measures
fn ∈ C ′{K, L(X,Y )} such that for some constants L,C1 > 0

E
∣∣
G
=

∞∑
n=0

Dnfn,

where

‖fn‖C′{K,L(X,Y )} ≤ C1
Ln

Mn
.

Using the boundedness of test functions we have

‖E(ϕ)‖L(X,Y )
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=
∥∥∥ ∞∑
n=0

〈Dnfn, ϕ〉
∥∥∥
L(X,Y )

=
∥∥∥ ∞∑
n=0

〈fn, ϕ(n)〉
∥∥∥
L(X,Y )

≤
∞∑
n=0

∥∥〈fn, ϕ(n)〉∥∥L(X,Y )
≤

∞∑
n=0

‖fn‖C′{K,L(X,Y )} · ‖ϕ(n)‖C(K)

≤ C1

∞∑
n=0

Ln

Mn
‖ϕ(n)‖C(K) ≤ C1C

∞∑
n=0

Lnhn.

Let C1C
∑∞

n=0 L
nhn = C2 for h = 1

2L , then

‖Uj(ϕ)‖Y ≤ ‖E(ϕ)‖L(X,Y ) ‖xj‖X ≤ C2‖xj‖X .
Hence ‖Uj(ϕ)‖Y tends to zero uniformly with respect to ϕ ∈ K.

Now we show the uniqueness of the solution. Let P ∗ V = δ ⊗ x. Then

E ∗ P ∗ V = E ∗ (δ ⊗ x) = Ex = U ∈ D(Mn)
0

′
(Y ).

Using the second equation in (2.3.5) we obtain

U = E ∗ P ∗ V = (δ ⊗ IY ) ∗ V = V ∈ D(Mn)
0

′
(Y ).

(II) =⇒ (III). For 0 < c < c′ we consider the ‘local unity’ function ψ in
the space D(Mn) :

ψ(t) =


0, t < −1
1, 0 ≤ t ≤ c
0, t > c′

.

For arbitrary λ ∈ C we denote ψλ(t) = e−λtψ(t) and consider the first
equation in (2.3.5) for this test function

(P ∗ E)(ψλ) = E′(ψλ)−AE(ψλ) = IXψλ(0) = IX . (2.3.7)

From the linearity of E(ϕ) we have

E′(ψλ) = −E([ψλ(t)]′) = −E(−λe−λtψ(t) + e−λtψ′(t))
= λE(ψλ)− E(e−λtψ′(t)).

Hence, from (12.3.7) we obtain

(λI −A)E(ψλ) = IX + E(e−λtψ′(t)). (2.3.8)

To show the existence of a resolvent, we estimate the function e−λtϕ(t) for
any test function ϕ ∈ D(Mn) and then we estimate the operator-functions
E(e−λtψ(t)) and E(e−λtψ′(t)). Let suppϕ ∩ R+ ⊂ K = [a, b], then

Dp(e−λtϕ(t)) = e−λt

p∑
j=0

Cp
j (−λ)p−jϕ(j)(t),
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and

sup
t∈K

|Dp(e−λtϕ(t))|

≤ e−aReλ

p∑
j=0

sup
t∈K

|ϕ(j)(t)|
MjLj

Cp
j

|λ|p−j

Lp−j
MjL

p

≤ ‖ϕ‖Mn,L,K e−aReλ

p∑
j=0

sup
p−j

|λ|p−j

Lp−jMp−j
LpCp

jMjMp−j .

From the equality eM(λ) = supn
|λ|n
Mn

and the property of logarithmic con-
vexity: MjMp−j ≤Mp, we have

sup
t∈K

|Dp(e−λtϕ(t))| ≤ ‖ϕ‖Mn,L,K eM(λ/L)−aReλ Lp
p∑

j=0

Cp
jMjMp−j

≤ ‖ϕ‖Mn,L,K eM(λ/L)−aReλ Lp2pMp.

Hence for any ϕ ∈ D(Mn)

‖e−λtϕ(t)‖Mn,2L,K ≤ ‖ϕ‖Mn,L,K eM(λ/L)−aReλ. (2.3.9)

From the structure theorem, for E ∈ D(Mn)
0

′
(L(X,Y )) and any relatively

compact set G ⊂ [0,∞) there exist fn ∈ C ′{G, L(X,Y )} and constants
E,C > 0 such that

E
∣∣
G
=

∞∑
n=0

Dnfn,

where

‖fn‖C′{G,L(X,Y )} ≤ C
En

Mn
and K = G.

Hence∥∥∥E(e−λtψ(t))
∥∥∥
L(X,Y )

=
∥∥∥ ∞∑
n=0

〈Dnfn, e
−λtψ(t)〉

∥∥∥
L(X,Y )

≤
∞∑
n=0

‖fn‖C′{G,L(X,Y )}
∥∥Dn(e−λtψ(t))

∥∥
C(K)

≤ C

∞∑
n=0

En‖Dne−λtψ(t)‖C(K)L
n

MnLn

≤ 2C‖e−λtψ′(t)‖Mn,L,K

∞∑
n=0

LnEn.
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Since K = [0, c′] for ψ, and K = [c, c′] for ψ′, from (2.3.9) we obtain for
L = 1

2' :

‖E(e−λtψ′(t))‖L(X,Y ) ≤ 2CeM(2'λ)−cReλ‖ψ′‖Mn,
1

4� ,K ,

‖E(e−λtψ(t))‖L(X,Y ) ≤ 2CeM(2'λ)‖ψ‖Mn,
1

4� ,K .

From (2.3.8) and the equality 2CeM(2'λ)−cReλ = δ < 1 we obtain that the
operator λI −A has the inverse on

Λ :=
{
λ ∈ C

∣∣∣ Reλ ≥ 1/c[M(2Eλ)− ln(δ/2C)] =: γM(αλ) + β
}
,

and the resolvent estimate there:

‖RA(λ)‖ ≤ 2C
1− δ

eM(αλ)‖ψ‖Mn,
1

2� ,K .

Thus
∀γ > 0 ∃ α, β,C > 0 such that

∀λ ∈ Λ, ‖Rλ‖ ≤ CeM(αλ).

(III) =⇒ (II). For ϕ ∈ D(Mn) we consider the operator

E(ϕ) :=
1
2πi

∫
∂Λ

RA(λ)θ(λ) dλ,

where θ(λ) =
∫

R
eλtϕ(t) dt. From (2.3.6) we have

‖RA(λ)‖ ≤ Ce
1
γ (Reλ−β), λ ∈ ∂Λ. (2.3.10)

Let suppϕ ∈ K = [a, b], then

|θ(λ)| =

∣∣∣∣∣ (−1)nλn

∫
K=[a,b]

e(λt)ϕ(n)(t) dt

∣∣∣∣∣
≤ sup

n

‖ϕ(n)‖CK

Mnhn
· Mnh

n

|λ|n
∫
K

e(Reλt) dt

= ‖ϕ‖Mn,h,K
Mnh

n

|λ|n
e(bReλ) − e(aReλ)

Reλ
, ∀h > 0.

Since this inequality holds for any n, it is valid for

inf
n

Mnh
n

|λ|n = e−M(λ/h),
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therefore
|θ(λ)| ≤ C1‖ϕ‖Mn,h,Ke

bReλ−M(λ/h). (2.3.11)

Since
M(λ/h) =

Reλ
γ

(
1
αh

− β)

on ∂Λ, from (2.3.10), (2.3.11) we have

‖E(ϕ)‖L(X,Y )

≤ 1
2π

∫
∂Λ

‖RA(λ)‖L(X,Y )|θ(λ)||dλ|

≤ 1
2π

∫
∂Λ

CC1e
1/γ(Reλ−β)+bReλ−M(λ/h)‖ϕ‖Mn,h,K |dλ|

=
∫
∂Λ

C2e
( 1

γ +b− 1
γαh )Reλ‖ϕ‖Mn,h,K |dλ|.

For any γ, α, b we can take h such that 1
γ +b− 1

γαh < 0, hence, the operator
E(ϕ) is defined. We now show that it satisfies (2.3.5). We have

〈P ∗ E,ϕ〉 = 〈(δ′ ⊗ IY − δ ⊗A) ∗ E,ϕ〉 = 〈E′ −AE,ϕ〉
= −IY 〈E,ϕ′〉 −A〈E,ϕ〉.

Integrating by parts and taking into account that RA(λ) is the resolvent of
A we obtain

〈P ∗ E,ϕ〉 = − 1
2πi

∫
∂Λ

RA(λ)
∫

R

eλtϕ′(t) dt dλ−AE(ϕ)

= IY
1
2πi

∫
∂Λ

∫
K

eλtϕ(t) dt dλ,

suppψ ⊂ K. It follows from (2.3.10) that we can continuously deform
contour ∂Λ into the imaginary axis

〈P ∗ E,ϕ〉 = IY
1
2πi

∫ +i∞

−i∞

∫
K

eλtϕ(t) dt dλ

= IY
1
2πi

∫ +i∞

−i∞

∫
K

eλt

λ2
ϕ′′(t) dt dλ.

Using the inverse Laplace transform of the identity in the space of ultra-
distributions

〈L−1(1), ϕ〉 =
〈

1
2πi

∫ +i∞

−i∞

eλt

λ2
dλ, ϕ′′

〉
= 〈δ, ϕ〉,
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we have
〈P ∗ E,ϕ〉 = 〈δ ⊗ IY , ϕ〉.

Corollary 2.3.1 By Theorem 1.3.3, each statement (I), (II) and (III) of
Theorem 2.3.1 is equivalent to the existence of κ-convoluted semigroup,
where κ̃(λ)=|λ|→∞ O(e−M(αλ)).

2.3.3 The Cauchy problem in spaces of
new distributions

We continue the study of the generalized well-posedness of the Cauchy
problem (CP):

u′(t) = Au(t), t ≥ 0, u(0) = x. (CP)

In Section 2.1 we considered the (CP) with an operator A generating an
n-times integrated semigroup. Such a (CP) is well-posed in the space of
Schwartz distributions and can be referred to as ‘slightly’ ill-posed problem.
In this subsection, we study the generalized well-posedness of ‘essentially’
ill-posed Cauchy problems, namely problems with operators A generating
C-regularized semigroups. We note that Cauchy problems that are well-
posed in the space of ultradistributions, i.e., problems with operators A
generating κ-convoluted semigroups, can be referred to as intermediate case
between ‘slightly’ and ‘essentially’ ill-posed Cauchy problems.

In this subsection, we use spaces of new distributions (or new general-
ized functions) introduced by V.K. Ivanov. The construction of spaces of
new distributions is based on the development of Sobolev’s and Schwartz’s
concepts: instead of differentiation operators applied to test functions we
take an unbounded operator Φ : X → X giving a solution of an ill-posed
problem. The test functions ϕ ∈ X are constructed in terms of their Fourier
coefficients in the case Hilbert space X, and as functions from D(Φk) or⋂∞

k=1D(Φk) in the general case.
In a Hilbert space H we consider a self-adjoint operator Φ generating

an orthonormal basis of eigenvectors {αk} corresponding to the eigenvalues
|µ1| ≤ |µ2| ≤ · · ·. We denote by H the class of such operators. The domain
D(Φ) of such an operator Φ is dense in H, but generally does not coincide
with H. The same holds for D(Φk). We introduce the normed spaces

Pk =

{
u ∈ D(Φk) ⊂ H, ‖u‖Φk =

k∑
i=0

‖Φiu‖H
}
, k = 1, 2, ...

and the countably normed space

P∞ =

{
u ∈

∞⋂
k=1

D(Φk) ⊂ H, ‖u‖Φk , k ≥ 1

}
.
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The convergence of a sequence un → u in P∞ means that Φkun → Φku in
H for all k ≥ 1. Note that P∞ is not empty since it contains all eigenvectors
of operator Φ.

Spaces of new distributions are defined as the dual spaces P ′
k (P ′

∞).
The space P∞ is the generalization of the Schwartz space of test functions
E . The space P ′

∞ is the generalization of the space E ′ of distributions with
compact support. Spaces Pk generalize the Sobolev spaces. If Φ is equal to
the differentiation operator defined on H = L2(G), then Pk coincides with
W k,2(G) ≡ Hk(G), and P ′

k coincides with H−k(G). This is the reason that
we denote P ′

k by P−k.
Later on we use the sequences of values of functionals generated by

elements ϕ ∈ Pk and f ∈ P−k on eigenvectors αn: ϕ̃n = 〈ϕ,αn〉 = (ϕ,αn)
and f̃n = 〈f, αn〉. Here ϕ̃n and f̃n are analogous to the Fourier coefficients.
The inverse transforms have the form:

ϕ =
∞∑
n=1

ϕ̃nαn, f =
∞∑
n=1

f̃nαn. (2.3.12)

It follows from the definition of Pk that the series for ϕ ∈ Pk is convergent
in Pk. Since for any ϕ ∈ Pk,

lim
m→∞

〈 m∑
n=1

f̃nαn, ϕ
〉
= lim

m→∞

〈 m∑
n=1

f̃nαn,

∞∑
n=1

ϕ̃nαn

〉
= lim

m→∞

m∑
n=1

f̃n, ϕ̃ = lim
m→∞

〈
f,

m∑
n=1

ϕ̃nαn,
〉
= 〈f, ϕ〉,

the series for f ∈ P−k is convergent in P−k. This implies that spaces Pk

are dense in H, and H is dense in P−k in the sense of weak topology.
Now we construct spaces of test functions and new distributions defined

in the form of Fourier series, via the behaviour of the coefficients of the
series. Such spaces can coincide with those already introduced, Pk and
P∞, but both these approaches turn out to be useful for the investigation
of generalized well-posedness.

Let {γk} with |γ1| ≤ |γ2| ≤ . . . , be some given numerical sequence, and
let {αn} be an orthonormal system in H. We consider the space of test
functions:

J∞ :=

{
ϕ ∈ H

∣∣∣ ∀k ≥ 1,
∞∑
n=1

|ϕ̃n|2|γn|2k <∞
}

with the countable system of norms

‖ϕ‖Jk
=

( ∞∑
n=1

|ϕ̃n|2|γn|2k
)1/2

, (2.3.13)
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and consider the corresponding space J−∞ = J ′
∞ of new distributions f

defined in the form of series (2.3.12) whose coefficients are subject to the
conditions

∃k0 ≥ 1 :
∞∑
n=1

|f̃n|2|γn|−2k0 <∞.

We also define the spaces Jk and J−k such that for ϕ =
∑∞

n=1 ϕ̃nαn ∈ Jk

and f =
∑∞

n=1 f̃nαn ∈ J−k the coefficients ϕ̃n and f̃n are subject to the
conditions

∞∑
n=1

|ϕ̃n|2|γn|2k <∞ and
∞∑
n=1

|f̃n|2|γn|−2k <∞,

and the norm in Jk is defined by (2.3.13). Then

J∞ =
∞⋂
k=1

Jk, J−∞ =
∞⋃
k=1

J−k.

If we take the system of eigenvectors of an operator Φ ∈ H as the orthonor-
mal system αn, and the sequence of eigenvalues {µn} as the sequence {γn},
then the spaces J∞ and Jk coincide with P∞ and Pk, respectively. The
spaces Jk with {γn} chosen in this way are used for studying the gener-
alized well-posedness of the problem of evaluating of unbounded operator
Φ : u = Φf . If there exists Φ−1 = Ψ, then this problem is equivalent to
the operator equation of the first kind

Ψu = f. (2.3.14)

If {γn} is taken to be a sequence of the form {F (λn)}, where the λn are the
eigenvalues of an operator A ∈ H and F is an analytic function, then Jk co-
incides with the space Pk generated by the operator Φ = F (A). Such spaces
are used in the study of generalized well-posedness of different boundary
value problems for differential-operator equations: if the initial data are
taken in P−k (J−k), k = 0, 1, . . . (in particular, in H = P0 = J0), then
the existence, the uniqueness, and the stability of a solution can be estab-
lished in the spaces P−m (J−m) for m > k. If initial data are taken in
P−∞ (J−∞), then the well-posedness can be proved in the same spaces.

Let H+ be the subclass of operators from H with eigenvalues µk such
that µ1 ≤ µ2 ≤ · · · . We now investigate the generalized well-posedness of
the following problems:

1) the ill-posed Cauchy problem (CP) with an operator A ∈ H+ and
Φ = eAt,

2) the problem of evaluating of unbounded operator Φ written in the
form (2.3.14) with Ψ = Φ−1.
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In the next chapter we show that these ‘essentially’ ill-posed Cauchy
problems can be solved by ‘differential’ regularization methods. Writ-
ing them in the form (2.3.14) one can use the variational regularization
methods.

Theorem 2.3.2 Suppose that Φ = Ψ−1 ∈ H. Then for any
f ∈ P−k (P−∞), k = 1, 2, . . . , the solution of the equation

〈Ψu, ϕ〉 = 〈u,Ψϕ〉 = 〈f, ϕ〉, ϕ ∈ Pk (2.3.15)

exists, is unique, and is stable in the space P−k−1 (P−∞). For this solution
the following expansion holds:

u =
∞∑
n=1

µnf̃nαn. (2.3.16)

Proof We show that for any f ∈ P−k the formal solution Φf of (2.3.15)
belongs to P−k−1. According to the definition of the space Pk , if ϕ ∈ Pk,
then Φϕ ∈ Pk−1. Since 〈Φf, ϕ〉 = 〈f,Φϕ〉 for f ∈ P−k, and the operator Φ
maps Pk+1 to Pk and P−k to P−k−1 for k = 0, 1, . . ., we have Φf ∈ P−(k+1).

As Ψ = Φ−1 : Pk → Pk+1, for the unbounded operator Φ we have that
Φf =: u satisfies the equation

∀ϕ ∈ Pk,

〈Ψu, ϕ〉 = 〈u,Ψϕ〉 = 〈f, ϕ〉, k = 0, 1, . . . .

We now show that the expansion (2.3.16) holds. According to (2.3.15),
a function u can be expanded in the series u =

∑∞
n=1 ũnαn in the space

P−k−1, where ũn satisfies the equalities

ũn = 〈u, ϕn〉 = 〈Φf, ϕn〉 = 〈f,Φϕn〉 = µn〈f, ϕn〉 = µnf̃n.

This implies (2.3.16). It remains to verify the stability of the solution
in the space P−k−1, which is equivalent to the continuity of the operator
Φ : P−k → P−k−1. Let fn → f in P−k, i.e.

∀ϕ ∈ Pk, lim
n→∞〈fn, ϕ〉 = 〈f, ϕ〉.

Then for any ϕ ∈ Pk,

〈un, ϕ〉 = 〈Φfn, ϕ〉 = 〈fn,Φϕ〉 → 〈f,Φϕ〉 = 〈Φf, ϕ〉 = 〈u, ϕ〉,
i.e. un → u in P−k−1. ✷

Consider A ∈ H+ with eigenvalues µn. Let T <∞. By J exp
k we denote

Jk with {γn = eµnT }. We now establish the well-posedness of the local
Cauchy problem

u′(t) = Au(t), 0 ≤ t < T, u(0) = x, (LCP)

in these spaces of new distributions.
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Theorem 2.3.3 Suppose that A ∈ H+. Then for any x ∈ J exp
−k (J exp

−∞)
the solution of (LCP) exists, is unique, and is stable in the space J exp

−k−1

(J exp
−∞):
∀ϕ ∈ J exp

k+1,〈du(t)
dt

, ϕ
〉
= 〈Au(t), ϕ〉, 〈u(0), ϕ〉 = 〈x, ϕ〉,

here

〈u(t), ϕ〉 =
〈 ∞∑
n=1

eµntxnαn, ϕn

〉
=

∞∑
n=1

eµntxnϕn. ✷

The operator A considered in Theorem 2.3.3 generates the local C-
regularized semigroup

S(t)x =
∞∑
n=1

eµn(t−T )xnαn, with Cx :=
∞∑
n=1

e−µnTxnαn,

and the space J exp
k coincides with Pk, where Φ = C−1. It follows from

the construction of J exp
k and the definition of C-semigroups that Theorem

2.3.3 can be extended in terms of C-regularized semigroups in the following
way.

Theorem 2.3.4 Suppose that an operator A ∈ H+ is the generator of a C-
regularized semigroup. Then for any x ∈ P−k , where Φ = C−1, a solution
of (LCP) exists, is unique, and is stable in the space P−k−1. In the space
P−∞ the (LCP) is well-posed in the Hadamard sense: for any x ∈ P−∞,
the solution exists, is unique, and is stable in P−∞.

The unbounded operators U(t) giving the weak solution of the (LCP), are
defined by

U(t)x := C−1S(t)x, x ∈ X
They satisfy the equations

∀ϕ ∈ Pk, k ≥ 1,

〈U(t+ s)x, ϕ〉 = 〈U(t)U(s)x, ϕ〉, 〈U(0)x, ϕ〉 = 〈x, ϕ〉,

i.e., they form a semigroup in the space of new distributions. ✷
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Chapter 3

Regularization Methods

In the first two chapters we investigated the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (CP)

where A : D(A) ⊂ X → X, which is not uniformly well-posed. The
technique of integrated and C-regularized semigroups presented in Chapter
1 allows one to construct a solution of (LCP) for initial values x from
various subsets of D(A) stable in X with respect to x in corresponding
graph-norms. The technique of distributions presented in Chapter 2 allows
the construction of a generalized solution for any x ∈ X stable in a space
of distributions.

In this chapter, we consider regularizing operators that allow the con-
struction of an approximate solution stable in X for concordant parame-
ters: δ - the error of initial data and the regularization parameter ε. In
Section 3.1, we study three main ‘differential’ regularization methods for
an ill-posed Cauchy problem: Lattes-Lions’ quasi-reversibility method, the
auxiliary boundary conditions (ABC) method, and the method of reduc-
tion to a Dirichlet problem (Carasso’s method). In Section 3.2 we study
the connections between different regularization methods and between reg-
ularization methods and the C-regularized semigroup method.

3.1 The ill-posed Cauchy problem

3.1.1 Quasi-reversibility method

Let X be a Banach space. Consider the local Cauchy problem

u′(t) = Au(t), 0 ≤ t < T, u(0) = x, (LCP)
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with a densely defined linear operator A. Suppose that spectrum of A lies
in the region

G1 =
{
λ ∈ C

∣∣∣ |argλ| < β <
π

4

}
,

and
∃M > 0, ∀λ /∈ G1,

‖RA(λ)‖ ≤ M

1 + |λ| . (3.1.1)

Denote the class of such operators by A1. In a general case, under the
assumption (3.1.1) the problem (LCP) is ill-posed: its solution does not
exist for every initial data from D(A) and it is not stable in any graph-
norm. We can say that such problems are ‘essentially’ ill-posed, in contrast
to n-well-posed problems from the first two chapters, which can be referred
to as ‘slightly’ ill-posed problems. ‘Essentially’ ill-posed problems can be
treated with the help of regularization methods.

Suppose, as it is customary in the theory of ill-posed problems, that
for some exactly given initial value x there exists a solution of (LCP) u(·)
(it is unique due to the estimate (3.1.1)) and the initial value xδ is given
with an error δ : ‖xδ − x‖ ≤ δ. We show that a regularizing operator for
(LCP) with A ∈ A1 can be constructed by the quasi-reversibility method.
The following definition of a regularizing operator for the ill-posed Cauchy
problem is given according to the general definition of regularizing operators
in the theory of ill-posed problems [129], [258].

Definition 3.1.1 An operator Rε,t : X → C
{
[0, T ], X

}
is called the regu-

larizing operator for the Cauchy problem (LCP) if the following conditions
are fulfilled:

1) operator Rε,t is defined for all x ∈ X. (Usually Rε,t supposed to be
bounded).

2) there exists a dependence ε = ε(δ) (ε(δ)−→δ→0 0) such that

‖Rε(δ),txδ − u(t)‖−→
δ→0

0.

Consider the Cauchy problem corresponding to the quasi-reversibility
method

u′ε,δ(t) = (A− εA2)uε,δ(t) =: Aεuε,δ(t), 0 < t ≤ T, (3.1.2)
uε,δ(0) = xδ.

We now show that there exist the unique generalized solution and a depen-
dence ε = ε(δ) (ε(δ)−→δ→0 0) such that for any xδ ∈ X the generalized
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solution of the Cauchy problem (3.1.2) converges to the solution of (LCP)
when δ → 0:

‖uε(δ),δ(t)− u(t)‖−→
δ→0

0, 0 < t ≤ T.

First we prove the well-posedness of the Cauchy problem (3.1.2) and then
find its solution.

Theorem 3.1.1 Let A ∈ A1, then the Cauchy problem (3.1.2) is well-posed
on D(A2).

Proof Consider the identity

Aε − λI = −ε
(
A− 1 +

√
1− 4λε
2ε

I

)(
A− 1−√1− 4λε

2ε
I

)
=: −ε(A− µ1I)(A− µ2I).

From the estimate (3.1.1), forRA(µj), j = 1, 2, we obtain the corresponding
estimate for RAε

(λ) at points λ = µj − εµ2
j , j = 1, 2,:

‖RAε
(λ)‖ (3.1.3)

≤ 1
ε
‖RA(µ1)‖‖RA(µ2)‖ ≤ 1

ε
M2(1 + |µ1|)−1(1 + |µ2|)−1

=
1
ε
M2

(
1 +

∣∣∣∣1 +
√

1− 4λε
2ε

∣∣∣∣)−1(
1 +

∣∣∣∣1−√1− 4λε
2ε

∣∣∣∣)−1

≤ 1
ε
M2

(
1 +

|λ|
ε

)−1

≤M2|λ|−1.

If µ1 and µ2 are lying on the left of the curve

γ =
{
µ ∈ C

∣∣∣ µ = t(1± i tanβ), 0 ≤ t <∞
}
,

then the estimate (3.1.3) for RAε
(λ) holds for λ lying on the right of the

curve

γ1 =
{
λ = µ− εµ2, µ ∈ γ

∣∣∣
λ = t− ε(1− tan2 β)t2 + i(± t tanβ ∓ 2εt2 tanβ)

}
.

In particular, for

Reλ > C(ε) = max
0≤t<∞

{
t− ε(1− tan2 β) t2

}
=

1
4ε(1− tan2 β)

the following condition is fulfilled
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∃L = M2 > 0 :

∀λ, Reλ > C(ε) =⇒ ‖R(λ,Ae)‖ ≤ L|λ|−1. (3.1.4)

As C(ε) ≥ 0, for Reλ > C(ε) we have |λ− C(ε)| < |λ| and

‖RAε
(λ)‖ ≤ L|λ− C(ε)|−1.

Therefore, the operator Aε generates an analytic C0-semigroup VAε
(·), and

the Cauchy problem (3.1.2) is well-posed on D(Aε) = D(A2). ✷

According to Theorem 1.1.2, for xδ ∈ D(A2
ε) = D(A4) the solution of

(3.1.2) equal to VAε
xδ can be written in the integral form:

uε,δ(t) = v.p.− 1
2πi

∫ σ+i∞

σ−i∞
eλtRAε

(λ)xδdλ, (3.1.5)

t > 0, σ > C(ε).

We substitude the resolvent RAε
(λ) in the form of the Cauchy-Dunford

integral:

RAε
(λ) =

1
2πi

∫
γ

RA(µ)
λ− (µ− εµ2)

dµ, γ = ∂G1

into (3.1.5) with t = T . For xδ ∈ D(A4) we obtain the solution of (3.1.2)

uε,δ(T ) = − 1
2πi

∫
γ

e(µ−εµ
2)TRA(µ)xδdµ. (3.1.6)

The integral (3.1.6), giving for xδ ∈ D(A4) the classical solution of problem
(3.1.2) at t = T , converges for all xδ ∈ X. Note that D(A4) = X. Ex-
tending (3.1.6) by continuity from D(A4) to X, we obtain the generalized
solution of problem (3.1.2) equal to VAε

(t)xδ. We define the operator Rε,T

as the operator giving the generalized solution of (3.1.2) at t = T :

Rε,Txδ := VAε
(T )xδ = − 1

2πi

∫
γ

e(µ−εµ
2)TRA(µ)xδdµ.

We now show that for Rε,T defined on the whole space X, there exists a
dependence

ε = ε(δ), with ε(δ)−→
δ→0

0

such that
Rε,Txδ −→

δ→0
u(T ),

i.e. Rε,T is the regularizing operator for (LCP) at t = T .

Theorem 3.1.2 Let A ∈ A1. Suppose that for some x there exists a solu-
tion of the Cauchy problem (LCP). Then Rε,T is the regularizing operator
for (LCP) at t = T .
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Proof Consider supremum of the difference ‖Rε,Txδ − u(T )‖ for all xδ
from δ-neighbourhood of x:

∆Q(A, u(T ), ε, δ)
= ∆ = sup

‖x−xδ‖≤δ
‖Rε,Txδ − u(T )‖

≤ ‖uε(T )− u(T )‖+ sup
‖x−xδ‖≤δ

‖Rε,Txδ − uε(T )‖

=: ∆1 + ∆2,

here uε(T ) is the generalized solution of problem (3.1.2) with the initial
data x: uε(T ) = Rε,Tx = VAε

(T )x. Since VAε
(t) is a C0-semigroup, then

‖VAε
(t)‖ ≤ LeC(ε)t, t ≥ 0. (3.1.7)

Hence we obtain

∆2 = sup‖x−xδ‖≤δ‖VAε
(T )(x− xδ)‖ (3.1.8)

≤ LδeC(ε)T = LδeT/4ε(1−tan2 β).

Now we estimate ∆1 = ‖uε(T ) − u(T )‖. First we show that uε(T ) =
V−A2(εT )u(T ). Due to condition (3.1.1) the Cauchy problem

w′(t) = −Aw(t), w(0) = w0, (3.1.9)

is well-posed. Its solution at t = T for w = u(T ) can be written in the form
of the contour integral:

x = V−A(T )u(T ) =
∫
γ′
eλTR−A(λ)u(T )dλ, (3.1.10)

where contour γ′ is lying on the right of contour −γ and for all λ ∈ γ′

with sufficiently large absolute values, |arg(−λ)| < π/4. This choice of γ′

guarantees the convergence of integral in (3.1.10). From equality (3.1.10)
and estimate (3.1.3) we have

uε(T ) = VAε
(T )x

= − 1
2πi

∫
γ

e(µ−εµ
2)TRA(µ)xdµ

= − 1
2πi

∫
−γ

e−(µ+εµ2)TR−A(µ)xdµ

= − 1
2πi

∫
−γ

e−(µ+εµ2)TR−A(µ)

×
[
− 1

2πi

∫
γ′
eλTR−A(λ)u(T )dλ

]
dµ.
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Using the resolvent identity, the Cauchy formula, and the analyticity of
functions eλT , e−(µ+εµ2)T in the region C \G1, we obtain

uε(T ) = − 1
2πi

∫
−γ

e−(µ+εµ2)T

×
[
− 1

2πi

∫
γ′
eλT

R−A(µ)−R−A(λ)
µ− λ

u(T )dλ
]
dµ

= − 1
2πi

∫
γ

e−εµ
2TRA(µ)u(T )dµ

= − 1
2πi

∫
γ

e−εµ
2T [RA(−µ) + 2µRA2(µ2)]u(T )dµ

= − 1
2πi

∫
γ

e−εµ
2TRA2(µ2)u(T )2µdµ

= − 1
2πi

∫
−γ2

eελTR−A2(λ)u(T )dλ,

where
−γ2 =

{
λ ∈ C

∣∣∣ λ = −µ2, µ ∈ γ
}
.

Therefore
uε(T ) = V−A2(εT )u(T ),

where V−A2 is the analytic C0-semigroup generated by −A2. The ana-
lyticity of V−A2 may be proved similarly to the analyticity of the semi-
group VAε

. Hence, using the properties of integrals of a C0-semigroup, for
u(T ) ∈ D(A4) we obtain

∆1 = ‖V−A2(εT )u(T )− u(T )‖

=

∥∥∥∥∥
∫ εT

0

V−A2(s)A2u(T )ds

∥∥∥∥∥ ≤ L1ε, (3.1.11)

and
∆ ≤ LδeT/4ε(1−tan2 β) + L1ε. (3.1.12)

It follows from (3.1.12) that we can choose ε = ε(δ) so that ∆ → 0 as
δ → 0. Hence, if we eliminate the additional condition u(T ) ∈ D(A4), it
will be proved that Rε,T is the regularizing operator for problem (LCP)
at t = T . Note that, in general, the condition u(T ) ∈ D(A4) used in the
estimate (3.1.11) is not fulfilled. If u(T ) /∈ D(A4), then due to the density
of D(A4) and the well-posedness of the Cauchy problem (3.1.9), there exists
w0 ∈ D(A4) in a neighbourhood of u(T ) such that for the solution of (3.1.9)
with w0 = w1, the estimate ‖x−w(T )‖ ≤ δ holds. Now if we consider (LCP)
with the initial data w(T ), then

u(T ) = w0 ∈ D(A4), ‖w(T )− xδ‖ ≤ ‖w(T )− x‖+ ‖x− xδ‖ ≤ 2δ,
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and the order of the obtained estimate (3.1.12) is unchanged.

3.1.2 Auxiliary bounded conditions (ABC) method

Consider the ill-posed Cauchy problem (LCP) with a densely defined linear
operator A such that the spectrum of A lies in the half-strip

G2 =
{
λ ∈ C

∣∣∣ |Imλ| < α <
π

T + τ
, Reλ > ω, ω ∈ R, τ > 0

}
,

and suppose that for λ /∈ G2 the resolvent of A is bounded:

∃M > 0 : ∀λ /∈ G2, ‖RA(λ)‖ ≤M. (3.1.13)

Denote the class of such operators by A2. Suppose for some x there exists a
solution of (LCP) u(·). We show that (LCP) with A ∈ A2 can be regularized
by the ABC method: i.e. there exists a dependence ε = ε(δ) (ε(δ) →δ→0 0)
such that the generalized solution of the boundary problem

ũ′ε,δ(t) = Aũε,δ(t), 0 < t < T + τ, τ > 0, (3.1.14)

ũε,δ(0) + εũε,δ(T + τ) = xδ, ε > 0,

converges to the solution of (LCP):

‖ũε,δ(t)− u(t)‖−→
δ→0

0, 0 ≤ t < T + τ.

In [128] we investigated the well-posedness of the boundary value problem

u′(t) = Au(t), 0 < t < T, µu(0)− u(T ) = x, (3.1.15)

in a Banach space X. It was proved that if a densely defined operator A
satisfies the condition
∃K > 0, a region G ∈ C, and an integer k ≥ −1:

∀λ ∈ G, ‖RA(λ)‖ ≤ K(1 + |λ|)k,

and µ /∈ exp (TG), then there exists a unique solution of (3.1.15). The
assumptions of this theorem are fulfilled for A ∈ A2, xδ ∈ D(A2), and any
positive ε. Therefore, the problem (3.1.14) for xδ ∈ D(A2) has a unique
solution that can be written in the integral form:

ũ(t) = − 1
2πi

∫
γ

eλt

1 + εeλ(T+τ)
RA(λ)xδdλ, γ = ∂G2. (3.1.16)
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The integral in (3.1.16) converges for all xδ ∈ X and 0 ≤ t < T + τ.
Extending by continuity the equality (3.1.16) to the whole space X, we
define a generalized solution of (3.1.14)

R̃ε,Txδ := − 1
2πi

∫
γ

eλT

1 + εeλ(T+τ)
RA(λ)xδdλ, xδ ∈ X,

and show that R̃ε,T is a regularizing operator for (LCP) at t = T .

Theorem 3.1.3 Let A ∈ A2. Suppose that for some x there exists a solu-
tion of (LCP) for 0 ≤ t < T1, where T1 > T . Then R̃ε,T is the regularizing
operator for (LCP) at t = T .

Proof Consider ‖R̃ε,Txδ − u(T )‖. Let

∆A(A, u(T ), ε, δ)

= ∆ = sup‖x−xδ‖≤δ‖R̃ε,Txδ − u(T )‖
≤ ‖R̃ε,Txδ − u(T )‖+ sup‖x−xδ‖≤δ‖R̃ε,Tu0 − R̃ε,Txδ‖
=: ∆1 + ∆2.

Here R̃ε,Tx = uε(T ) is a solution of (3.1.14) at t = T with the boundary
condition uε(0) + εuε(T + τ) = x, τ < T1 − T . We have

∆2 = ∆2(T )

= sup‖x−xδ‖≤δ

∥∥∥∥ 1
2πi

∫
γ

eλT

1 + εeλ(T+τ)
RA(λ)(x− xδ)dλ

∥∥∥∥
≤ δ

2π

(∫
γ+

∣∣∣∣ eλT

1 + εeλ(T+τ)

∣∣∣∣ ‖RA(λ)‖|dλ|

+
∫
γ−
|eλT |‖RA(λ)‖|dλ|

)
≤ δ

ε
C1(T ),

where

γ+ =
{
λ ∈ γ

∣∣ Reλ > 0
}

and γ− =
{
λ ∈ γ

∣∣ Reλ ≤ 0
}
.

To estimate ∆1 = ∆1(T ) we introduce the function vε(·) := uε(·)−u(·).
Then vε(·) is a solution of problem (3.1.14) with the boundary condition

vε(0) + εvε(T + τ) = −εu(T + τ).

©2001 CRC Press LLC

©2001 CRC Press LLC



As was shown in Theorem 3.1.2, we can assume without loss of generality
that u(T + τ) ∈ D(A2). Therefore,

∆1(T ) = ‖vε(T )‖ (3.1.17)

=
∥∥∥∥ 1

2πi

∫
γ

εeλT

1 + εeλ(T+τ)
RA(λ)u(T + τ)dλ

∥∥∥∥ .
We divide γ into three parts:

γ− =
{
λ ∈ γ

∣∣ Reλ < 0
}
,

γN =
{
λ ∈ γ

∣∣ Reλ > N
}
,

γ0 = γ \ (γ− ∪ γN ),

and obtain estimates of integral (3.1.17) along each part of γ:∥∥∥∥∥ 1
2πi

∫
γ−

εeλT

1 + εeλ(T+τ)
RA(λ)u(T + τ)dλ

∥∥∥∥∥ (3.1.18)

≤ ε

2π

∫
γ−
|eλT | ‖RA(λ)‖ ‖u(T + τ)‖ |dλ| ≤ C2ε,

∥∥∥∥ 1
2πi

∫
γN

εeλT

1 + εeλ(T+τ)
RA(λ)u(T + τ)dλ

∥∥∥∥ (3.1.19)

≤ 1
2π

∫
γN

|e−λτ | ‖RA(λ)‖ ‖u(T + τ)‖ |dλ| ≤ C3e
−Nτ .

Taking into account that

max
0<Reλ≤N

∣∣∣∣ εeλT

1 + εeλ(T+τ)

∣∣∣∣ = T
T

T+τ (τε)
τ

T+τ

T + τ
,

for the integral along γ0 we obtain∥∥∥∥ 1
2πi

∫
γ0

εeλT

1 + εeλ(T+τ)
RA(λ)u(T + τ)dλ

∥∥∥∥ (3.1.20)

≤ 1
2π

∫
γ0

T
T

T+τ (τε)
τ

T+τ

T
‖RA(λ)‖ ‖u(T + τ)‖ |dλ|

≤ C4Nε
τ

T+τ .

From (3.1.18) – (3.1.20) we obtain the estimate for ∆1(T ):

∆1(T ) ≤ C2ε+ C3e
−Nτ + C4Nε

τ
T+τ .
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Choosing N = 1
T+τ ln 1

ε , we have

∆1(T ) ≤
(
C2ε

T
T+τ + C3 + C4

1
T + τ

ln
1
ε

)
ε

τ
T+τ .

Finally, we obtain

∆(T ) ≤
(
C2ε

T
T+τ + C3 + C4

1
T + τ

ln
1
ε

)
ε

τ
T+τ + C1(T )

δ

ε
. (3.1.21)

Therefore, we can choose ε = ε(δ) such that ∆(T ) → 0 as δ → 0, i.e. R̃ε,T

is the regularizing operator of (LCP) at t = T .

3.1.3 Carasso’s method

Consider the ill-posed Cauchy problem (LCP) with a densely defined linear
operator A such that the spectrum of A lies in a half-strip

G3 =
{
λ ∈ C

∣∣∣ |Imλ| < b, Reλ > a
}
,

and suppose that for λ /∈ G3 the resolvent of A is bounded:

∃M > 0 : ∀λ /∈ G3, ‖RA(λ)‖ ≤M.

Denote the class of such operators by A3. Suppose that for some x there
exists a solution of (LCP) such that ‖u(T )‖ ≤ K for some K > 0, and the
initial value xδ is given with an error δ. We show that (LCP) with A ∈ A3

can be regularized by reduction to a Dirichlet problem.
Using the substitution w(t) = ek(T−t)u(t) for some k > 0 and differenti-

ating both sides of the equation in (LCP), we obtain the Dirichlet problem

w′′(t) = (A− kI)2w(t), 0 < t < T, (3.1.22)

w(0) = ekTx, ‖w(T )‖ ≤ K.

We show that if w is the solution of (3.1.22) with boundary conditions

w(0) = ekTxδ, w(T ) = 0,

then w(t)e−k(T−t) converges to u(t) as δ → 0, where k = k(δ) = 1
T ln (K/δ).

This method of construction of regularizing operator Rk,t by reduction to
the Dirichlet problem

w′′
k(t) = (A− kI)2wk(t), 0 < t < T, (3.1.23)

wk(0) = ekTxδ, wk(T ) = 0,

we call Carasso’s method. Here Rk,txδ := wk(t)e−k(T−t).
Using the technique of Cauchy-Dunford integrals we obtain a solution

of (3.1.23).
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Theorem 3.1.4 Let A ∈ A3, then

Jk(t) = −e
k(T−t)

2πi

∫
γ

eλt(1− ε
T−t

T e2λ(T−t))
1− εe2λT

RA(λ)xδ dλ, γ = ∂G3,

is a twice continuously differentiable solution of the Dirichlet problem
(3.1.23). Here ε = e−2kT and ∂G3 (that is b and a) are chosen so that
k = 1

T ln(K/δ) /∈ G3. ✷

Now we show that the approximate solution

uε,δ(t) := e−k(T−t)Jk(t) (3.1.24)

= − 1
2πi

∫
γ

eλt(1− ε
T−t

T e2λ(T−t))
1− εe2λT

RA(λ)xδdλ

converges to the exact solution u(t) as δ → 0. We write the integral in
(3.1.24) as a sum of two integrals:

Jk(t)1 = − 1
2πi

∫
γ

eλt

1− εe2λT
RA(λ)xδdλ,

Jk(t)2 =
ε

T−t
T

2πi

∫
γ

e2λ(T−t)

1− εe2λT
RA(λ)xδdλ

and choose γ in a way that the lines Imλ = πi
T m do not belong to it.

Therefore the denominator is not equal to zero as ε→ 0.
Comparing Jk(t)1 and Jk(t)2 with the solution obtained by the ABC

method, one can see that Jk(t)1 is a solution of the boundary value problem

v′(τ) = Av(τ), 0 < τ < 2T, v(0)− εv(2T ) = xδ, (3.1.25)

at τ = t : Jk(t)1 = v(t). Further, Jk(t)2 is a solution of (3.1.25) at
τ = 2T − t multiplied by a small parameter:

Jk(t)2 = v(2T − t)ε
T−t

T .

Thus, using the results for the ABC method we obtain convergence uδ(t) to
u(t) as δ → 0 and estimates for u(t) satisfying the condition ‖u(2T )‖ ≤ K
(or on the well-posedness class M =

{
u(t)

∣∣ ‖u(2T )‖ ≤ K
}
):

‖uδ(t)− u(t)‖ ≤ ‖Jk(t)1 − u(t)‖+ ‖Jk(t)2‖ ≤ Cδγ , 0 < γ < 1,

where ε = e−2kT = cδ2.
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3.2 Regularization and regularized
semigroups

The general theory of ill-posed problems usually treats them in the form of
the equation of the first kind

Ψu = f, Ψ : U → F, (3.2.1)

where, in general, operator Ψ−1 either does not exist or is not bounded.
Main regularization methods for (3.2.1) are variational: Ivanov’s quasival-
ues method, the residual method, and Tikhonov’s method. In Section 3.1
we studied regularization methods for the ill-posed Cauchy problem

u′(t) = Au(t), 0 ≤ t < T, u(0) = x, (LCP)

with operator A : D(A) ⊂ X → X that may have points of spectrum
anywhere in the half-plane Reλ > ω.

Those methods employ the differential nature of this problem and allow
the construction of a regularized solution of (LCP) without reducing it to
the form (3.2.1).

In this section, we will compare the obtained regularization methods for
(LCP) by the error estimates. We discuss connections between ‘differential’
methods and variational methods. Furthermore, we establish the connec-
tion between regularization methods for the ill-posed Cauchy problem and
the C-regularized semigroup method.

3.2.1 Comparison of the ABC and
the quasi-reversibility methods

The error estimates (3.1.12) for the regularizing operator Rε,T in the quasi-
reversibility method:

∆Q ≤ LδeT/4ε(1−tan 2 β) + L1ε,

and the error estimates (3.1.21) for the regularizing operator R̃ε,T in the
ABC method:

∆A ≤
(
C2ε

T
T +τ + C3 + C4

1
T + τ

ln
1
ε

)
ε

τ
T +τ + C1(T )

δ

ε

were obtained in Section 3.1 under the following assumption: operator A
belongs to class A1 or A2, respectively, and there exists an exact solution
u(T ) of (LCP) with the property

‖A2u(T )‖ ≤ r or ‖u(T + τ)‖ ≤ r, r > 0,
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respectively. For a comparison of these methods on the basis of the error
estimates, we introduce the following correctness classes:

M1 =
{
u(T )

∣∣∣ ‖A2u(T )‖ ≤ r
}

and M2 =
{
u(T )

∣∣∣ ‖u(T + τ)‖ ≤ r
}
,

and errors of a method on a class of operators A and on a correctness class
M:

∆(A,M, ε, δ) = sup
u(T )∈M,A∈A

∆(A, u(T ), ε, δ).

We show that for the quasi-reversibility method there exists a class of op-
erators A, a correctness class M and a dependence between the error δ and
the regularization parameter ε, such that for

∆Q(A,M, ε, δ) = sup
u(T )∈M,A∈A

∆Q(A, u(T ), ε, δ),

the exact by the order of δ logarithmic estimate holds. Here

∆Q(A, u(T ), ε, δ)
= ∆Q = sup

‖x−xδ‖≤δ
‖Rε,Txδ − u(T )‖

≤ ‖Rε,Tx− u(T )‖+ sup
‖x−xδ‖≤δ

‖Rε,Txδ −Rε,Tx‖

= ∆1Q
+ ∆2Q

.

For the error in the ABC method

∆A(A,M, ε, δ) = sup
u(T )∈M,A∈A

∆A(A, u(T ), ε, δ),

the exact by the order of δ polynomial estimate holds, where

∆A(A, u(T ), ε, δ)

= ∆A = sup
‖x−xδ‖≤δ

‖R̃ε,Txδ − u(T )‖

≤ ‖uε(T )− u(T )‖+ sup
‖x−xδ‖≤δ

‖R̃ε,Txδ − uε(T )‖

= ∆1A
+ ∆2A

.

Definition 3.2.1 The error estimate ∆(A,M, ε, δ) ≤ φ(ε, δ) is called ex-
act by the order of ε, δ if
∃C > 0, A ∈ A, u(T ) ∈M :

∆(A, u(T ), ε, δ) ≥ Cφ(ε, δ).
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Theorem 3.2.1 For the quasi-reversibility method the exact by the order
of ε, δ error estimate

∆Q(A1,M1, ε, δ) ≤ δLeT/4ε(1−tan2 β) + L1ε (3.2.2)

and the exact by the order of δ error estimate

∆Q

(
A1,M1,

C

| ln δ| , δ
)
≤ C| ln δ|−1

hold. For the ABC method the corresponding estimates are

∆A(A2,M2, ε, δ) (3.2.3)

≤ C1(T )
δ

ε
+
(
C2ε

T
T+τ + C3 + C4

1
T + τ

ln
1
ε

)
ε

τ
T+τ

and
∆(A2,M2, ε, δ) ≤ Crγ , γ <

τ

T + 2τ
.

Proof Since constants L and L1 in the estimate (3.1.12) do not depend
on A ∈ A1 and the solution u(T ) is from M1, the estimate (3.1.12) implies
(3.2.2). Similarly, (3.1.21) implies (3.2.3).

Now we show that (3.2.2) is exact by the order of ε, δ. From definitions
of ∆ (both ∆Q and ∆A) and ∆1,∆2 we have the inequalities

∆1 ≤ ∆, ∆2 −∆1 ≤ ∆, ∆ ≤ 1
2
∆2. (3.2.4)

Hence, it is sufficient to prove that the estimates for ∆1 and ∆2 are exact
by the order of ε, δ. We show that if the spectrum of operator A ∈ A1

contains sufficiently large (by the absolute value) points, then the error
estimate (3.1.7) for the quasi-reversibility method:

∆2 = sup
‖x−xδ‖≤δ

‖VAε
(T )(x− xδ)‖ ≤ LδeT/4ε(1−tan2 β)

is exact by the order of ε, δ. An example of such an operator is

A = − d2

dx2
, D(A) =

{
u ∈ C[0, l]

∣∣∣ u′′xx ∈ C[0, l], u(0) = u(l) = 0
}
,

Let λn be the sequence of eigenvalues of operator A corresponding to
the eigenvectors αn such that

lim
n→∞Reλn = +∞ and lim

n→∞

∣∣∣∣ Imλn
Reλn

∣∣∣∣ < 1.
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Then, for sufficiently large n, we have |arg λn| < π
4 , the sequence µn =

λn − ελ2
n is the sequence of eigenvalues for operator Aε = A− εA2, ε > 0,

and
VAε

(T )αn = eµnTαn = e(λn−ελ2
n)Tαn.

If we take ε(n) = 1/(2Reλn), then

‖VAε
(T )αn‖ = |e(λn−ε(n)λ2

n)T |‖αn‖ = eTRe (λn−ε(n)λ2
n)‖αn‖

= eTReλn−Tε(n)[(Reλn)2−(Imλn)2]‖αn‖
= e

T
2 Reλn+T (Imλn)2‖αn‖ ≥ e

T
4ε(n) ‖αn‖.

Therefore, the estimate for ∆2 is exact by the order of ε. Now consider the
estimate (3.1.10)

∆1 = ‖V−A2(εT )u(T )− u(T )‖ =

∥∥∥∥∥
∫ εT

0

V−A2(s)A2u(T )ds

∥∥∥∥∥ ≤ L1ε.

Since V−A2(t) strongly converges to the identity operator as t → 0, there
exist C > 0, A ∈ A1 and u(T ) with A2u(T ) �= 0 such that

∆1 =

∥∥∥∥∥
∫ εT

0

V−A2(s)A2u(T )ds

∥∥∥∥∥ ≥ Cε. (3.2.5)

Hence, the estimate for ∆1 is exact by the order of ε. From (3.2.4) and the
obtained estimates for ∆1,∆2 with the dependence ε = C/| ln δ| we obtain
the exact by the order of δ estimate

∆Q

(
A1,M1,

C

| ln δ| , δ
)
≤ C| ln δ|−1.

For the ABC method from the estimate (3.1.21) with the dependence ε =
δ

T+τ
T+2τ we obtain the polynomial estimate:

∆(A2,M2, ε, δ)

≤ (C1 + C3)δ
τ

T+2τ + C2δ
T+τ

T+2τ +
C4

T + 2τ
| ln δ|δ τ

T+2τ

≤ Cδγ , γ <
τ

T + 2τ
. ✷

Thus it is proved that the obtained estimates for the quasi-reversibility
and ABC methods hold on the class of operators A1 and A2, respectively.
To compare these methods we obtain for the quasi-reversibility method an
error estimate on A1 ∩ A2, M1 ∩M2.
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Theorem 3.2.2 The error estimate (3.2.12) for the quasi-reversibility
method is exact by the order of ε, δ on the class of operators A1 ∩ A2 and
the correctness classM1 ∩M2 =M2.

Proof In the proof of the estimate (3.1.2) (Theorem 3.2.1) for an operator
A ∈ A1 we can take λn ∈ R. Then A belongs to the class A2 as well, and
the estimate of ∆2 is exact by the order of ε, δ on this class. Hence, ∆2

is exact by the order ε, δ on the class of operators A1 ∩ A2. Since in M2

there exists u(T ) such that A2u(T ) �= 0, the proof that the estimate for ∆1

is exact by the order ε, δ is valid on the correctness class M1 ∩M2. The
equality M1 ∩M2 = M2 on the class of operators A1 ∩ A2 follows from
boundedness of operator A2V−A(τ) for τ > 0:

‖A2u(T )‖ = ‖A2V−A(τ)u(T + τ)‖ ≤ r‖A2V−A(τ)‖,
where constant r is from the definition of M2. Thus, the estimate (3.2.12)
on A1 ∩ A2, M2 is exact by the order of ε, δ. ✷

We note here that if A ∈ A1 ∩A2 and u(T ) ∈M2 it is preferable to use
the ABC method.

3.2.2 ‘Differential’ and variational
methods of regularization

The main variational methods for the regularization of the ill-posed problem
(3.2.1)

Ψu = f, Ψ : U → F,

are Ivanov’s quasivalues method, Tikhonov’s regularization method and the
residual method. As an approximate solution of (3.2.1) one takes a solution
u ∈ U of one of the following variational problems:

inf
{
‖Ψu− f‖

∣∣∣ ‖Φu‖ ≤ r
}

(Ivanov′s quasivalues method)

inf
{
‖Ψu− f‖+ ε‖Φu‖, ε > 0

}
(Tikhonov′s regularization)

inf
{
‖Φu‖

∣∣∣ ‖Ψu− f‖ :≤ δ
}

(residual method)

It is proved in [129] that if Ψ : U → F, Φ : U → V are closed linear
operators, D(Ψ) = U , and U,F are reflexive spaces, V is a Banach space,
then these methods are equivalent. That is there exists a relation between
positive parameters ε, δ, and r such that solutions u(r), u(ε) and u(δ) of
these variational problems coincide.

Now, using the technique of Hilbert spaces, we establish that there
exists a connection between the regularization parameters such that the
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ABC method for ill-posed (LCP) coincides with the quasivalues method
for the corresponding equation (3.2.1).

By H+ we denote the class of self-adjoint operators whose eigenvectors
{αk}, corresponding to eigenvalues −∞ < λ1 ≤ λ2 ≤ . . ., form an orthonor-
mal basis. If A ∈ H+, then A ∈ A1 ∩ A2. Consider the ill-posed Cauchy
problem (LCP) with operator A ∈ H+. For (LCP) with such operators the
error estimates are obtained for both methods on correctness classes M1

and M2. If there exists a solution of (LCP), then it can be written in the
form of the Fourier series

u(t) =
∞∑
k=1

eλktxkαk, xk = (x, αk), 0 ≤ t ≤ T. (3.2.6)

The solution operators Rε,T and R̃ε,T at t = T , corresponding to problems
obtained by the quasi-reversibility method (3.1.2):

u′ε,δ(t) = (A− εA2)uε,δ(t) =: Aεuε,δ(t), 0 < t ≤ T, ε > 0,
uε,δ(0) = xδ,

and by the ABC method (3.1.14):

ũ′ε,δ(t) = Aũε,δ(t), 0 < t ≤ T + τ, τ > 0, ε > 0,
ũε,δ(0) + εũε,δ(T + τ) = xδ,

also can be written in the form of series:

Rε,Txδ = uε,δ(T ) =
∞∑
k=1

e(λk−ελ2
k)T (xδ)kαk, (xδ)k = (xδ, αk),

R̃ε,Txδ = ũε,δ(T ) =
∞∑
k=1

eλkT

1 + εeλk(T+τ)
(xδ)kαk. (3.2.7)

On the other hand, the assumption A ∈ H+ guarantees that −A generates
a C0-semigroup {U−A(t), t ≥ 0} and the Cauchy problem

v′(t) = −Av(t), 0 ≤ t ≤ T, v(0) = x̃, (3.2.8)

is uniformly well-posed. Its solution is v(·) = U−A(·)x̃. Problem (3.2.8) is
equivalent to the inverse Cauchy problem

ṽ(t) = Aṽ(t), 0 ≤ t < T, v(T ) = x̃, ṽ(t) = v(T − t). (3.2.9)

Writing down the solution of (3.2.9) at t = T , with x̃ = u(T ), we reduce the
ill-posed Cauchy problem to the operator equation of the first kind (3.2.1):

Ψu :=
∞∑
k=1

uke
−λkTαk = f, (3.2.10)
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where u = u(T ), uk = (u(T ), αk), f = x = u(0) = ṽ(0), and Ψ is a compact
linear operator on H. Regularization of (3.2.10) by the quasivalues method
leads us to the following optimization problem

infu∈M‖Ψu− fδ‖, fδ = xδ

on the compact set

M :={
u =

∞∑
k=1

ukαk ∈ H, uk = (u, αk)
∣∣∣ ∞∑

k=1

γ2
ku

2
k ≤ r2, lim

k→∞
γk = ∞

}
.

For γk = λ2
k, set M coincides with the correctness class M1, for γk =

eλk(T+τ) with M2. Using the Lagrange multipliers method:

inf

[ ∞∑
k=1

(uke−λkT − (fδ)k)2 + λ

(
r2 −

∞∑
k=1

γ2
k(u

T
k )2
)]

,

(fδ)k = (xδ, αk),

we obtain the solution of the optimization problem

∞∑
k=1

ukαk =
∞∑
k=1

eλkT

1 + λγ2
ke

2λkT
(fδ)kαk =: uλ,δ(T ). (3.2.11)

Comparing (3.2.11) and (3.2.7) we see that if ε = λ and γk = eλkT , τ = 3T,
then the quasivalues method coincides with the ABC method.

3.2.3 Regularizing operators and local C-regularized
semigroups

In this subsection, we establish a connection between the existence of reg-
ularizing operators for (LCP) and the existence of a C-regularized semi-
groups with the generator A and operator C = Cε depending on the regu-
larization parameter ε.

Theorem 3.2.3 Suppose that operator −A generates a C0-semigroup on a
Banach space X. Then the following statements are equivalent:

(I) A is the generator of a local Cε-regularized semigroup {S(t), 0 ≤ t < T}
with operator Cε−→ε→0 I on D(A);

(II) for (LCP) there exists a bounded linear regularizing operator Rε,t, 0 <
t < T . It is invertible and commutes with A.
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Proof (II) =⇒ (I). By U(t) we denote the (unbounded in general) solution
operator of (LCP), U(t)x := u(t). The assumption that −A generates a
C0-semigroup U−A(·) guarantees the uniform well-posedness of the Cauchy
problem (3.2.8) and the uniform well-posedness of the equivalent to (3.2.8)
inverse Cauchy problem (3.2.9). Since the problem (3.2.8) is well-posed,
there exists an inverse operator to U−A(t) and we have

[U−A(t)]−1 = U(t).

Commutativity of Rε,t with A implies commutativity of Rε,t with U−A(s)
for s ≥ 0. We define

S(t) := Rε,τU−A(τ − t) = Rε,τU(t)U−A(t)U−A(τ − t)
= Rε,τU(t)U−A(τ), t ≤ τ < T,

and
Cε = S(0) = Rε,τU−A(τ).

We claim that S(t) satisfies relations (LC1) – (LC2) from Definition 1.4.5.
The equality

S(t+ s)Cε = S(t)S(s), 0 ≤ t, s, t+ s < T,

follows from the commutativity of Rε,τ with U−A(t) and the semigroup
property of U−A(t):

S(t+ s)Cε = Rε,τU−A(τ − t− s)Rε,τU−A(τ)
= Rε,τU−A(τ − t)Rε,τU−A(τ − s)
= S(t)S(s).

The operator Rε,τ is defined on the whole space X and is bounded. Fur-
thermore, U−A(τ−t) is strongly continuous in t, where τ−t ≥ 0. Therefore,
S(t)x = Rε,τU−A(τ − t)x is continuous in t for 0 ≤ t < τ and for all x ∈ X.
Thus {S(t), 0 ≤ t < T} is a local Cε-regularized semigroup.

Now we show that operator Cε converges strongly to the identity oper-
ator as ε→ 0. For x ∈ D(A) we have

‖Cεx− x‖ = ‖Rε,τU−A(τ)x− U(τ)U−A(τ)x‖
= ‖Rε,τy − U(τ)y‖, (3.2.12)

where y = U−A(τ)x is the solution of (3.2.8) at t = τ , corresponding to
the initial value x. Formula (3.2.12) and condition 2) from Definition 3.1.1
imply that ‖Cεx− x‖ →ε→0 0 for x ∈ D(A).

Now, we establish that for the complete infinitesimal generator G and
the generator Z of the constructed Cε-regularized semigroup the inclusion
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G ⊂ A ⊂ Z holds and implies A = Z. By definition of the complete
infinitesimal generator, for x ∈ D(G) we have

Gx = lim
h→0

h−1
[
C−1
ε S(h)x− x

]
= lim

h→0
h−1 [U(h)x− x]

= U ′(0)x = AU(0)x = Ax,

therefore, D(G) ⊆ D(A) and A|D(G) = G. This and the closedness of A
imply G ⊂ A. Now we show that D(A) ⊆ D(Z) and that Z|D(A) = A. For
x ∈ D(A) we have

CεAx = ACεx = ARε,τU−A(τ)x = Rε,τAU−A(τ)x
= Rε,τ lim

t→0
t−1 [U−A(τ − t)− U−A(τ)]x

= lim
t→0

t−1 [S(t)x− Cεx] = CεZx,

i.e., x ∈ D(Z) and Ax = Zx for x ∈ D(A). Hence A ⊂ Z. From the
definition of the generator and the complete infinitesimal generator for a
C-regularized semigroup it follows that C−1GCx = Zx for x ∈ D(Z). This
and the inclusion G ⊂ A imply equalities

ACx = CZx, C−1ACx = Zx, x ∈ D(Z).

Under the assumption ρ(A) �= ∅ (which holds for −A, the generator of a
C0-semigroup, and hence for A ), it follows A = Z.

(I) =⇒ (II). Suppose that for any τ < T , A is the generator of a local
Cε-regularized semigroup {S(t), t ∈ [0, τ)} with Cε strongly convergent to I
as ε→ 0. We show that Rε,t := S(t), 0 < t < T , is a regularizing operator
for (LCP). By our construction, the linear operator Rε,t is defined on the
whole X, is bounded, and therefore is continuous. Suppose that for some
x ∈ D(A) there exists a solution of (LCP) u(·). For fixed t ∈ (0, T ) we
consider the error

‖Rε,tx− u(t)‖ = ‖S(t)C−1
ε Cεx− u(t)‖.

Since C−1
ε and S(t) commute on R(Cε), we have

S(t)C−1
ε Cεx = C−1

ε S(t)Cεx.

Consider y = Cεx ∈ CεD(A). Then by Theorem 1.4.6,

v(t) = Rε,tx = C−1
ε S(t)Cεx = C−1

ε S(t)y

is the unique solution of the Cauchy problem with the generator of a Cε-
regularized semigroup:

v′(t) = Av(t), 0 < t < T, v(0) = y.
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On the other hand, Cεu(t) is also a solution of (LCP) with the initial value
Cεu(0) = Cεx = y, therefore Rε,tx = S(t)x = Cεu(t). Hence, if for an
initial value x there exists a solution u(·), then

‖Rε,tx− u(t)‖ = ‖Cεu(t)− u(t)‖−→
ε→0

0, 0 ≤ t < T,

i.e., Rε,t is a regularizing operator for (LCP). ✷

For A ∈ H+ we now consider the regularizing operators obtained by the
modified quasi-reversibility and ABC methods:

Rp
ε,tx =

∞∑
k=1

eλkt−ελp
kTxkαk, p > 1, (3.2.13)

and

R̃p
ε,tx =

∞∑
k=1

eλkt

1 + εeλ
p
kT

xkαk, p ≥ 1. (3.2.14)

They are Cε-regularized semigroups, where

Cεx =
∞∑
k=1

e−ελ
p
kTxkαk, Cεx =

∞∑
k=1

1
1 + εeλ

p
kT

xkαk,

respectively. In [185] it is proved that the classes of regularizing op-
erators (3.2.13), (3.2.14) have error estimates similar to (3.2.2), (3.2.3),
respectively.

3.2.4 Regularization of ‘slightly’ ill-posed problems

In this subsection, we discuss the regularization of the Cauchy problem
(CP) in the cases when A is the generator of an integrated semigroup or of
a κ-convoluted semigroup.

Let X be a Banach space. Consider the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x, (CP)

with a densely defined linear operator A generating an exponentially
bounded integrated semigroup {V (t), t ≥ 0}. Suppose that for some ex-
actly given initial value x there exists a solution of (CP) u(·) and the initial
value xδ is given with an error δ : ‖xδ − x‖ ≤ δ. If x ∈ D(A2), then by
Theorem 1.2.4 the problem (CP) is (1, ω)-well-posed and its solution

u(t) = V ′(t)x = V (t)Ax+ x, t ≥ 0, (3.2.15)

satisfies the estimate

‖u(t)‖ ≤ K eωt(‖Ax‖+ ‖x‖).
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The solution operators V ′(t) are defined and (in general) unbounded on
D(A). From the representation (3.2.15), it is clear that in order to regularize
V ′(t), one has to neutralize the action of the unbounded operator A. An
obvious candidate for this role is the resolvent RA(λ) : X → D(A). We
recall that if A is the generator of an exponentially bounded integrated
semigroup satisfying property (1.2.6), then

λRA(λ)x −→
λ→∞

x, x ∈ D(A), (3.2.16)

(see Proposition 1.5.1). Now for t ≥ 0 and λ ≥ γ > a = max{ω, 0} we
define the operator

R 1
λ ,t

:= λV ′(t)RA(λ)

on X. From the relation

ARA(λ)x =
[
A± λI

]
RA(λ)x = λRA(λ)x− x, x ∈ X,

we have
R 1

λ ,t
= λV (t)

[
λRA(λ)− I

]
+ λRA(λ).

Hence the operator R 1
λ ,t

is bounded on X for any t ≥ 0 and λ ≥ γ.

Theorem 3.2.4 Suppose that a densely defined operator A is the generator
of an exponentially bounded integrated semigroup {V (t), t ≥ 0} satisfying
property (1.2.6). Then the operator

Rε,t =
1
ε

[
V (t)ARA(1/ε) +RA(1/ε)

]
, ε ∈ (0, 1/γ], t > 0,

is the regularizing operator for (CP).

Proof Let u(·) be an exact solution of (CP) with the initial value x ∈
D(A2). Consider its approximation uλ,δ(t) = R 1

λ ,t
xδ, t > 0, xδ ∈ X,

where λ = 1/ε. We now estimate the error∥∥uλ,δ(t)− u(t)
∥∥ =

∥∥∥λV ′(t)RA(λ)xδ − V ′(t)x± λV ′(t)RA(λ)x
∥∥∥

≤
∥∥∥R 1

λ ,t
(xδ − x)

∥∥∥+
∥∥∥V ′(t)

[
λRA(λ)− I

]
x
∥∥∥.

Since ‖RA(λ)‖ ≤ K and ‖V (t)‖ ≤ K eωt, we have∥∥∥R 1
λ ,t
x
∥∥∥ =

∥∥∥λ2V (t)RA(λ)x− λV (t)x+ λRA(λ)x
∥∥∥ ≤ λ2K eωt‖x‖

and∥∥∥V ′(t)
[
λRA(λ)− I

]
x
∥∥∥ =

∥∥∥V ′(t)
[
λRA(λ)− I

]
RA(λ0)y

∥∥∥
=

∥∥∥[V (t)ARA(λ0) +RA(λ0)
] [
λRA(λ)− I

]
y
∥∥∥

≤ K eωt
∥∥∥[λRA(λ)− I

]
y
∥∥∥,
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where y := λ0x−Ax ∈ D(A). Choosing λ = o(δ−ν/2) with some ν ∈ (0, 1),
we obtain that ∥∥∥R 1

λ ,t
xδ − u(t)

∥∥∥−→
δ→0

0.

Hence Rε,t is the regularizing operator with the regularization parameter
ε = 1/λ→ 0. ✷

If A is the generator of an exponentially bounded n-integrated semi-
group {V (t), t ≥ 0} satisfying property (1.2.6), then (3.2.16) holds for all
x ∈ D(An). In this case the operator

Rε,t := V (n)(t)
(

1
ε
RA(1/ε)

)n
, ε ∈ (0, 1/γ], t > 0,

is the regularizing operator for (CP).
We now consider the Cauchy problem (CP) with an operator A gen-

erating a κ-convoluted semigroup {Sκ(t), t ≥ 0}. By Definition 1.3.1, we
have that Sκ(t)Ax = ASκ(t)x for x ∈ D(A), and for x ∈ X

Sκ(t)x = A

∫ t

0

Sκ(s)xds+ Θ(t)x, Θ(t) :=
∫ t

0

κ(s)ds, t ≥ 0.

We recall that if for some x there exists a solution u(·) of (CP), then
v = Θ ∗ u is a solution of the corresponding convoluted Cauchy problem:

v′(t) = Av(t) + Θ(t)x, t ≥ 0, v(0) = 0. (3.2.17)

Suppose now that we are given vδ(t) =
∫ t
0
Sκ(s)xδ, t ≥ 0, a solution of the

convoluted problem (3.2.17) with x = xδ ∈ X. In order to find u, we need
to regularize the following convolution equation of the first kind:

Ψu := Θ ∗ u =
∫ t

0

Θ(t− s)u(s)ds = v(t) (3.2.18)

given vδ such that ‖v−vδ‖ ≤ Kδ. Let Λ be the region from Theorem 1.3.1.
Applying the Laplace transform to (3.2.18) we obtain

L(Θ, λ) · L(u, λ) = L(v, λ), λ ∈ Λ ⊂ C ,

and

u = L−1 L(v, λ)
L(Θ, λ)

= Ψ−1v.

Note that the operator Ψ−1 is unbounded since L(Θ, λ) → 0 as λ→∞ (see
Theorem 1.3.1). Using Tikhonov-Arsenin’s regularization [258] we define
the regularizing operator

Rε,tx := L−1

(L(v, λ)f(λ, ε)
L(Θ, λ)

, t

)
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for all x ∈ X, ε ∈ (0, ε0] and t > 0. Here f(λ, ε)−→ε→0 1 uniformly in
λ ∈ Λ and

f(λ, ε) =
λ→∞

O (L(Θ, λ)) , ε ∈ (0, ε0].

For example, one can take

f(λ, ε) =
L(Θ, λ)

(L2(Θ, λ) + ε)1/2
.

Finally, we note that the same procedure can be used in the case where
A is the generator of a C-regularized semigroup. In this case one has to
find a solution of the Cauchy problem

v′δ(t) = Avδ(t), vδ(0) = Cxδ,

and then to regularize the operator equation of the first kind: Cu = v with
given vδ.
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Bibliographic Remark

We would like to emphasize here that our book is not a survey in any
sense. Each of the three approaches (semigroups, distributions and reg-
ularizations) to treating the abstract Cauchy problem deserves a separate
volume in order to cover all aspects of the theory and the applications. Our
aim was to present a concept of some of the connections between these ap-
proaches. For this reason our bibliographic notes are very minimal, and we
indicate only the sources that were directly used in writing this book. The
Bibliography also includes publications that are closely related and can be
recommended for further reading.

Chapter 0 is inspired by R. Dautray and J.-L. Lions [51], R. Lattès and
J.-L. Lions [145], A. Pazy [219], E. Zeidler [284], H. R. Thieme [256].

Chapter 1

Section 1.1 is based on H. O. Fattorini [84], S. G. Krĕın [141], T. Kato
[130], E. B. Davies and M. M. H. Pang [52], A. V. Balakrishnan [14]. We
also recommend books by E. Hille and R. S. Phillips [120], K. Yosida [281],
R. Dautray and J.-L. Lions [51], A. Pazy [219], J. A. Goldstein [106], K.
Engel and R. Nagel [73].

Section 1.2 is based on W. Arendt [5], F. Neubrander [209], H. R. Thieme
[256], H. Kellerman and M. Hieber [131], N. Tanaka and N. Okazawa [255],
E. B. Davies and M. M. H. Pang [52], I. Cioranescu [36].

Section 1.3 is based on I. Cioranescu and G. Lumer [39, 38], I. V. Mel-
nikova, U. A. Anufrieva and A. Filinkov [177].

Section 1.4 is based on E. B. Davies and M. M. H. Pang [52], N. Tanaka
and N. Okazawa [255], I. Miyadera and N. Tanaka [201].

Section 1.5 is based on I. V. Melnikova and M. A. Alshansky [174, 176].

Section 1.6 is based on A. Yagi [280], I. V. Melnikova and A. V. Glad-
chenko [187], I. V. Melnikova [170, 171, 173], W. Arendt, O. El-Mennaoui
and V. Kéyantuo [9], H. R. Thieme [256], A. Favini and A. Yagi [102].
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Section 1.7 is based on I. V. Melnikova [171], I. V. Melnikova and A.
Filinkov [186, 182].

Chapter 2

Section 2.1 is based on H. O. Fattorini [84], J.-L. Lions [152], J. Chazarain
[30], I. V. Melnikova and M. A. Alshansky [175], I. V. Melnikova [169, 172].

Section 2.2 is based on I. V. Melnikova [169], I. V. Melnikova, U. A.
Anufrieva and V. Yu. Ushkov [178].

Section 2.3 is based on H. Komatsu [135], J. Chazarain [30], E. Magenes
and J.-L. Lions [153], I. V. Melnikova, U. A. Anufrieva and A. Filinkov
[177], V. K. Ivanov and I. V. Melnikova [124], I. V. Melnikova [167], I. V.
Melnikova and A. Filinkov [185].

Chapter 3

Sections 3.1 and 3.2 are based on I. V. Melnikova [167, 165, 166], I. V.
Melnikova and A. Filinkov [185], R. Lattès and J.-L. Lions [145], V. K.
Ivanov, I. V. Melnikova and A. Filinkov [128], V. K. Ivanov, V. V. Vasin
and V. P. Tanana [129], M. M. Lavrentev [146], I. V. Melnikova and S. V.
Bochkareva [180], A. Carasso [23].
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Glossary of Notation

Generalities

:= equality by definition
=⇒ logical implication
∀ for all
∃ there exist
∅ the empty set
✷ the end of proof
v.p. Cauchy principal value (of an integral)

Sets, functions and numbers{
x ∈ E | P} the subset of E whose elements possess property P

E × F the cartesian product of sets E and F
E ↪→ F the set E is contained in F with continuous injection
IE the identity mapping in E
f |Ω the restriction of function f : E → F to the

subset Ω of E
{ak} the sequence a1, . . . , ak, . . .
E the closure of E
∂E the boundary of E
N,R,C the sets of natural numbers, real numbers and

complex numbers
R
N the set of all real N-tupels (r1, . . . , rn)

2E the set of all subsets of E

f(x)=x→aO(g(x)) |f(x)| ≤ const |g(x)| in a neighborhood of a

o(x) a function satisfying |o(x)/x| → 0 as x→ 0
Re z the real part of z ∈ C

Im z the imaginary part of z ∈ C

arg z the argument of z ∈ C

[[x]] the integer part of x ∈ R
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δ or δ(t) the Dirac distribution
δa or δ(t− a) the Dirac distribution concentrated at a
H(·) the Heaviside function
f ∗ g the convolution of f and g
supp f the support of f

Operators and spaces

X ⊕ Y the direct sum of vector spaces X and Y
X/Y the quotient space of X by Y if Y ⊂ X
‖x‖X or ‖x‖ norm of x ∈ X
IX the identity operator in X
D(A) the domain of an operator A : X → Y
ranA the range (image) of A
kerA the kernel of A
ρ(A) the resolvent set of A
ρB(A) the B-resolvent set of A
σ(A) the spectrum of A
A−1 the inverse of A
A∗ the adjoint of A
A the closure of A
‖A‖ the norm of A
A|F the restriction of A to the subspace F ⊂ X
RA(λ) the resolvent of A:

RA(λ) := (λI −A)−1 for λ ∈ ρ(A)

[D(A)] the Banach space{
D(A), ‖x‖A = ‖x‖+ ‖Ax‖

}
[D(An) ] the Banach space{

D(An), ‖x‖An = ‖x‖+ ‖Ax‖+ . . .+ ‖Anx‖
}

L(X,Y ) the set of all continuous (or bounded) linear mappings
of X with values in Y . If X and Y are Banach spaces,
then so is L(X,Y ) equipped with the norm:

‖A‖L(X,Y ) = sup‖x‖X
‖Ax‖
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L(X) L(X) := L(X,X)
X ′ the dual of X, i.e. X ′ = L(X,C)
〈x, y〉 the bracket of duality between x ∈ X and y ∈ X ′

l2 the space of sequences {xk} ⊂ C

with
∑∞

k=1 |xk|2 <∞

Spaces of functions and distributions

Let Ω be an open set in R
N and K be a compact set in R

N .

C(K) the space of functions continuous on K
with ‖f‖C(K) = supt∈K |f(t)|

C0(RN ) the space of continuous functions on R

vanishing at infinity
Ck(K) the space of k-times continuously differentiable

functions equipped with the norm:

‖f‖Ck(K) =
∑k

|j|=0 ‖Djf‖C(K) ,

where

Dj = ∂j1+...+jN

∂x
j1
1 ...∂x

jN
N

, |j| = j1 + . . .+ jN

D(Ω) the space of Schwartz test functions
D′(Ω) the space of distributions on Ω, i.e.

D′(Ω) = L(D(Ω),C)

Lp(Ω) the space of classes of measurable functions
on Ω equipped with the norm:

‖f‖Lp =
( ∫

Ω
|f(x)|p dx

)1/p

, 1 ≤ p <∞

Hk(Ω) Sobolev space:

:=
{
f ∈ L2(Ω)

∣∣ Dαf ∈ L2(Ω), ∀α : |α| ≤ k
}

,

where

α = (α1, . . . , αN ), |α| = α1 + · · ·+ αN , D
αf = ∂|α|f

∂xα
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Hk
0 (Ω) the closure of D(Ω) in Hk(Ω)

H−k(Ω) the dual space of Hk
0 (Ω)

W k,p(Ω) :=
{
f ∈ Lp(Ω)

∣∣ Dαf ∈ Lp(Ω), ∀α : |α| ≤ k
}

C
{
E, X} the space of functions continuous on E,

with values in a Banach space X
Ck
{
E, X} the space of k-times continuously differentiable functions

on E, with values in a Banach space X
L2
{
E, X} the space of square integrable functions on E,

with values in a Banach space X
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